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An investigation of the characteristics of double-tearing modes (DTMs) and the influence of the kinetic 
effects of ions has been carried out with the gyrokinetic code GTC. A simplified linear fluid and a gyro-
kinetic model has been used for the electron and ion dynamics, respectively. It was found that as the 
separation of the rational surfaces was increased, the growth rates of DTMs were enhanced and the DTM 
system tended to decouple into a system of two single-tearing modes. When the width between the 
rational surfaces is larger, the corresponding amplitude of the inner-tearing mode is smaller. We also 
demonstrate that the existence of thermal ions destabilizes the DTM. The toroidal effect also has a mild 
destabilizing effect (∼ 8%) on the growth of DTMs, which is consistent with the theoretical analysis.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

Tearing modes (TMs) are macro-instabilities driven by the 
plasma current. The advanced tokamak configuration requires that 
q has a reversed shear, which results in the appearance of double-
tearing modes (DTMs). The DTM’s instability due to the negative 
magnetic shear, s, is very important in fusion plasma because 
it leads to low plasma confinement and even plasma disruption 
[1–10]. Therefore, studying the characteristics of DTMs is essen-
tial for the steady-state operation of future tokamaks. Additionally, 
the study of TMs can strengthen the understanding of the phe-
nomenon of magnetic reconnection in astrophysics [11,12].

In their previous work, Furth et al. presented the scaling rate of 
the growth rate of the linear single TM with respect to resistivity 
as η3/5 under the approximation of constant ψ and η1/3 assuming 
non-constant ψ [13]. Ofman and Chen et al. gave its linear growth 
rate with respect to resistivity and viscosity as η5/6μ−1/6 [14,15]. 
Einaudi and Rubini [16] studied the effect of kinematic viscosity 
on the characteristics of resistive TMs. They found that the viscos-
ity could have both a damping or destabilizing effect, depending 
on the ratio between the viscosity and the Alfven velocity. P. L. 
Pritchett investigated the TM within the framework of magnetohy-
drodynamics. With increasing width between the rational surfaces, 
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the mode has a scaling (of the magnetic Reynolds number S) of 
S−3/5 and its structure resembles a standard TM [16].

There have been many theoretical and numerical investiga-
tions focused on DTMs [17–20]. Dong et al. studied the DTMs 
induced by anomalous electron viscosity [18–21], and found that 
the scaling relationship of their linear growth rate changes from 
S−1/5 to S−1/3 as the distance between rational planes increases. 
Zhang et al. considered the Hall effect and numerically studied 
the growth rate of the double tearing mode during the dramatic 
growth phase in Hall MHD simulation [22]. Recently, X. Q. Wang 
studied the DTMs in plasmas with rotations, and found that dif-
ferential plasma rotation has a remarkable stabilizing influence on 
the DTMs [23]. Recently, the effects of asymmetric magnetic per-
turbation [24], shear flows [25], electron cyclotron current drive 
(ECCD) [26], plasma flow [27], and plasmoids [28] on the nonlin-
ear evolution of DTMs have also been investigated.

Most of the above-mentioned research on the resistive DTMs 
was restricted to the cylindrical configuration. Studies on the DTMs 
of plasma in the toroidal configuration are not adequate. In addi-
tion, the influence of the kinetic effect on the DTM is not clear. 
In this work, we used the method of gyrokinetics to study the 
toroidal and kinetic effects on the linear instability of the DTMs. 
We found that as the rational surface’s width is increased, the 
growth rates of DTM are enhanced, and the double-tearing mode 
system tends to decouple into two single-tearing modes. The ex-
istence of thermal ions destabilizes the DTM, while the toroidal 
effect could slightly destabilize the DTMs.
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The paper is organized as follows: In Sec. 2, a gyrokinetic model 
of tearing mode is presented. The simulation parameters are de-
rived in Sec. 3. A description of our results is presented in Sec. 4. 
We discuss our results briefly in Sec. 5.

2. Model

An inertialess electron fluid model, coupling with the gyroki-
netic ions through Ampere’s law and the gyrokinetic Poisson’s 
equation, can be utilized to study the double-tearing mode insta-
bility [29–33].

We start from the gyro-kinetic equation:

d

dt
fα(X,μ, v‖, t) = (

∂

∂t
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∂
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∂
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fα)collision (1)
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Here, X , μ, and v‖ represent the particle guiding center position, 
the magnetic moment, and the parallel velocity. A pitch-angle scat-
tering collision operator is used for the resistivity, where fe0 is 
the equilibrium distribution function. mα and �α are respectively 
the particle mass and cyclotron frequency, and the formula of B∗
can be seen in Ref. [34]. We derived the perturbed fluid continuity 
equation of electrons from Eq. (1):
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The equation of parallel momentum can also be written as:

ne0me
∂

∂t
δu‖e + ne0meu‖e0 · ∇δu‖e =

−ne0e(−∇‖δφ − 1

c

∂δA‖
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where v E = cb0×∇φ
B0

is the drift velocity and is gyro-center aver-

aged. δv∗e = 1
n0me�e

b0 ×∇(δp|| +δp⊥), δpe = δne Te +δr ·∇(ne0Te), 
and δr is the displacement of the fluid elements. The sub-index 
“NL” means the nonlinear term. ne = ne0 + δne , δφ, δA‖ are the 
perturbed electrostatic potential and perturbed parallel vector po-
tential, respectively. We drop the electron inertial term here. Thus, 
we get the parallel force balance equation through the inertialess 
electron momentum equation:

∂δA‖
∂t

= −cb0 ·∇δφ + c

ne0e
b0 ·∇δpe − cηδ j (5)

where δ j = − c
4π ∇2⊥δA‖, η = meμei/e is the resistivity, δB = ∇ ×

δA‖b0, n is the toroidal mode number, and m is the poloidal mode 
number. Neglecting the nonlinear term, and considering a uniform 
equilibrium pressure, Eq. (4) can be simplified as:
2

Fig. 1. q profile used in the simulations with different D12 respectively. The different 
q profiles here are obtained by changing the parameter qc in Eq. (9).

∂

∂t
δne = −B0 ·∇(

ne0δu‖e

B0
) − δB ·∇(

ne0u‖e0

B0
) (6)

Here, we assume the electrons are isothermal along perturbed 
magnetic field line, i.e., Te = constant, pe = ne Te , to close the fluid 
model, with the gyrokinetic Poisson’s equation

4π Z 2
i

T i
(δφ − δφ̃) = 4π(Ziδni − eδne) (7)

and the parallel Ampere’s law

ene0δu‖e = δ j + Zini0δu‖i . (8)

The parameters ni and u‖i can be obtained from the standard gy-
rokinetic model for ions [29,30], that is from the Eqs. (1)-(3) with 
α = i. The coupling of the gyrokinetic ions from Eq. (5) and the 
fluid electrons from Eq. (6) is described by equations (7) and (8). 
These equations provide a closed system for study of the low-
frequency magnetohydrodynamic instabilities.

3. Simulation setup

With solving the Eqs. (1)-(3) and Eqs. (5)-(8), we could in-
vestigate the DTMs. Now we utilize this model to investigate 
the evolution of DTMs and the influence of kinetic ions and 
toroidal geometry. The simulation parameters are: inverse aspect 
ratio ε = a/R0 = 0.242, major radius R0 = 165 cm, magnetic field 
B0 = 12700 G, the equilibrium electron density on magnetic axis 
ne0 = 1014/cm3, the plasma temperature Ti = Te = 4500 eV, the 
resistivity η = 9 × 10−6 � · m. The resistivity is fixed in our sim-
ulations and our preliminary results show that the growth rate of 
DTM is η1/5 dependent.

The q profile we used has the form

q(r) = qc{1 + (
r

r0
)2λ}[1 + Aexp{−(

r − rδ

δ
)2}] (9)

For the (2,1) DTM, the parameters were set as λ = 1, r0 = 0.412, 
δ = 0.273, rδ = 0, A = 3, qc=0.6, the positions of q = 2 flux sur-
faces, and the separation between the two rational surfaces D12
was varied.

The q profiles used in the simulations with different D12 are 
shown in Fig. 1. By modifying the parameters, different safety fac-
tor profiles can be simulated. The width and position of the mag-
netic island can be modified by changing the parameter qc .

4. Simulation results

We first give a typical double-tearing mode fluid/gyrokinetic 
simulation result in Fig. 2, given the mode structures of (m/n) = 
(2, 1) DTMs on the poloidal plane and its radial profile. Fig. 2(a) 
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Fig. 2. (m/n) = (2, 1) DTMs mode structure. (a) and (c) are the contours of δA‖ and 
δφ on the 2D poloidal cross-section. (b) and (d) are the radial profile of δA‖ and δφ
at θ = 90◦ and θ = 45◦ , respectively.

Fig. 3. The growth rate of DTMs versus rational surfaces width.

and (c) are the contours of δA‖ and δφ in the 2D poloidal cross-
section, respectively. Fig. 2(b) and (d) are the radial distributions of 
δA‖ and δφ at θ = 90◦ and θ = 45◦ , respectively, for D12 = 0.18. 
The case in Fig. 2 corresponds to D12 = 0.18. All results in the fig-
ure are normalized to their maximum values. In our calculations 
we retained only the (2,1) mode; the other modes are filtered out 
via Fourier transformation. It can be seen that the mode struc-
ture presents a typical (2,1) double TMs structure. The strength 
and width on the inner side of the DTMs are smaller than on the 
outer side, which can also be seen from the radial profile.

We next studied the relationship between the characteristics of 
the double TMs and the distance between the two rational sur-
faces. Fig. 3 shows the normalized growth rate of DTMs versus the 
normalized distance between the two rational surfaces D12. It is 
evident that growth rate increases almost linearly with the dis-
tance, indicating that the greater the separation between the two 
rational surfaces, the greater the growth rates of DTMs.

The influence of the width of separation of the rational sur-
faces on the poloidal contour plots of δφ and δA‖ is given in Fig. 4. 
When the separation between the rational surfaces is large (D12 ≥
0.61), the potential perturbation and magnetic vector potential 
perturbation only appear near the outer rational surface. When the 
rational surfaces’ separation is small enough (D12 ≤ 0.26), the per-
turbations appear on both rational surfaces. Comparing (a) with 
(c) (or (d) with (f)), it is clear that small rational surface sepa-
3

Fig. 4. Poloidal contour plots of δφ ((a1)(b1)(c1)) and δA‖ ((a2)(b2)(c2)) with dif-
ferent separations of rational surfaces at step=3600. (a1)(a2): D12=0.61, (b1)(b2): 
D12=0.26, (c1)(c2): D12=0.13.

ration results in a smaller radial width of the outer perturbation. 
When the distance between the two rational surfaces approaches 
a critical value, the magnetic islands on the two isolated rational 
surfaces will be coupled, and the magnetic island structure exhibits 
the characteristics of a double-tearing mode. The DTMs system de-
couples into a system of two single standard tearing modes when 
the distance between the rational surfaces increases sufficiently. In 
particular, when D12 is too large, one even cannot see the struc-
ture of inner instability mode. Thus, fluid/gyrokinetic calculations 
are qualitatively consistent with the previous fluid simulation re-
sults [14].

The radial distributions of perturbed vector potentials corre-
sponding to Fig. 4 are shown in Fig. 5. The peak wave amplitudes 
exist at the maximum of the δφ gradient in the outer region, the 
same as we found in our former single-tearing mode study [4]. Ad-
ditionally, the corresponding amplitude of the inner tearing mode 
is smaller when D12 is large and therefore the peak of the wave 
is difficult to see, which is consistent with Fig. 4. In general, in-
creasing D12 could increase the growth rate of TMs, but it will 
weaken the double-tearing mode characteristics of the magnetic 
island. When D12 is too large, the peak value of the inner mode 
structure (δA‖) cannot be seen. This is because when D12 is too 
large, the instability exhibits the characteristics of two single TMs 
with significantly different growth rates. At the time the outer 
magnetic island reaches a larger size, the inner magnetic island 
structure has not yet completely risen, so we can only clearly see 
a single-tearing mode structure.

We next investigated the kinetic effect of thermal ions on the 
double TMs. Fig. 6 presents the growth rate of the DTMs versus 
separation of rational surfaces width with and without thermal 
ions. It shows that the existence of thermal ions has a destabilizing 
effect on the DTMs. Previous studies have shown that the effects of 
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Fig. 5. Corresponding to Fig. 4, radial profile of the δφ (a) and δA‖ (b) with three 
different D12 values at θ = 45◦ and θ = 90◦ , respectively. The vertical dashed lines 
in the two panels show the location of the rational surface.

Fig. 6. The growth rate of DTMs versus separation of rational surfaces with thermal 
and without thermal ions.

kinetic ions are mainly introduced through the finite Larmor radius 
effect (FLR), Landau damping, ion acoustic waves (IAW) excitation, 
and the ion pressure gradient effect [35,36]. The first three have 
a stabilizing effect on instability, while the last has a destabilizing 
effect on instability. Regarding the influence of the ion thermal ef-
fect on the double-tearing mode, our results indicate that the ion 
pressure gradient driving is stronger than the ion Landau and FLR 
damping, while the generation of ion acoustic waves was not found 
in the simulation. Generally, under our simulation parameters, the 
existence of thermal ions destabilizes the DTMs.

Finally, we have studied the toroidal effect on the growth 
rate of DTMs with different separation of rational surfaces. The 
main difference between the toroidal and cylindrical configura-
tions is the correction of the toroidal magnetic field. As considering 
toroidal configuration, the toroidal magnetic field is expressed as:

Bζ =
[

1 − r

R0
cos θ +

(
r

R0

)2

cos2 θ

]
Bζ0 (10)

The second-order correction term of the toroidal magnetic field 
is retained in the toroidal configuration. The second-order correc-
tion term can increase the radial shear of Bζ . Since q is fixed in 
the simulation, the toroidal effect correspondingly increases the 
shear of the magnetic field in the poloidal direction, which pro-
vides the free energy for driving DTMs. Therefore, theoretically, the 
introduction of the toroidal effect can provide a larger driving force 
for DTMs. Fig. 7 demonstrates the growth rate of the DTM versus 
separation of rational surfaces in both cylindrical and toroidal con-
4

Fig. 7. The growth rate of DTMs versus separation of rational surfaces under cylin-
drical and toroidal configuration.

figurations. This demonstrates that addition of the toroidal effect 
increases the growth rate of the DTM for different D12, which is 
consistent with the previous theoretical analysis. The growth rate 
of the DTMs also increases with the increase of D12, as shown in 
Fig. 3.

5. Conclusion

To summarize, using a fluid model for electrons and a gyroki-
netic method for ions, the evolution of DTMs and the influence of 
kinetic effects on it has been investigated. It is found that with in-
creasing the separation of the rational surfaces, the growth rates 
of DTMs enhance, and the mode tends to decouple into two sin-
gle tearing modes. The existence of thermal ions destabilizes the 
mode, indicating that the ion pressure gradient driving is dominant 
when considering the effect of kinetic ions. The toroidal effect also 
enhances the growth of DTMs, which is consistent with the theo-
retical analysis. The basic characteristics of DTMs in the framework 
of gyrokinetics have been demonstrated. The future challenge lies 
in the description of nonlinear evolution of the DTMs with gyroki-
netics and the influence of energetic particles taking into account.
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