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Linear gyrokinetic (GK) simulations using the Gyrokinetic Toroidal Code (GTC)1 have been performed to investigate
Toroidicity-driven Alfvén Eigenmodes (TAEs) driven by neutral beam injection (NBI) induced fast ions in the Mega-
Amp Spherical Tokamak (MAST) to identify the non-perturbative and kinetic effects of thermal plasmas. A specific
TAE in MAST discharge 26887, with on-axis NBI power of approximately 1.5 MW and plasma current around 800 kA,
exhibited frequency chirping, and the tangential soft X-ray (SXR) camera array resolved radial mode structure peaked
near |q| = 1.5. Various excitation methods were used in the GTC linear simulations, illustrating this code’s capability
to realistically represent the mechanisms and behaviors of fast ion-driven TAEs in spherical tokamaks. The radial
structures from these GK simulations closely match measurements and calculations performed using the NOVA ideal
MHD code, though with frequencies approximately 10 kHz lower, likely due to various kinetic and non-perturbative
effects. The simulations measured the damping rates due to continuum damping, radiative damping, and ion Landau
damping, revealing that ion Landau damping has the most significant contribution to the total damping rate of the TAE.
A comparison of growth rates of TAEs excited by fast ion Maxwellian and slowing-down distributions shows that the
TAEs excited by a fast ion anisotropic pitch distribution (as part of the slowing-down distributions) are more unstable
compared to those excited by a Maxwellian distribution with a equivalent fast ion beta. This shows that the use of fast
ion anisotropy alters the amount of fast ions to be in shear Alfvén resonance, and hence it can greatly affect the stability
of TAEs.

I. INTRODUCTION

Neutral beam injection (NBI) is one of several sources of
fast ions in tokamaks that can induce instabilities leading
to significant fast ion transports or losses, threatening both
heating efficiency and plasma-facing components’ integrity2.
Consequently, the development of simulations capable of ac-
curately modeling these instabilities and their associated fast
ion transports is essential for the success of future fusion toka-
maks. Linear MHD models are often used to simulate modes
excited in tokamaks by fast ions, including those arising from
NBI3. However, to capture kinetic effects of thermal plasma
at microscopic scale that could affect the instability-induced
fast-ion transport, it is appropriate to use a kinetic description
for both the thermal plasma and the fast ions.

Global gyrokinetic (GK) codes, such as the Gyrokinetic
Toroidal Code (GTC), offer promising capabilities for cross-
scale integrated simulations of fast particle-driven modes4.
However, these codes must be validated through compar-
isons with other simulation models and experimental mea-
surements. GTC has been benchmarked against ideal
and resistive MHD, as well as other GK simulations, for
toroidicity-induced Alfvén eigenmodes (TAEs) and reversed
shear Alfvén eigenmodes (RSAEs) in conventional tokamaks
like DIII-D567. However, investigations into TAEs in spheri-

cal tokamaks (STs) using global GK simulations remain no-
tably rare and unreported compared to studies using ideal
MHD models. In addition to differences in aspect ratio, the
ratio of fast ion beta (βFI) to thermal ion beta (βi) is typi-
cally much higher in some STs, such as the Mega-Amp Spher-
ical Tokamak (MAST)8, compared to conventional tokamaks.
Global GK simulations have not yet been conducted in this
βFI regime.

This paper aims to bridge this gap by comparing the results
of linear GTC and ideal MHD simulations of a TAE in MAST
to identify the non-perturbative and kinetic effects of thermal
plasma. New experiments dedicated to TAEs are planned for
MAST-U (the upgraded version of MAST)9 and provide op-
portunities for model validations. For example, there is an on-
going effort to investigate the damping channels of n = 3 TAEs
in MAST-U using ORB5 (another GK model)10, but with-
out the use of fast ion anisotropy. However, MAST presents
a simpler NBI configuration that is more straightforward for
modeling fast ion anisotropy in GTC, which is the first time
to be used in a GK simulation of fast ions driven AEs in a
ST. In addition, global radial mode structure measurements
from tangential soft X-ray cameras were were accessible in
MAST, but they were unavailable during in the early physics
campaigns in MAST-U. These factors make the targeted TAE
case in MAST more suitable for model validation compared



2

to cases from MAST-U.
The remainder of this paper is organized as follows. The

underlying formulation of GTC is first compared with hy-
brid GK-MHD and ideal MHD models in the long wavelength
limit (Section II). The experimental parameters and measure-
ments of the targeted TAE case are presented in Section III.
The frequency and spatial mode structure of the TAE com-
puted using the ideal MHD code NOVA11 (Section IV) are
compared with those of the modes excited by an antenna in
GTC, along with calculations of damping rates due to contin-
uum damping, radiative damping, ion Landau damping, and
finite Larmor radius (FLR) effects (Section V; cases I - IV in
Table I). Additionally, TAEs are driven by Maxwellian and
anisotropic slowing-down fast ion distributions in linear GTC
simulations to examine the effects of these different types of
drive on mode structure, frequency, and growth rate (Section
VI; cases V - VI in Table I).

II. GTC GYROKINETIC FORMULATIONS AND ITS
REDUCTION TO IDEAL MHD

The Gyrokinetic Toroidal Code (GTC) employs a gyroki-
netic particle-in-cell (PIC) method to handle both thermal
and fast ions, but can also be operated using reduced mod-
els including a fluid-kinetic electron hybrid model, a two fluid
model, and a single fluid model. The gyrokinetic equation
(Equation 2 in12) is used to describe toroidal plasmas in the
inhomogeneous magnetic field13 with the gyrocenter posi-
tion, magnetic moment µ , and parallel velocity v|| as indepen-
dent variables. The distribution functions of different species
can be decomposed into equilibrium ( f0i) and perturbed (δ fi)
parts. Although this work solely focuses on linear perturba-
tive simulations, GTC is capable of handling non-linear evo-
lution of full-f and δ f distributions. In the fluid-kinetic elec-
tron hybrid model, electron distribution function is expanded
into an adiabatic part (calculated by a fluid equation) and non-
adiabatic part (calculated by the PIC method). The fluid conti-
nuity equation describes the electrons as a massless fluid, and
the non-adiabatic part of the electron distribution function de-
fines the electron kinetic effects. The equilibrium distributions
of thermal electrons and ions are described as Maxwellian dis-
tributions, while either Maxwellian or analytic slowing-down
distributions can be used to describe the fast ions. The zonal
and non-zonal perturbed electrostatic potentials (φ00 and δφ ,
respectively) are obtained by solving the gyrokinetic Pois-
son’s equation7. The parallel electric field is defined as

δE|| =−b0 ·∇φe f f (1)

, where b0 = B0/|B0|, and the effective electrostatic potential
φe f f contributes to the inductive potential φind = φe f f − δφ .
Subsequently, the perturbed parallel vector potential can be
calculated by:

∂tδA|| = b0 ·∇φind (2)

The inclusion of φe f f results in a model similar to a hy-
brid GK-MHD model discussed in14 and15 but with the ad-
dition of pressure-driven terms. This model can be further
reduced to ideal MHD by setting δE|| = 0, resulting in the ex-
act formulation shown in Equation (53) in7, which includes
terms that describe the bending of field lines responsible for
shear Alfvén modes, current-driven modes such as the kink
mode, and pressure-driven instabilities. A notable distinc-
tion between the hybrid GK-MHD model and the ideal MHD
model lies in the inclusion of δE||. A parallel electric field
can lead to particle acceleration, alter the shear wave disper-
sion relation16, and introduce additional damping compared
to the ideal MHD regime without parallel electric fields.

GTC offers different run modes to explore various growth
and damping mechanisms by treating the φind and the gradient
of fast ion distributions differently. The δA|| and δφ perturba-
tions defined above are used in the gyrokinetic particle weight
(wi = δ fi/ fi) equation that handles the evolution of perturbed
distribution functions, rewritten as the following:

dwi

dt
= (1−wi)

[
−(v||

δB
B0

+ vE) ·
∇ f0i

f0i
|µ +

(
µ

δB
B0

·∇B0

+eZi
B∗

B0
·∇δφ + eZi∂tδA||

)(
1

mi f0i

∂ f0i

∂v||

)]
(3)

, where i is the species, vE is the E ×B drift velocity, B is the
total magnetic field, B∗ is related to B (defined in12), and eZi
is the effective charge of the species. Some of the quantities in
the weight equation will be handled differently to test various
physics regimes. For instance, the code provides the option
of turning finite δE|| on and off by treating ∂tδA|| differently
in the two- and single-fluid ideal MHD run modes, respec-
tively, to test continuum and radiative damping mechanisms
separately. Ion Landau damping can also be added on top of
these damping mechanisms when the thermal ions are in the
gyrokinetic regime.

GTC incorporates thermal ion temperature and density pro-
files into Maxwellian distributions in the simulations that con-
sider gyrokinetic thermal ions. The Maxwellian distribution is
defined as follows:

f0a =
n0a

(2πT0a/mi)3/2 exp

(
−

2µB0 +mav2
||

2T0a

)
(4)

, where the subscript a represents the species, and n0a, T0a,
and ma represent the species’ density, temperature, and mass,
respectively, with B0 being the equilibrium magnetic field.
The gyrokinetic weight equation (Equation 3) shows that the
mode structure depends on the gradients of the distributions
(∇ f0a/ f0a and (1/ f0a)(∂ f0a/∂v||)) defined as:

∇ f0a

f0a
|µ =

(
1

n0a

∂n0a

∂ψ
− 3

2T0a

∂T0a

∂ψ

)
∇ψ − µ

T0a
∇B0 (5)
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case description damping/driving mechanisms eigen-frequency (kHz)
without Doppler shift

γtot/ω (%)

I single-fluid MHD antenna, continuum 70.1 -4.77
II two-fluid MHD (with δE||) case I + radiative 72.0 -5.97
III full-kinetic thermal ions (with-

out gyro-averaging)
case II + ion Landau 69.2 -11.0

IV gyro-kinetic thermal ions (with
gyro-averaging)

case III + FLR 69.3 -10.8

V gyro-kinetic thermal + fast ions
(Maxwellian distribution)

case IV without antenna + with
fast ion gradient drive

69-72 (Figure 9(b)) 3.6 - 11.8 (Figure 9(a))

VI gyro-kinetic thermal + fast ions
(slowing down distribution)

case IV without antenna + with
fast ion gradient drive

66 (Figure 9(b)) 10.8 (Figure 9(a))

TABLE I. Various simulation cases to measure the mode eigen-frequencies and total growth/damping rates with different combinations of
damping and driving mechanisms of the n = 1 TAE located near the q = 1.5 surface

and
1
f0a

∂ f0a

∂v||
=−

mav||
T0a

(6)

, respectively.
Fast ions can also be included in GTC to excite modes.

These fast ions can be represented by a Maxwellian distri-
bution, similar to the treatment of thermal ions (Equation 4),
or by an analytic fast ion slowing-down distribution17, defined
as:

f0 f =
n0 f H(v0 − v)

v3 + v3
c

exp

(
−
(

λ −λ0

∆λ

)2
)

(7)

Here f is the label for the species, which in this case is just
for the fast ions from a single NBI injection while the thermal
species are still represented by the Maxwellian distribution
(Equation 4). v =

√
v2
||+2µB0/m where v|| is the parallel ve-

locity of the particles, vc = vc,0
√

Tf /m f is the critical velocity
(where vc0 is a dimensionless scale factor), v0 = v0,0

√
Tf /m f

is the birth velocity (where v0,0 is a dimensionless scale fac-
tor), H is the Heaviside step function, λ = µB0/E is related to
the pitch of the particle with respect to the on-axis magnetic
field B0, E is the fast ion’s kinetic energy, λ0 is a constant as-
sociated with the birth pitch, and ∆λ is the width of the pitch
angle distribution. The gradients of the analytic slowing-down
fast ion distribution (∇ f0 f / f0 f and (1/ f0a)(∂ f0a/∂v||) ) are
given by:

∇ f0 f

f0 f
|µ =

(
1

n0 f

∂n0 f

∂ψ
− 3v3

c

2(v3 + v3
c)Tf

∂T0 f

∂ψ

)
∇ψ

+

(
2λ 2

Ba∆λ 2 (λ −λ0)−
1

m f

3µv
v3 + v3

c

)
∇B0 (8)

and

1
f0a

∂ f0a

∂v||
=

2mav||λ 2

µB0∆λ 2 (λ −λ0)−
3vv||

v3 + v3
c

(9)

, respectively. These gradients determine the mode structure
when an analytic slowing-down fast ion distribution is consid-
ered.

III. MAST TEST CASE: EXPERIMENTAL PROFILES AND
TAE MEASUREMENTS

MAST plasma discharge 26887 was selected for analysis.
This device had a major radius R0 ≈ 0.9m and a minor ra-
dius a ≈ 0.6m. Notably, the a/R0 ratio for MAST ( ≈ 0.66)
is considerably larger than that of many conventional toka-
mak cases (e.g., a/R0 ≈ 0.333 for JET18), which are typically
used to validate and benchmark GTC simulations. The plasma
current is approximately 800kA and the toroidal field on the
magnetic axis is around 0.43T.

The mode frequency and radial structure of a TAE-like
burst at t ≈ 180ms with toroidal mode number n = 1 in dis-
charge 26887 are inferred from various diagnostics. Core-
localized, large-scale, low-frequency instabilities are typi-
cally readily detected by a toroidally extended Mirnov coil
array (OMAHA)19, owing to its high signal-to-noise ratio.
The toroidal mode numbers (n) were identified for each time
and frequency using a Singular Value Decomposition (SVD)-
based method20. The selected n = 1 burst begins at a fre-
quency of approximately 90kHz and then chirps down to
around 65kHz (in the lab frame) in approximately 2ms, as
shown in figure 1 (a). The core plasma rotation frequency is
about 10kHz, meaning the mode frequency is about 10kHz
lower from the measurement in the plasma frame. The elec-
tron density and temperature are measured using a Thomson
scattering diagnostic, showing increases in both core electron
density and temperature (taken at R = 1.0m) over the period
of the appearance of TAEs in figure 1 (b) and (c). Plasma
heating is provided by an on-axis mid-plane NBI, the power
increasing from 1.0MW to approximately 1.6MW at 170ms,
as shown in figure 1 (d). The neutron emission inferred from
fission chamber measurement increases slowly over time after
180ms (shown in figure 1 (e)) in the presence of a steady NBI
power input.

The safety factor (q) profile and the TAE radial struc-
ture are also inferred or reproduced from various diagnos-
tics and calculations. The q profile and magnetic config-
uration are reproduced from the MSE constrained EFIT++
reconstruction212223, with minimum safety factor |qmin| =
1.23 at the flux surface of ρ =

√
ψpol ≈ 0.45 and central safety

factor |q0| = 1.4 at t ≈ 180ms (shown in figure 2 (b)), which
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FIG. 1. (a) MAST discharge 26887 δBz spectrogram with the tar-
geted TAE circled in pink, (n,m) = 1,1 TAE frequency and core
plasma rotation frequency labeled in black lines; core (at R = 1.0m)
electron (b) density and (c) temperature from Thomson scattering;
(d) NBI power; (e) total neutron emission from fission chamber, and
low pass filtered (DC) neutron emission showing the slow evolving
part of the total neutron emission

is the time of the selected TAE-like burst. The radial struc-
ture of that burst is inferred from tangential Soft X-ray (SXR)
cameras24. The beam emission spectroscopy diagnostic that
measures electron density fluctuations (δne/ne0) was not yet
available when the experiment was conducted, and electron
cyclotron emission imaging (ECEI), that measuring electron
temperature fluctuations (δTe/Te0) could not be implemented
in MAST due to the low magnetic field strength. Hence the
SXR camera array provided the most viable option for mea-
suring the global spatial structure of TAEs in this pulse. The
methods of analysis (e.g. band-pass filters) and inversion of
SXR line-integrated signals to obtain local emissivity can be

found in H.H. Wong et al. NF 202425. The inverted SXR
emissivity fluctuation is represented as a linear combination
of δne/ne0 ,δTe/Te0 and δZe f f /Ze f f ,0:

δε

ε0
= 2

δne

ne0
+

(
1
2
+

Ephoton

Te0

)
δTe

Te0
+

δZeff

Zeff,0
(10)

Here Ephoton, the lowest SXR photon energy that can be de-
tected, is about 1keV in MAST26, and Ze f f ,0 is the equilibrium
effective ion charge state, which is influenced by the densi-
ties of impurities. Ze f f ,0 is usually less than 1.5 in the core
region27, meaning there are only low concentrations of impu-
rities in the core. Therefore, the contribution of the fluctua-
tion of effective charge (δZeff/Ze f f ,0) to the SXR fluctuation
is expected to be small, and negligible in the core. Expressing
δne/ne0 and δTe/Te0 in terms of plasma displacement ξ using
the linearized electron continuity and energy equations gives:

δne

ne0
=−∇ ·ξ −ξ · ∇ne0

ne0
&

δTe

Te0
=−(γ −1)∇ ·ξ −ξ · ∇Te0

Te0
(11)

Here, γ represents the adiabatic index or ratio of specific
heats for the electron fluid. For low-frequency modes, Te is
typically assumed to be constant along field lines, leading to
γ = 1. An approximation ∇ · ξ ≈ 0 can be made if we con-
sider the compressional component of TAE to be small. Con-
sequently, δx/x0 ≈−ξ · ∇x0

x0
for both x = ne and x = Te. This

shows that the SXR emissivity fluctuation is closely related
to radial plasma displacement. This quantity is commonly
used for expressing TAE mode structure in various models
(e.g. NOVA) because it fully characterizes incompressible
modes in ideal MHD. The radial profile of the inferred TAE-
associated emissivity fluctuation ( δε/ε0, as in eq.10 ) peaks
at ρ ≈ 0.65, where |q| ≈ 1.5 on the outboard (low field) side,
as shown in figure 2 (a). It is worth noting that the emis-
sivity fluctuation is weaker on the inboard (high field) side
than on the outboard side, indicating that the measured mode
has a ballooning-like structure, which is common for TAEs
with frequencies near the bottom of the n = 1 TAE continuum
gap28.

The selected MAST discharge is studied through GK simu-
lations using the GTC code, as well as ideal MHD simulations
using the eigenvalue NOVA code11, along with the single-fluid
ideal MHD feature integrated within GTC. Temperature and
density profiles for thermal electrons and ions used for the
simulations (shown in figure 3) are obtained from interpre-
tive TRANSP29 utilizing experimental data (Thomson scatter-
ing and carbon charge exchange recombination spectroscopy),
while the magnetic configuration utilized in the simulations
is obtained from MSE and pressure constrained EFIT++, as
mentioned previously. Fast ion profiles are modeled using the
NUBEAM30 module of TRANSP. The two-dimensional (R,Z)
fast ion density profile lacks radial and poloidal symmetry (as
explained in Appendix A). Hence the GTC runs that have the
modes excited by fast ions use NUBEAM results on the out-
board (low field) side and at ρ > 0.3 only as the reference for
analytic fast ion density and temperature profile inputs to pro-
vide sufficient fast ion gradients for driving TAE-like modes.
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FIG. 2. (a) inverted SXR emissivity fluctuations and (b) |q| profile
associated with the targeted TAE in MAST pulse 26887

FIG. 3. (a) radial density and (b) temperature profiles from
NUBEAM/TRANSP from thermal ions, electrons and fast ions used
in GTC simulations.

Notably, the fast ions are significantly hotter (more than 20
times) and roughly one-fifth as dense as the thermal ions in the
core. Hence the maximum fast ion beta ((β )max ∝ (n∗T )max)
is about 5 times higher than the maximum thermal beta in the
core. This regime was rarely investigated using global GK
simulations previously. The NUBEAM calculation also pro-
vides slowing-down fast ion distributions in pitch and energy.
Initially, fast ions generated by NBI concentrate near injec-
tion energy and pitch, undergoing slowing down, diffusion,
and scattering through collisions and diffusion with the elec-
trons and ions in a thermal background plasma31323317. The
resulting slowing-down distribution retains most fast ions near
their birth pitch at three energy levels. NUBEAM accounts
for the geometries of NBI and the tokamak, determining the
birth pitch angle of fast ions at different radii. Although fast
ions are born within a relatively short segment of the beam
line, this segment becomes significant in compact spherical
tokamak pulse like the one in MAST presented here. Conse-
quently, the birth pitch changes rapidly, from µB0/E ≈ 0.6
at R ≈ 1.1m near the location of peak fast ion density, to
µB0/E ≈ 0.15 at R≈ 1.3m near the q= 1.5 surface, as shown
in Figure 4.

All GTC simulations, including single-, two-fluid ideal
MHD and GK simulations employing various methods to ex-

FIG. 4. fast ion distribution from NUBEAM calculated for MAST
pulse 26887, t = 180ms. (a) λ vs. R near injection energy; (b) λ

vs. E at (R,Z) = 1.08m,0.01m; (c) the analytic fast ion slowing-down
distribution used in a linear GTC run, mimicking the injection λ and
three birth energies apparent in the distribution shown in (b)

cite the mode, have nearly identical simulation parameters
(except for slight modifications to the boundary settings) to
ensure consistency. The TAE simulations using antenna ex-
citation have the inner boundary set to ρ = 0.1, and simula-
tions that include fast ion distributions have the inner bound-
ary set to about ρ = 0.2. The region beyond ρ = 0.9 up to the
last closed flux surface (LCFS) is also excluded in all simula-
tions. Radial linear decays near the inner and outer boundaries
of the simulation perimeter are applied. These boundary set-
tings have been carefully selected from a series of GTC test
runs with the lowest levels of numerical instabilities among
the test runs to mitigate their effects on accurately measuring
the mode characteristics. The GTC simulations exclusively
incorporate n = 1 and m ∈ [0,7] modes, which should suffi-
ciently account for the dominant harmonics of the low fre-
quency n = 1 TAE.
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IV. CONTINUUM AND NOVA SIMULATIONS OF THE
MAST TAE TEST CASE

The Alfvén continuum is computed using the continuum
modules bundled with NOVA and GTC, as shown in figure 5.
Unlike the NOVA code, the GTC in δ f run mode itself does
not calculate the continuum directly. Instead it uses a bun-
dled ALCON module6 to solve ideal MHD Alfvén continua
in tokamaks with the provided inputs for GTC. Comparing
these continua is crucial to ensure similarity in inputs used by
NOVA and GTC, in view of the differences in the treatment of
magnetic configurations and equilibrium conditions, as men-
tioned previously. Additionally, the continuum provides in-
sights into the TAE mode frequency and radial structure.

Generally, the continua from NOVA and single-fluid GTC
align well with each other, exhibiting an n = 1 TAE gap rang-
ing from about 80 to 130 kHz at ρ = 0.2, and widen to a
range from 60 to 200 kHz at ρ = 0.5. The TAE gap in the
targeted MAST case is notably broader than in conventional
tokamaks due to the low aspect ratio28. Discrepancies arise
near the edge (ρ > 0.8) in the part of the continuum associ-
ated with higher m harmonics, probably due to the different
approaches employed by the two codes in handling equilib-
rium conditions. For example, the lower continuum at the bot-
tom of the TAE gap from NOVA drops below a much lower
frequency near ρ = 0.82 compared to GTC, possibly due to
differences in the pressure models used by the two continuum
modules. However, the targeted TAE likely has low m num-
bers with their widths of the m ≤ 2 harmonics (interpreted
by the full-width half-maximum of the radial structures) stay
within ρ < 0.85. In addition, the region beyond ρ = 0.9 is ex-
cluded in GTC. Hence the discrepancies are unlikely to signif-
icantly impact the low-mode-number (m ∈ [0,2]) TAEs found
in the simulations.

The NOVA code handles the magnetic configuration and
plasma thermal profiles slightly differently from GTC. The
code samples the region either above or below the mid-plane
and assumes up-down symmetry in the magnetic configura-
tion. The actual magnetic configuration, inferred from MSE-
constrained EFIT++, indicates a slight up-shift of the mag-
netic axis by less than 3 cm at t ≈ 180 ms. Consequently,
the lower region is selected to avoid issues from the axis loca-
tion. The NOVA simulations encompass n = 1 and m ∈ [0,19]
modes. Like GTC, solutions from NOVA are sometimes con-
taminated by instabilities. For example, these instabilities
arise when a mode touches the continuum, resulting in strong
continuum damping. However, unlike GTC, which is an ini-
tial value code, the eigenvalue code NOVA yields numerous
possible solutions. Only solutions exhibiting minimal insta-
bilities are analyzed. Note that the mode spatial structures and
poloidal harmonics from NOVA are represented by the plasma
radial displacement (ξ ) while GTC solutions are expressed in
terms of the electrostatic potential perturbation (δφ ). The two
can be linked through their definitions of fields34:

NOVA:

δB = ∇× (ξ ×B0), δE =−∂tξ ×B0 (12)

FIG. 5. mode structure FWHM from measurement (dashed line),
NOVA (green line) and GTC (red line) together with Alfvén contin-
uum in the range of TAE gap generated by GTC and NOVA calcu-
lated for MAST pulse 26887, t = 180ms.

GTC:

δB = ∇× (δA||b0), δE =−∇δφ −∂tδA||b0 (13)

Ideal MHD simulations are conducted using the NOVA
code to establish a baseline for the other simulations reported
in this paper. NOVA simulations on TAEs in NSTX have been
validated and reported numerous times3536, yielding solutions
that agree with the frequency and radial mode structure at the
linear stage (without or at the beginning of frequency chirp-
ing) of the mode. Using NOVA, a cluster of n = 1 TAE so-
lutions in MAST near 90 kHz (in the lab frame) is identified,
consistent with the frequency measured by OMAHA before
chirping occurred in MAST shot 26887 at approximately 181
ms. The radial mode structures and poloidal harmonics are
similar among the cluster of solutions, with m = 1,2 dom-
inating and peaking near the q = 1.5 surface near ρ = 0.6,
shown in figure 6. This agrees well with analytic theory in the
large aspect ratio limit, which indicates that TAE peaks at the
q = m+1/2

n surface37.

V. ANTENNA-EXCITED TAES IN GTC

Eigenmodes excited by antennas are used to determine
mode frequencies and damping rates in single- and two-fluid
ideal MHD and linear GK regimes in GTC. In GTC, the an-
tenna inserts an additional synthetic potential (φant ) into the
inductive potential: φind = φe f f − δφ + φant , with φant repre-
sented as a standing sinusoidal signal38:

φant = φant,0(ζ ,θ ,x)cos(ωantt) (14)

, where ζ and θ are toroidal and poloidal angles, respectively,
and the antenna spatial profile φant,0(ζ ,θ ,x) is defined as fol-
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FIG. 6. Radial displacement of TAE at ≈89kHz from NOVA calcu-
lated for MAST pulse 26887, t = 180ms.

lows:

φant,0 =

{
Camp

 exp
( x−xctr

2σw

)2

(1−exp
( −xbd

2σw

)2
)

− exp
( −xbd

2σw

)2
 cos(mθ −nζ ), if |x− xctr |< xbd

0 otherwise

(15)

, where x ∈ [0,100] is the radial grid in GTC simulations,
Camp = 10−4 is the antenna amplitude, xctr = 70 is the radial
location of peak antenna amplitude in the GTC grid set near
the q = 1.5 surface, xbd = 20 is the radial size of the antenna
in the GTC grid, and the width σw = xbd/2. The experimental
modes were not antenna driven. Hence the purpose of ex-
citing the TAE with an antenna is to accurately measure the
mode frequencies and damping rates without influences from
numerical instabilities near boundaries, instead of aiming to
recover the global radial mode structure computed by NOVA
or measured by SXR. Hence the radial extent of the antenna
envelope (xbound = 20) is limited to region around q= 1.5 only
to ensure that no modes or instabilities other than the n = 1, m
= 1 TAE are excited by the antenna.

The excited mode will follow one of two scenarios. If
the antenna frequency matches the TAE eigen-frequency, the
mode will grow linearly up to the amplitude where the plasma
damping balances with the antenna driving. Otherwise, the
mode intensity grow with oscillations due to the frequency
mismatch and saturate at a lower amplitude. The relation-
ship between saturated intensity, antenna frequency, eigen-
frequency, and damping rate follows the driven resonant cav-
ity theory39:

A2
∝

1
(ω2

E + γ2
D −ω2

ant)
2 +4γ2

Dω2
ant

(16)

, where ωE is the eigen-frequency, γD is the damping rate, and
A2 is the normalized saturated intensity. This relation indi-
cates that the mode would exhibit the strongest A2 when ωE =
ωant for a fixed γD. TAEs exist in the continuum gap, hence
a resonant cavity model is used instead of a regular driven-
damped mode model. The decay of the mode begins after the

antenna is turned off, where γD and ωE can be measured by
fitting the decaying oscillator function: A(t) ∝ eiωE teγDt .

The mode eigen-frequency, damping rate due to continuum
damping and the ratio of polodial harmonics are determined
using the antenna module in single-fluid run modes in GTC.
A TAE with n = 1, m = 1,2 is expected peak near the q = 1.5
surface. Therefore, φant,0 is positioned near |q| = 1.5 with
mode numbers n = 1 and m = 1 in the antenna excitation
of TAE. The single-fluid run mode has φe f f = 0 and hence
δE|| = 0. The antenna is kept on until the amplitude of the ex-
cited mode is saturated, then the antenna is turned off to mea-
sure an eigen-frequency of 70.1 kHz, suggesting a TAE eigen-
frequency close to 80 kHz after considering the plasma rota-
tion frequency of about 10 kHz in this case. This frequency
is about 8kHz (or 10 %) lower than the value predicted by
NOVA and the initial frequency of the TAE. But it is interest-
ing to note that the frequency from GTC matches closely the
expected large aspect ratio ideal MHD (n,m) = 1,1 TAE fre-
quency (cA/2qR). The damping rate is measured to be γD =
−(2π)∗3342s−1 and γD/ω =−4.77%. The antenna-excited
m = 1 harmonic closely resembles the results from ideal MHD
NOVA, as shown in Figure 8 (a1)(a2), but the m = 2 harmonic
has a much lower contribution to the overall mode structure in
GTC compared to NOVA. Non-perturbative effects or differ-
ences in the treatments for equilibrium could contribute to the
discrepancies in the mode frequency and the ratio of polodial
harmonic. Contributions from reverse shear Alfvén eigen-
modes (RSAEs) might also cause these discrepancies. RSAEs
generally have eigen-frequencies in the range below the TAE
frequency with only a single poloidal harmonic peaking near
the qmin in a reversed shear (|q0| > |qmin|) plasma. How-
ever, RSAEs could be in an intermediate regime with both
characteristics of TAEs and RSAEs, which have two coupled
poloidal harmonics and in an intermediate frequency40. The
equilibrium used in GTC simulations is slightly reversed shear
with qmin location (ρ ≈ 0.45) not too far away from the q= 1.5
surface at ρ ≈ 0.7 . Hence it is possible to have small contri-
butions of m = 1 RSAE excited alongside m = 1, m = 2 TAE
in GTC, and alter the overall mode eigen-frequency and the
ratio of polodial harmonics from a conventional TAE.

The mode exhibits a similar eigen-frequency and greater
damping rate when radiative damping is included in GTC. The
mode is excited with the same antenna setting but in the two-
fluid model with finite δE||. The eigen-frequency of the mode
at 72 kHz (before considering the rotation-induced Doppler
shift) is similar to that found in the single-fluid MHD simu-
lation. The relative amplitude of m = 1 and m = 2 δφ near
the |q| = 1.5 surface is similar to that found in the single-
fluid MHD simulation. However, δφ is weaker at qmin in the
two-fluid simulation (Figure 8 (b1)(b2)), suggesting that the
mode could not be excited far away using the same |q| = 1.5
localized antenna profile that was used in the single fluid
MHD simulation when radiative damping caused by the fi-
nite δE|| is taken into account. The mode damping rate mea-
sured at |q| = 1.5 after the antenna is turned off is greater
(γtot/ω =−4.77% versus −5.97%, as shown in Table I), also
as a result of the δE|| introduced by radiative damping.

Antenna-excited TAEs saturate at much lower amplitude
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FIG. 7. The waveform (solid curves) of (n,m) = (1,1) near |q| = 1.5 of
the antenna excited modes, with their eiωE teγDt fits (dashed curves)
for the period after the antenna was turned off

and exhibit significantly greater damping rate when kinetic
thermal ions are included in GTC. The TAE is excited by the
antenna in the same way as before but now with full-kinetic
thermal ions, with finite δE|| and without gyro-averaging.
Thus, continuum, radiative, and ion Landau damping mech-
anisms are all included in this run mode. The eigen-frequency
is found to be slightly lower than in the previous cases, 69.3
kHz before Doppler shift. Its mode structure and poloidal
harmonics (Figure 8 (c1)(c2)) are similar to the two-fluid
MHD case near |q| = 1.5. However, the damping rate at
|q| = 1.5 after the antenna is turned off is more significant at
γD/ω = −11.0%, most likely due to the addition of ion Lan-
dau damping similar to that found in RSAE cases in DIII-D6.
The saturated amplitude is much lower compared to previous
ideal MHD cases, as shown in figure 7. This is likely due to
the more significant damping rate and agree with the resonant
cavity mode model (Equation 16). The simulation can also
include gyrokinetic thermal ions with gyro-averaging, which
introduces the FLR effect. However, the saturated amplitude,
eigen-frequency and damping rate in the gyro-averaging case
are nearly the same as the full-kinetic case, suggesting that
ion Landau damping is responsible for most of the additional
damping rather than the FLR effect in gyro-kinetic simula-
tion. Besides the differences in the net damping rates, the
ion Landau damping might also affect the spatial structures of
the modes. The ion Landau effect is the strongest when the
phase velocities (vphase,ion) of the ions approach ωE/k|| where
k|| = (n−m/q)/R (in the large aspect ratio limit) is the par-
allel wave vector. The Ti is at its maximum near the core (as
shown in Figure 3(b)), suggesting that vphase,ion is likely to
be closest to ωE/k|| in the region and hence that ion Landau
effect is the strongest near the core. As a result, the mode
has a much weaker δφ in the core region (ρ < 0.5) in the
simulation that includes gyro-kinetic thermal ions compared
to the δφ from single-fluid simulation (Figures 8(c1)(c2) vs.
(a1)(a2), respectively).

FIG. 8. 2D (R,Z) snapshots from GTC runs that excite n = 1 TAE
with (a1) 70kHz antenna in single-fluid MHD plasma without φe f f ;
(b1) 72kHz antenna in double-fluid MHD plasma with φe f f ;(c1)
70kHz antenna with gyro-kinetic thermal ions and φe f f ; (d1) analytic
Maxwellian fast ion profile with 1 ∗ (βFI,NUBEAM)max, (e1) analytic
Maxwellian fast ion profile with 2 ∗ (βFI,NUBEAM)max, (f1) analytic
fast ion slowing-down distribution with injection λ = 0.65. (a2) -
(f2) show the corresponding poloidal harmonics m = [0,4]

VI. TAES EXCITED BY MAXWELLIAN AND
SLOWING-DOWN FAST ION DISTRIBUTIONS IN GTC

TAEs can also be excited by Maxwellian fast ion distri-
butions in GTC as described in Equation 4. Analytic fast
ion density profiles are employed to excite TAEs in the lin-
ear GK regime in GTC and reveal the instability threshold of
the mode. The experimental fast ion distributions induced by
NBI are computed by NUBEAM30. Spatial profiles of fast
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ion temperature and density are considered, while their pitch
and energy distributions are neglected for modes excited by
Maxwellian distributions. Analytic fast ion density profiles
with scales of 1, 1.5, 2, and 2.5 times the maximum fast ion
density computed with NUBEAM ((nFI,NUBEAM)max) are used
in linear GTC runs to determine the instability threshold of the
targeted TAE. The increase of the fast ion density scale factor
subsequently increases the βFI and keep TFI unchanged in the
scan. The TAE is marginally unstable when it is excited with
(βFI,sim)max = 1 ∗ (βFI,NUBEAM)max, indicating that the insta-
bility threshold is slightly below the maximum fast ion pres-
sure reproduced by NUBEAM. The ratio of the net growth
rate (γtot = γL + γD) to the mode frequency (ω) for modes ex-
cited by 1, 1.5, 2, and 2.5 times (βFI,NUBEAM)max are 3.63%,
7.56%, 9.52%, and 11.77%, respectively, as shown in Figure
9 (a). The γtot/ω appears to be nearly linearly proportional to
βFI , which is similar to the approximation for low-n TAEs in
large aspect ratio discussed in the Equation 10 of37, despite in
the low aspect ratio and with a significantly greater βFI/βi.

The frequencies of modes excited by the analytic fast
ion profile with different pressure scales are similar. Previ-
ous benchmarks of GTC have demonstrated non-perturbative
kinetic contributions from fast ions38, resulting in differ-
ences in mode frequency compared to eigen-frequencies
found in antenna scans without δE||. The frequencies of
modes excited by a fast ion profile with the pressure at 1
times (βFI,NUBEAM)max peak near 72 kHz before Doppler
shift. The frequencies shift downward in cases when the
(βFI,NUBEAM)max is scaled up, as shown in Figure 9 (b). The
shift could be the result of the significantly increased fast
ion density in the cases with higher fast ion pressure scales
that alter the equilibrium when quasi-neutrality is considered,
in addition to kinetic effects. The spatial structure of the
modes excited by profiles with these scales is similar when
they are in the exponential growth phase. The δφ peaks
near |q| = 1.5 (Figure 8 (d1)(e1)) with m = 1 dominating the
poloidal harmonic (Figure 8 (d2)(e2)). The contributions from
m = 2 are more pronounced compared to the antenna-excited
modes. However, the ratio of m = 2 to m = 1 is still not
as much as those in ideal MHD NOVA, even when both are
converted to the same physical quantity δBr/B for compar-
isons, as shown in Figure 10. The ratio of m = 2 to m = 1
((δBr,m=2)max/(δBr,m=1)max)) in the GTC solution is lower
than the NOVA solution ( ≈ 0.68 versus ≈ 0.92, respectively).
This suggests that there are still contributions from m = 1
RSAE to the overall mode structure and frequency, similar
to the antenna-excited cases.

Apart from Maxwellian distributions, analytic fast ion
slowing-down distributions can be utilized to excite TAEs in
GTC as described in Equation 7. Although the model does not
accommodate the rapidly changing birth pitch across differ-
ent major radii in spherical tokamaks as shown in Figure 4(a)
in Section III, it is sufficient to represent most of the beam-
induced fast ions as they are generated near R ≈ 1.1m with
birth pitch variable concentrated near λ = 0.65. Hence, an-
alytical slowing-down distributions that fit the fast ion pitch-
energy distributions there (Figures 4(b)(c)) could realistically
represent the trapped particles interacting with the TAE.

FIG. 9. (a) growth rates and (b) eigen-frequencies (in the plasma
frame) of n = 1, m = 1 TAEs excited by analytic Maxwellian fast ion
βFI of 1, 1.5, 2 and 2.5 times of (βFI,NUBEAM)max (by scaling nFI),
sampled near |q| = 1.5 surface

The TAE driven by the analytic slowing-down fast ion
distribution exhibits a higher growth rate and slightly dif-
ferent mode spatial structure compared to modes excited by
Maxwellian distributions, probably due to the anisotropic
distribution of fast ions41. The radial fast ion density and
temperature (for determining vc and v0) profiles are taken
from the Maxwellian fast ion case with (βFI,sim)max = 1 ∗
(βFI,NUBEAM)max for consistency. The frequencies of modes
from the two cases remain similar to those of the mode excited
solely by the Maxwellian distribution, around 70 kHz before
a Doppler shift correction. However, the growth rate of the
mode excited by the slowing-down distribution (n,m) = (1,1)
is significantly higher (γtot/ω = 10.75%) than the mode ex-
cited solely by the Maxwellian distribution using the same
fast ion pressure profiles. This indicates that the mode be-
comes more unstable with the use of the slowing-down distri-
bution, probably due to the anisotropic fast ion distributions
peak at higher λ , providing more fast ions to be in shear
Alfvén resonance. The effects of fast ion anisotropy on the
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FIG. 10. 2D (R,Z) δBr/B structures of (a) m = 1 and (b) m = 2 from
NOVA; (c) m = 1 and (d) m = 2 from linear GTC with the mode
excited by analytic Maxwellian fast ion βFI of 3∗ (βFI,NUBEAM)max
(by scaling nFI)

growth rate had also been observed in the stability study of
TAEs in ITER scenarios when the pitch distribution is con-
sidered in the kinetic-MHD code NOVA-K3. The difference
of TAE growth rates between fast ion Maxwellian and slow-
ing down distributions excited modes with the same nFI in
GTC, however, is greater than those found using NOVA/-K.
The discrepancy could be the result of additional kinetic ef-
fects included in GTC compared to NOVA/-K, and also the
differences in fast ion beta and aspect ratio in MAST case
compared to the ITER case discussed in3.

The use of an analytic slowing-down distribution in GTC
also alters the radial structure of the mode compared to the
case with Maxwellian distribution excitation. The peak of the
m = 1 component in δφ shifts to ρ = 0.5 close to |qmin| (Fig-
ure 8 (f2)) from ρ = 0.65 near |q|= 1.5 in cases excited solely
by the Maxwellian distributions. In the slowing-down case,
the ratio of the m = 1 to m = 2 component in δφ is com-
parable at |q| = 1.5, but m = 1 is dominant near the |qmin|.
Additionally, a spiral feature emerges in the 2D (R,Z) struc-
ture of δφ for the mode excited by the λ = 0.65 slowing-
down distribution (Figure 8 (f1)), absent in the mode excited
by the Maxwellian distribution alone. This spiral suggests a
stronger kr, implying more significant radial energy transfer
than the previous case. These characteristics suggest the use
of an anisotropic fast ion distribution causes the mode to ex-
hibit distinctive features of both TAE at q = 1.5 and RSAE
at qmin, rather than the ambiguous structures seen in previous
cases. This is probably due to the differences in ∇ f0 f / f0 f |µ
(Equation 8) and (1/ f0a)(∂ f0a/∂v||) (Equation 9) peaking lo-
cations when the pitch of fast ions is considered, making both

m = 1 RSAE and m = 1,2 TAE more distinguishable at their
associated q surfaces.

VII. SUMMARY

Linear gyrokinetic simulations for TAEs in the MAST dis-
charge 26887 at 180 ms were conducted using various GTC
run modes to explore different driving and damping mecha-
nisms, as summarized in Table I. These simulations demon-
strate GTC’s capability to incorporate various mechanisms
that significantly affect the TAE, which are absent in MHD
models. Antenna-driven TAEs in single-fluid (without δE||)
and two-fluid (with δE||) plasma in GTC are subject to sim-
ilar damping rates of about 5-6%. This indicates that radia-
tive damping introduced by the two-fluid model does not sig-
nificantly increase the damping beyond the continuum level.
However, the damping rate increases significantly to 11%
when the thermal ions are in the gyrokinetic regime, which
includes the ion Landau effect. On the other hand, the damp-
ing rate only changes slightly when FLR effects are included,
introduced by the gyro-averaging of the thermal ions. This
suggests that the ion Landau effect, which is absent in ideal
MHD codes, makes the most significant contribution to the
mode damping rate.

TAEs excited by Maxwellian fast ion distributions with var-
ious fast ion pressures in GTC demonstrate the sensitivity of
TAE growth rates to the fast ion gradient. A scan of analytic
fast ion profiles with densities ranging from 1 to 2.5 times
the level computed by NUBEAM was conducted. The spa-
tial structures of these TAEs are similar to each other and to
NOVA ideal MHD eigenmode calculations, with comparable
proportions of m = 1 and m = 2 components in δφ . The TAEs
excited in the fast ion density scan have growth rates ranging
from 3.9 to 16.1%. This indicates that the experimental fast
ion density computed by NUBEAM is sufficient to drive the
mode and suggests that the stability threshold lies between 0.5
and 1 times the NUBEAM fast ion density.

Fast ion anisotropy can significantly affect the stability of
TAEs. Besides fast ion Maxwellian distributions, GTC can
also be used to model the excitation of TAEs with analytic
slowing-down fast ion distributions. The growth rate increases
significantly to about 11% when an analytic slowing-down
distribution that mimics the NUBEAM fast ion pitch/energy
distribution near the peak fast ion density (R ≈ 1.1m) with the
same analytic fast ion density profile used in the Maxwellian
case is used to excite the mode. This demonstrates that mode
stability is sensitive to the pitch and energy distribution of the
beam-induced fast ions. The m = 1 and m = 2 components
at q = 1.5 are similar to the previous case excited solely by
the Maxwellian distributions, but m = 1 δφ extends further
to the core near the qmin location. A more noticeable spiral
2D structure, implying a stronger kr compared to the mode
excited by the Maxwellian distribution, appears in the mode
excited by the slowing-down distribution. This suggests that
additional contributions from an RSAE are present due to the
differences in ∇ f0 f / f0 f peaking locations arising from the re-
placement of a Maxwellian distribution with an anisotropic
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slowing-down distribution.
Overall, the GTC simulation results are in good agreement

with the measurements. Despite different representations of
thermal and fast ions, the eigen-frequencies of TAEs excited
in various GTC run modes fall within a narrow range of 69 to
72 kHz. The laboratory frame frequencies are close to 80 kHz
after accounting for the ≈ 10kHz plasma rotation Doppler
shift. This is about 9% lower than the frequency computed
by NOVA and the measured initial frequency of the targeted
chirping TAE. Interestingly, the frequencies from GTC are
closer to the TAE frequency at its peak mode amplitude, as
well as to the ideal MHD value for the (n,m) = (1,1) TAE fre-
quency, once the rotation Doppler shift is considered. The dis-
crepancy could be attributed to non-perturbative effects, con-
sidering similar differences between NOVA and GTC ideal
MHD run modes. However, the results are still in good agree-
ment as they remain within the frequency range of the chirp-
ing TAE. The radial mode structures from the GTC simula-
tions that include fast ions also align with experimental re-
sults inferred from tangential SXR. The δφ from these simu-
lations all peak around ρ = 0.6 to 0.8, close to the expected
mode location for ideal MHD n = 1 and m = 1,2 TAEs, as
well as the measured SXR δε . Discrepancies in these simu-
lations are found only when the poloidal structures and har-
monics are considered, possibly due to the treatment of fast
ion distributions (whether they are Maxwellian or anisotropy)
in these simulations. However, the results from these simula-
tions are equivalent when compared with the mode structure
measurements as neither poloidal structures nor harmonics are
measured or inferred from the suite of available diagnostics
presented in this paper. Future experimental efforts could fo-
cus on directly inferring fast ion anisotropy using tomography
techniques42 and on measuring poloidal mode structures and
harmonics with poloidally viewing diagnostics. These efforts
could provide valuable references for detailed comparisons
between Maxwellian and anisotropic fast ion models used in
the GTC in the future.
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Appendix A: Two-dimensional fast ion density profiles

The two-dimensional (R,Z) fast ion density distribution
peaks in the outboard region and lacks poloidal symmetry.
Consequently, the fast ion pressure gradient is highest in the

FIG. 11. (a) 2D and (b) mid-plane radial fast ion density profiles
from NUBEAM/TRANSP

outboard region, with the peak outboard fast ion pressure gra-
dient occurring near ρout = 0.5, as shown in Figure 11(a).
However, GTC can only handle poloidally symmetric fast ion
density profiles, and using the poloidally averaged NUBEAM
density profile leads to an insufficient pressure gradient to
drive the TAE, especially considering that ballooning modes
are more sensitive to the outboard pressure than the inboard
region. Therefore, an analytic profile with the maximum gra-
dient peaking at ρ = 0.6 (as shown in Figure 3(a)), which is
close to q = 1.5 and similar to the outboard fast ion density
profile shown in Figure 11(b), is used in GTC simulations.
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