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Abstract

Optimized stellarators offer improved energetic particle and neoclassical confinement, but optimization based
on inexpensive proxies or local simulations may miss important global nonlinear physics. In this work, we
investigate whether dimensionality reduction can enable data-efficient surrogate modeling of turbulence-
relevant global properties in optimized stellarators. Using a database of more than 13,000 quasi-helical (QH)
equilibria, we train an autoencoder and show that the geometric variation of QH configurations is well
represented by a low-dimensional manifold. Based on this low-dimensional representation, we build surrogate
models for two key quantities: the long-wavelength Rosenbluth—Hinton (RH) zonal-flow residual and the
steady-state ion-temperature-gradient (ITG) turbulent heat flux from global gyrokinetic simulations. Both
quantities exhibit organized structures in the learned latent space, enabling efficient exploration of the QH
subspace and identification of low-transport configurations while preserving QH characteristics. We further
identify a direct relationship between RH residual level and magnetic-axis excursion, consistent with near-axis
expansion theory. Large-scale global gyrokinetic simulations confirm substantial transport variation across QH
geometries, highlighting the value of latent-space-guided screening.

1. Introduction

Optimized stellarators are attractive fusion reactor concepts because they substantially improves energetic
particle and neoclassical confinement in the 3D magnetic configuration[1], [2]. In practice, optimized stellarator
configurations are typically obtained through numerical optimization, where a predefined objective function is
minimized by iteratively adjusting design parameters that determine the equilibrium magnetic flux surfaces.
Using this general strategy, previous studies have successfully constructed Quasi-symmetric (QS) and quasi-
isodynamic (QI) configurations[2], [3], [4], [5], [6]. Optimization also commonly imposes basic shaping
constraints (for example, aspect ratio and elongation), rotational transform (t) profile, and many additional
physical objectives incorporated through computationally inexpensive proxies. Examples include Mercier
criterion for MHD interchange stability [7], [8] and effective ripple as a proxy for neo-classical transport in low
collisional regime[9], [10]. The recent W7-X experiments [11], [12] have confirmed that the neoclassical
transport can be reduced through magnetic-field optimization, and the core energy confinement is determined
by turbulence instead. These results motivate the turbulence optimization aimed at future reactors. Over the years,
many results have used different proxies to minimize the linear drive and nonlinear transport of micro-
instabilities.[5], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25]. Notably, Kim et a/ [26]
has directly optimized the heat flux from local gyrokinetic simulations, while Landreman et a/ [27] trained the
surrogate model from the local simulations to predict the heat flux, which can also be used for optimization.
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A limitation of using the proxies and local simulations for optimization is that these simplified metrics may not
capture the underlying global nonlinear behaviors including zonal flows[28], [29] and turbulence spreading [30],
[31] in the 3D magnetic equilibrium. Furthermore, the recent nonlinear MHD simulations indicate that the
linearly unstable ballooning activity in standard W7-X configuration can saturate benignly, consistent with the
“soft” beta limit rather than a hard disruptive limit [32]. Regarding microturbulence, global gyrokinetic
simulations in stellarators have reported regimes in which TEM excited by helically trapped electrons can drive
substantial transport in the W7-X[31], and the different interaction between zonal flows and turbulence can
significantly impact the steady-state transport level for different stellarator configurations[29], [33]. These
findings highlight the importance of first-principle global simulations during optimization. However, these
simulations are typically orders of magnitude more expensive than proxy evaluations, making them difficult to
embed directly in the iterative optimization loop. Machine learning surrogate models, on the other hand, provide
a potential path forward because they can deliver rapid inference and can be integrated with automatic
differentiation in modern frameworks, enabling gradient-based design and optimization workflows. The key
obstacle is the high dimensionality of parameter space in the optimization process. Stellarator optimization
problems often involve hundreds to thousands of free parameters, which define a very high-dimensional design
space. It is not feasible to populate this space with enough first-principle global simulations to train a globally
reliable surrogate model. And even if a surrogate model is trained on a limited dataset, a fundamental question
is why the surrogate can be expected to generalize for new configurations.

A useful observation is that physically meaningful stellarators occupy only a constrained subset because poor
energetic particle and neoclassical confinement is unacceptable regardless of other performance metrics.
Concepts such as QS and QI impose strong geometric constraints, which can restrict the relevant configurations
to a small fraction of the nominal parameter space and can dramatically reduce the intrinsic dimensionality of
the realizable designs. Related low dimensional structure has been reported in earlier stellarator design studies,
for example in global searches over coil current settings [34]. Moreover, the near-axis-expansion theory itself is
an approach to express the configurations approximately with few parameters. Finally, the internal kink mode
structure in tokamak is found to have the low-dimensional feature and can be approximately described by 3
parameters [35]. These examples are consistent with the broader idea that high-dimensional datasets can
concentrate near low-dimensional manifolds, which motives latent variable representations such as
autoencoders[36]. In fact, the low dimensional feature is very common for naturally generated data, such as
images and languages[37], [38], [39]

In this paper, we focus on one QS configuration, quasi-helical symmetric (QH) stellarator, to show that QH
geometric distribution has an intrinsic dimension that is far smaller than the total number of free parameters used
in the optimization process. Using a dataset of more than 13,000 QH equilibria, we train an autoencoder to
reconstruct the geometry from a low-dimensional latent representation and find that a three-dimensional latent
space is sufficient to capture the essential variation of the QH geometries. Using these latent representations, we
construct surrogate models for two turbulence-relevant quantities, namely the zonal-flow residual level in the
long wavelength limit [40][41], and the volume-averaged steady-state heat flux driven by ion temperature
gradient (ITG) turbulence. We further show that both the zonal-flow residual and the simulated transport exhibit
organized structures when projected onto the learned three-dimensional latent space, enabling efficient
exploration of the QH subspace and the identification and generation of candidate low-transport configurations.

The remainder of this paper is organized as follows. Section 2 describes the data generation, the dimensionality-
reduction method, and model architecture. Section 3 reports results for geometry reconstruction, zonal-flow
residual prediction, and turbulent transport prediction. Section 4 summarizes the results and outlines future
directions.
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2. Data and Methods
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Figure 1 Histogram of the QS error of the generated equilibria. The 13949 equilibria with QS error lower than 0.1 are selected to
form the dataset.

We used the optimization code DESC[42], [43] to generate a dataset of QH stellarator equilibria with toroidal
period NFP=4. The initial parameters were selected to ensure sufficient diversity in geometry distribution. The
initial flux surface cross section was set to be concentric circular, with the inverse aspect ratio randomly sampled
in the range [0.1, 0.25]. The magnetic axis was parameterized as Ry;s = 1 + £ cos ¢, Z,is = & sin ¢, where
& €10, 0.2] and ¢ is the toroidal angle in the cylindrical coordinates. The toroidal magnetic flux of last closed
flux surface was fixed as Y, = 0.04 X 2 Wb. The ¢ profile was prescribed by ((p) = 1, + 0.1p?, where (, is

randomly selected from [0.35, 1.85], and p is the square root of normalized toroidal flux, p = /1 /Y¢m- The

pressure profile was prescribed by p(p) = ((—0.5 tanh((p - pl)/pz) — 0.5) X ps + 1) X po , With pg

selected in the range [103,3 X 10*] Pa, p; selected in the range [0.2, 0.8], p, selected from [0.2, 0.5], and p;
selected in the range [0.2, 0.95]. Then each randomly generated configuration was optimized by minimizing the
‘two-term’ quasi-symmetry error[43]

fe = (|{(Mt— N)(B x Vi) - VB — (MG + NI)B - VB|)/(B)3,

where M = 1, N = 4. 1 is the toroidal flux function. I and G are the poloidal and toroidal components of the
covariant form of B using Boozer coordinates. | = B-0dr/d6gz, G = B-0r/d{gz, where 85 and {p are,
respectively, the poloidal and toroidal Boozer angle. The bracket ( ) means volume averaging. During the
optimization, the inverse aspect ratio was constrained to [0.1, 1/3], and the maximum elongation of all toroidal
angles was limited to [1, 3]. The toroidal flux at boundary, the pressure profile, and the averaged radial position
of boundary were fixed. In addition, the force balance of these equilibria was required by minimizing the relative
force balance error,

|F| =] x B = Vp|/{IVBI?/(210))

In order to highlight the geometrical effect on zonal flows and turbulence, two groups of datasets with fixed ¢, =
0.55 and ¢y = 1.35 were also generated, with all other settings the same as the random-¢, dataset. Since our
purpose is to find the hidden pattern of QS geometries, the obtained configurations with f > 0.1 or (|F|) > 0.1
were discarded, while the ones with good symmetry were kept in the dataset. The QS error distribution is shown
in Fig.1. We have generated 2995 equilibria with random ¢,, 5197 equilibria with ¢, = 0.55, and 5757 equilibria
with ¢, = 1.35. Each equilibrium is represented by the coefficients (R;nn, Zimn ), Which describe the flux surface
shape,

Cambridge University Press



Journal of Plasma Physics

R(0,6,8) = ) RumnZI"(p,)F"($)

Imn

260,6,8) = ) ZinnZ" (0, OF"(®),
lmn
where Z|™ are the Fourier-Zernike basis functions and F™ are the Fourier basis functions. (I, m, n) stand for the
order of basis function in radial, poloidal and toroidal directions. In the current dataset, the basis functions are
truncated at maximum order 8 in radial, poloidal, and toroidal directions. The ‘ANSI’ indexing for Zernike
polynomials was chosen, and considering the stellarator symmetry, there are 385 R coefficients and 380 Z
coefficients. In other words, the design space of these geometries has a dimension of 765.
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Figure 2 The Pearson coefficient of the 250 (R,Z) coefficients with largest averaged absolute value.

5= K’\ (\

58 0975 S~ [—
5% 0,950 ¢=2m17 9=4m17
29
& § 0.925
<=
O § 0.900 —

: , ; . . . . : . v —— DESC

3 4 5 6 7 8 9 10 11 Reconstruction by PCA(dim=11)

PCA Dimension ¢=6m/17

Figure 3 Reconstruction by PCA. (Left) Dependence of EVR of all (R, Z) coefficients on the PCA dimensions. (Right) A example of

the reconstructed last closed flux surface with 11-dimensional PCA compared with the ground truth data generated by DESC.

We first evaluate the linear properties of the data distribution. The Pearson correlation coefficients[44] were
calculated for the top 250 coefficients with the largest mean absolute values in Scipy[45] to show their linear
relations. It is shown that largest coefficients have a mean correlation around +0.5, with the largest magnitudes
up to +0.8, meaning a medium to strong linear relations. Note that the Pearson correlation only shows the linear
relation among the parameters, which suggests the coefficients can be subject to even stronger nonlinear
constraints, and a significant dimensionality reduction is feasible. Principal Component Analysis (PCA)[46],
[47] was applied to evaluate the linear dimensionality reduction. The Explained Variance Ratio (EVR) is the
ratio of total data variance in the reduced low dimensional space to the original data variance. When EVR
approaches 1, it means most of the original data distribution feature can be preserved after the reduction. Fig.3
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shows that EVR almost reaches unity in an 11-dimensional subspace. Using this 11-d space, the (R, Z)
coefficients and the associated flux surface shapes can be reconstructed. Although the reconstructed flux surface
shapes resemble the original optimized geometries from DESC, the detailed calculations show substantial
deviation in |B| and the associated QS error. Furthermore, the 11-d space remains too large for efficient generation
of simulation data and the training of surrogate model.
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Figure 4 (a) Autoencoder architecture. (b) Comparison of collocation point positions calculated from DESC coefficients and
reconstructed coefficients at different toroidal angles.

To achieve further dimensionality reduction by taking into account nonlinear relations, we constructed a fully
connected autoencoder neural network. The input and the output consist of the 765-dimensional (R, Z)
coefficient vector (noted by ¢ ). The encoder and decoder each contain four hidden layers with the ReLU
activation function. A low-dimensional latent layer is located at the bottleneck. The autoencoder structure is
shown as Fig. 4(a). The primary loss term is the mean-squared reconstruction error of the coefficients, Ly g =

2 . . . .
\/Zi=1,765(Ci,,,utput - Ci,input) /765. That is, the autoencoder is trained to ensure the coefficients to be

effectively compressed from the original 765-d space to the low dimensional latent space. To improve the
geometric reconstruction accuracy rather than just the coefficients, we incorporated an additional loss term based
on collocation points. Specifically, 20x16x17 uniformly distributed grid points in (p, 8, ¢) space were used to
calculate the value of (R, Z, ¢) in the cylindrical coordinates by substituting the ground truth (R, Z) coefficients
and reconstructed coefficients in Eq (1). The average distance, which was defined as collocation point loss, was

included in the loss function, Lygints = Zk=1,5440\/(Rk,DESC - Rk_pred)z + (Zk,DESC - Zk’pred)z /5440. The
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collocation points calculated from DESC coefficients and from the reconstructed coefficients can be seen from
Fig. 4(b). The final loss function is L = Lygg + WLpon¢s- In the first 20 epochs during the training, only the

coefficient loss was used (w=0), which makes the training process quickly converges. Subsequently, w was set
to be 0.25, and the collocation point loss was introduced to improve the accuracy of the geometric reconstruction.

3. Results
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Figure 5 The reconstruction error dependence on latent space dimensions. In the lower two panels, the models trained on different
groups of data are tested.

The latent space dimension was varied, and the reconstruction error Ly sz on the test dataset was calculated to
determine the minimum intrinsic dimensionality of the dataset. As shown in Fig. 5, the reconstruction error
increases sharply when the latent dimension is smaller than 3, indicating that the dataset lies approximately on
a three-dimensional nonlinear manifold. Note that the models trained on fixed or random ¢, datasets generalize
well across different ¢, values, suggesting that the QH geometric distribution is largely independent of t5. An
example of the reconstructed equilibrium can be seen in Fig. 6. The left panel shows the reconstruction of (R, Z)
coefficients, and the right panel shows the reconstruction of the last closed flux surface. Compared with PCA,
the autoencoder achieves significantly higher geometric reconstruction accuracy. Another test shows that
removing the collocation points loss degrades flux surface reconstruction, although the coefficients
reconstruction stays relatively accurate. On the other hand, using only the collocation loss prevents the
convergence of the training process of the autoencoder.
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Figure 6 An example of autoencoder reconstruction (latent dim=3) compared to the optimized RH geometry. (left panel) (R, Z)
coefficients. the x-axes are the index of the modes, The coefficients too close to 0 are truncated for clear view. (right panel)
Reconstructed last closed flux surface shape.
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The results above mean that the flux surface information can be compressed to very few parameters, which are
the coordinates of the latent space. Together with the ¢ profile, the whole equilibrium and the physical quantities
determined by the geometric parameters can be inferred from the latent space coordinates. The linear zonal flow
(ZF) residual level is one important example of these physical quantities. The study of turbulent transport on
different stellarator configurations showed that the ZF residual level can play an important role in determining
the nonlinear steady-state ZF level and hence the transport level. Generally, ZF residual level can be
characterized by its long wavelength limit, i.e., the Rosenbluth-Hinton (RH) level. In this sense, finding the
geometrical factors that affect the RH level and a way to quickly predict the RH level is very important to finding
transport-optimized designs. For this purpose, we used the latent space representation to directly predict the
volume averaged RH level. The pre-trained encoder obtained in the reconstruction task maps the coefficients
into latent space, followed by 3 fully connected layers with the width (64, 64, 32) for the regression of the RH
level. The inputs are still the 765-d coefficients vector. The ground-truth RH level for the training data is
calculated using the formula in [41],

RH(Y) = TEA /A

~ mny(G + NI)?
' B (- Ny

Ay = min(|V|?/B?).

[1.6€3/2 + 0(e?))],

Where N = 4 is the toroidal period in this dataset, and v is the toroidal flux function. Here € is a function of
flux function which can be calculated from € = (B,qx — Bmin)/(Bmax + Bmin) on the flux surface. Then the
RH levels on different flux surfaces are averaged to get a single value as the ground truth value of the output.
Since the ¢ profile will significantly affect the RH level, we only constructed the surrogate model for the two
fixed ¢, datasets to highlight the geometrical effects. As a result, the predicted RH level agrees well with the
theorical values, which can be seen from Fig.7. For a 3-d latent space, the average relative error is 15% for ¢, =
1.35 test dataset, and 2.5% for ¢, = 0.55 test dataset. If we increase the latent space to 7-d, the error reduces to
2.3% for 1y = 1.35 test dataset, and 2.2% for ¢, = 0.55 test dataset.
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Figure 7 Prediction of RH level compared to the theoretical values. The y=x line means perfect prediction. (Left) 1y = 1.35 and
(Right) 1y = 0.55.

The distribution of the RH levels of the training data with ¢, = 1.35 in 3-d latent space is shown in Fig.8. By
analyzing the data in different regions, one important geometric factor is the aspect ratio, which directly
influences both the Vi /B term and the € term in Eq. (1). However, even for equilibria with similar aspect ratio
and elongation, significant variation in RH level is observed. This variation correlates with the magnetic axis
excursion, defined as the amplitude of the magnetic axis displacement in the R-Z plane as ¢ changes. For
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configurations with similar aspect ratio and identical ¢ profile, equilibria with smaller axis excursion exhibit
systematically higher RH levels. A comparison of such an equilibrium pair can be seen in Fig.8. This trend can
be interpreted qualitatively using the first order near-axis expansion theory. The A; term in Eq. (1) is constant
on the flux surface, so the RH level variation on the same flux-surface relies on the variation of A. It is found
that, due to the large toroidal variation of the Jacobian, the flux-surface averaged A, is predominantly related to
its value at { = 0 (bean shape cross section). From [41], The RH level at { = 0 can be written as

1
T 1+16/(VeC(—N)?)’
C = a/({Ry)? a = (|V|?/B?),

n=+2y/B/e,

Where R, stands for the magnetic axis length over one toroidal period. For equilibria with similar aspect ratio

RH({ = 0)

and identical ¢ profile, the factors a and 7 factor vary weakly. Consequently, the magnetic axis length R,
becomes the dominant geometric factor controlling C, and hence the RH level. Smaller axis excursion
corresponds to shorter magnetic axis length, which increases C and therefore increases the RH level. This
interpretation provides a clear physical explanation for the latent space structure observed in the data. The
autoencoder has effectively identified a low-dimensional representation in which the dominant geometric control
parameters for zonal flow residuals are embedded.
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Figure 8 (left) The theoretical RH levels of 1, = 1.35 training data in the 3-d latent space. (right) A comparison of two equilibria
with similar aspect ratio and elongations, but different axis excursions. The mean RH level over p for case3581 is 0.42, while the
mean RH for casell50 is 0.23.

To systematically evaluate the turbulent transport properties across the generated QH stellarator database, more
than 15,000 global GTC gyrokinetic simulations were performed. All equilibria were resized to isolate the
geometric effects. The minor radius was set to a = 0.8 m, and the averaged on-axis B strength was fixed at B, =
4.9 T. The ion and electron density profile are set to be uniform with n, = 8.3 x 103 cm™. The ion and electron
temperature profiles were set to have the largest gradient near p = 0.5 with the minimum scale length being
a/Lr; = 4.7. The on-axis temperatures were set to T;y = T,o = 40 keV, corresponding to a/p; = 194 on axis
and 220 at the lowest Ly; location. This set of parameters can destabilize the ITG mode in most cases. The
resulting steady-state turbulent transport varied significantly across configurations. Excluding the cases in which
ITG mode was linearly stable, the steady-state ion heat conductivity ranged from approximately 10™* x5 to
10_1)(93, where y g5 = Teo/eB, * p* is the gyro-Bohm unit, p* = p;/a at the mode location (lowest Lr;). This
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broad distribution suggests the strong sensitivity of turbulent transport to magnetic geometry within the QH
parameter space. A systematic trend is observed that the configurations with larger [t — N| generally show lower
ion heat conductivity, consistent with the previous conclusion in [29], [41]. When the steady-state transport levels
are projected onto the three-dimensional latent space identified by the autoencoder, recognizable structure
emerges. Although the clustering pattern is less clear than in the RH level analysis, regions associated with
reduced transport can still be identified. Taking advantage of this property, we constructed a simple generative
model in latent space to explore the transport-optimized designs. A Gaussian mixture model was fitted to
equilibria satisfying y; < 5% 1073 Xgg- New latent coordinates were sampled from the fitted distribution in the
3-d latent space. Then the data were mapped back to the full geometric coefficients using the trained decoder. It
is confirmed by the GTC simulations that the new samples do have a distribution with a lower average transport

level compared to the randomly generated original dataset, which is particularly pronounced for the t; = 0.55
dataset.

Histogram of ion heat conductivity
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Figure 9 Distribution of the ion heat conductivity of different datasets.
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Figure 10 Prediction of volume averaged ion heat flux driven by ITG compared with GTC simulations.

Beyond qualitative identification of low-transport regions, a quantitative surrogate model was developed to
predict the steady-state transport level for QH geometries. The neural network architecture is the same as that
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used for the RH level prediction, with the output replaced by the steady state x;/x,p value for each case. If the
encoder weights are frozen and only the regression layers are trained, like the RH case, the prediction accuracy
of y; remains poor. This indicates that the latent space optimized for geometric reconstruction does not
necessarily preserve the geometric features most relevant for nonlinear transport. The best performance was
obtained through a two-stage training strategy. First, the regression layers are trained for 30 epochs while keeping
the encoder fixed. Then the encoder is fine-tuned jointly with the regression layers using a reduced learning rate.
This fine-tuning allows the latent representation to adjust slightly so that the transport-relevant geometric
features are better resolved. After fine-tuning, the predicted transport levels agree reasonably with the GTC
gyrokinetic results, particularly for the ¢, = 0.55 dataset. The comparison between the predicted and simulated
ion heat conductivity is shown in Fig. 10. For ¢, = 0.55, the coefficient of determination R? approaches 0.9,
indicating strong predictive capability. In contrast, the ¢, = 1.35 dataset exhibits lower prediction accuracy and
larger scatter. The difference between the two datasets is also reflected in the y; of the sampled data in Fig.9,
where it is easier to sample out the low transport cases for ¢, = 0.55 dataset. These results highlight two
properties of the distribution of transport levels. First, while the geometric manifold is intrinsically low-
dimensional, turbulent transport depends on more subtle geometric features than those required for accurate flux
surface reconstruction. Second, moderate fine-tuning of latent representation significantly improves transport
prediction without sacrificing geometric interpretability.

4. Conclusion and future work

This study demonstrates that QH stellarator geometries exhibit intrinsic dimensionality as low as 3, and hence it
is possible to construct a surrogate model to predict the global features of the stellarator with ~10k data points
due to this feature. The RH zonal flow residual can be predicted accurately from the coordinates of the latent
space, which may have an impact on future stellarator designs. A direct relationship between the RH level and
the magnetic axis excursion is identified and supported by the near-axis expansion theory. Furthermore, the
large-scale GTC global gyrokinetic turbulence simulation confirms significant variation in transport properties
across different QH geometries. This dataset can be very helpful for future optimized stellarator designs. For
example, the latent space together with the simulation data can be used to directly sample new geometries with
low transport level while keeping the QH symmetry. Although the original latent space trained from
reconstruction is not appropriate for the quantitative prediction of transport level, it can be fine-tuned to improve
the prediction accuracy. Although the prediction is not perfect, this work can be a proof of concept using
dimensionality reduction and surrogate models to optimize the global features of stellarators.

Future work will focus on improving the prediction accuracy of the transport level through simulation data
cleaning, hyperparameter search, and ensemble learning with diverse network architectures. Integration of the
transport surrogate model into the optimization framework will allow simultaneous optimization of quasi-
symmetry, turbulence, and other properties. Extension of the methodology to QA and QI geometries will also be
investigated. Finally, we will broaden the usage of the autoencoder in stellarator optimization, such as geometry
generation and PINN from the latent space.
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