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Abstract
A comprehensive gyrokinetic simulation model has been implemented in the global toroidal gyroki-

netic code (GTC) and verified for studying low-frequency waves and turbulence in magnetic fusion
plasmas by treating all kinetic-MHD processes on an equal footing. A theoretical framework has been
formulated to unify various methods for efficiently solving the electron drift kinetic equation in mul-
tiscale simulations by separating electron responses into analytic and non-analytic parts based on the
smallness parameter of electron-to-ion mass ratio. The model can be reduced to the ideal MHD model
with both the linear dispersion relation and the nonlinear ponderomotive force in theory and simula-
tion. The model is used for the verification and validation of simulating internal kink modes in the
DIII-D tokamak with accurate calculations of equilibrium parallel current and compressible magnetic
perturbation. A large simulation database has been generated to train a surrogate model to predict
the kink instability. Statistical analysis shows that the radial location of safety factor q=1 flux-surface,
the pressure gradient, the minimum q value, and the plasma beta inside the q=1 surface are the most
important parameters for predicting the kink instability.

1 Introduction
Gyrokinetic particle simulation model [1, 2] was first developed as a comprehensive and efficient tool for
realistic simulations of low-frequency (below cyclotron frequency) microscopic driftwave turbulence [3, 4]
in magnetized plasmas. With the development of low-noise perturbative (δf) simulation method [5, 6]
and the introduction of massively parallel computing to fusion simulation [7], gyrokinetic simulations have
significantly advanced the fundamental understanding of microturbulence that leads to the paradigm of the
turbulence self-regulation by zonal flows [7,8]. Validated for quantitative prediction of turbulent transport
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in fusion plasmas [9], gyrokinetic simulation is an indispensable tool for studying turbulent transport in
magnetic fusion plasmas using many particle codes including GTC [10], GEM [11], XGC [12], Orb5 [13],
Euterpe [14], and NLT [15], continuum codes including GYRO [16],CGYRO [17], GENE [18], GT5D [19],
GKV [20], GKW [21], and GKNET [22],GS2 [23], stella [24], and semi-Lagrangian code GYSELA [25].

In addition to turbulent transport that determines thermal plasma confinement, the confinement of
energetic particles (EPs) [26] is also a critical physics issue in burning plasmas. These EPs need to be
well-confined to heat the thermal plasmas to sustain ignition and avoid damage to the reactor wall. How-
ever, they can excite low-frequency meso-scale Alfvén eigenmodes (AE) and macroscopic MHD instabilities
that induce the loss of EPs [27]. Cross-scale interactions among microturbulence, AE, and MHD can be
mediated by self-generated zonal flows [28–30] and phase-space zonal structures [31], EPs’ scatterings by
microturbulence [32], and mode couplings [33]. These cross-scale interactions ultimately determine the
overall performance of the fusion reactors [34] and require multiscale simulation models that treat all
kinetic-MHD processes on an equal footing based on the nonlinear gyrokinetic formulation [35]. Such mul-
tiscale, multiphysics gyrokinetic simulations are computational grand challenges because of the immense
ranges of spatial and temporal scales due to the small electron-to-ion mass ratio. Thanks to the inter-
disciplinary collaborations, multiscale gyrokinetic simulation has now been developed in the global GTC
code by incorporating physical effects typically neglected in the simulations of microturbulence but which
are important for the simulations of AEs and MHD instabilities including electron drift kinetic equation
with equilibrium currents [36–39] and compressible magnetic perturbations [40], by implementing efficient
numerical methods such as global field-aligned mesh [41, 42] in realistic toroidal geometry [10], and by
efficiently utilizing exascale computers [43].

These multiscale gyrokinetic simulations have been rigorously verified and validated using GTC [29,30,
44–46] and other gyrokinetic codes [47–50], which provide a powerful tool for the prediction and optimiza-
tion of the burning plasma experiments such as ITER [51]. Recently, GTC has been used to simulate the
MHD modes, including internal kink [46] driven by the equilibrium current and fishbone [30] excited by the
EPs in the DIII-D tokamak, and compared with the hybrid-MHD codes GAM-solver [52], M3D-C1 [53],
NOVA [54], XTOR-K [55]. Simulations from all codes agree well in the long wavelength limit and agree
reasonably with experimental measurements. Building on these verification and validation, GTC has been
extensively utilized to study instability, turbulence, and transport using realistic geometry and parameters
with real electron mass in magnetic fusion experiments including DIII-D [56], NSTX-U [57], ITER [58],
JET [59], EAST [60], KSTAR [61], HL-2A [62], MAST [63], ADITYA-U [64], and ST40 [65] tokamaks,
W7-X [66] and LHD [67,68] stellarators, and C2 field-reversed configuration [69].

In this paper, we describe the comprehensive physics model implemented in the GTC for multiscale
simulations of low-frequency kinetic-MHD processes in magnetized plasmas in a general 3D geometry. We
present a single framework with various methods for solving the electron drift kinetic equation (DKE)
developed in [37,39,70,71]. The electron fluid continuity equation, parallel Ampere’s law, and the parallel
electron momentum equation are used to solve electron density, electron parallel flow velocity, and the
parallel vector potential. The electron kinetic effect only appears in the pressure tensor in the momentum
equation. Different definitions of the analytic part of electron responses can lead to the hybrid scheme
[37] and the conservative scheme [39]. In this work, we also found that the accurate calculation of the
equilibrium parallel current J∥0 and δB∥ is required for the correct simulation results for kink modes. The
GTC electromagnetic model with the parallel current was first considered in the Ref [38], but now we
find that the radial component of the parallel current in Boozer coordinates is critical for the current-
driven MHD instability. We have developed a method to accurately calculate the parallel current in the
axisymmetric equilibrium. Furthermore, the compressible magnetic perturbation δB∥ has been thought to
be unimportant in the low-β regime. But in the GTC simulations of kinetic ballooning mode(KBM) [40],
low-frequency Alfvénic modes [72], and the internal kink and fishbone modes [30, 46], the compressible
magnetic perturbation δB∥ has important effects on the linear instability and nonlinear dynamics. In the
kink simulation, δB∥ has a significant effect on the kink growth rate and a magnitude comparable to the
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shear magnetic perturbation δB⊥. Notably, the importance of δB∥ in the gyrokinetic simulations has been
recently pointed out in other works as well. [73–75] Utilizing these physics capabilities, we have simulated
more than 5000 DIII-D experiments with kink instability to build a database. The data analysis shows
that the q=1 surface location, minimum q value, pressure gradient at q=1 surface, and the thermal energy
stored inside the q=1 surface have strong correlations to the instability. We have used this database to
train a surrogate model to predict the linear kink drive using experimental parameters, the results of which
are presented in a separate paper [76]. The successful applications of the comprehensive model on the kink
mode and the large amount of kink mode simulations demonstrate the capability of this gyrokinetic model
for kinetic-MHD simulations.

This paper is organized as follows. In Section 2, the model equations are given, in which the gyrokinetic
ion model, the drift kinetic electron models, and the gyrokinetic Maxwell equations are presented. In the
long wavelength limit, this model reduces to the ideal MHD model with both the linear ideal MHD
dispersion relation (the vorticity equation) and the nonlinear ponderomotive force. In Section 3, we
describe the simulation results from the kink mode benchmark and the results from over 5000 simulations
of kink instability. The conclusion is given in Section 4. Some detailed formulations and numerical
implementations are given in Appendices. The expressions of the equation of particle motion and field
equations in Boozer coordinates are given in Appendix A. The method to construct Boozer coordinates is
given in Appendix B. A complete form of the perpendicular Laplacian operator is given in Appendix C. In
Appendix D, we show the gyrokinetic energy conservation and the way to calculate the transfer between
kinetic and field energy. The electron parallel momentum equation is used in our model, and the detailed
expression of each term is listed in Appendix E. The model to simulate neoclassical tearing mode (NTM) is
shown in Appendix F. Finally, the numerical methods to calculate the equilibrium parallel current, which
is essential to drive the internal kink mode, are shown in Appendix G.

2 Simulation Model
The formulation of GTC simulation model is introduced in this section. We start from the gyrokinetic
Vlasov equation, followed by the perturbative δf simulation method to evolve the perturbed distribution
function in Subsection 2.1.1. In Subsection 2.1.2, the gyrokinetic form of Maxwell equations is introduced,
which connects the distribution function in guiding center space and the electromagnetic fields in particle
space. The Section 2.2 presents a unified formulation to efficiently solve the electron drift kinetic equation,
which separates electron responses into an analytic part described by the continuity equation and a non-
analytic part described by the drift kinetic equation. This electron model incorporates the equilibrium
parallel current, reduces electron particle noise, and avoids the so-called “cancellation problem” in electro-
magnetic simulation. In Section 2.3, it is demonstrated that this set of gyrokinetic equations in the limit
of long wavelength and small electron-to-ion mass ratio can be reduced to the ideal MHD model, including
both linear dispersion relation and nonlinear ponderomotive force. The formulations in this section have
been derived independently with somewhat simplified forms in several earlier GTC papers. This section
serves as a review that presents a complete model with comprehensive formulas, unified notations, and
detailed implementations. There are also three novel features compared to previous papers: 1) The two
electron models are unified in a single fluid-kinetic framework, with the different definition of a term δϕind
(See 2.2.3 and 2.2.4); 2) The reduction from gyrokinetic models to MHD dispersion relation in the presence
of δB∥ has been shown(See 2.3 and Appendix H); and 3) The accurate implementation of J∥0 in Boozer
coordinates, especially the m = 1 component caused by δ̂ term, is found to be very important for the
current driven kink mode. (See Appendix G and the results in Section 3)
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2.1 Gyrokinetic simulation model
2.1.1 Gyrokinetic Vlasov equation

The gyrokinetic Vlasov equation [1, 35] is used to describe the evolution of distribution function for each
species in five-dimensional gyrocenter phase space, f = f

(
R, v∥, µ, t

)
Lf ≡

(
∂

∂t
+ Ṙ · ∇ + v̇∥

∂

∂v∥
− C

)
f
(
R, µ, v∥

)
= 0, (1)

where R is the gyrocenter position, v∥ the gyrocenter parallel velocity along field line, µ the magnetic
moment. C stands for the collision operator. Note that the operator ∇ means ∂/∂R while keeping µ and
v∥ constant. The time evolution of R and v∥ are given by

Ṙ = v∥
B∗

B∗
∥

+ vE + vg + vb∥ (2)

v̇∥ = − 1
ms

B∗

B∗
∥

· (µ∇B0 + Z∇ ⟨ϕ⟩ − Z∇ ⟨δA⊥ · v⊥⟩) ,

− Z

m

∂
〈
δA∥

〉
∂t

.

(3)

Here, we have utilized the parallel-symplectic representation of the modern gyrokinetic formula [35, 77],
where Z and m are the particle charge and mass, respectively. B0 is the amplitude of equilibrium magnetic
field, B∗ = B∗

0 + δB⊥, B∗
0 = B0 + mv∥

Z ∇ × b0, b0 = B0/B0 is the unit vector along the equilibrium
magnetic field line, and B∗

∥ = B∗
0 · b0. ϕ is the electrostatic potential, while δA⊥ and δA∥ stand for

the perpendicular and parallel components of the vector potential, and δB∥ = b0 · (∇ × δA⊥), δB⊥ =
∇ ×

(
δA∥b0

)
+ (∇ × δA⊥)⊥. The E × B velocity, the grad-B drift velocity and the drift velocity from δB∥

are

vE = b0 × ∇ ⟨ϕ⟩
B∗

∥

vg = µ

ZB∗
∥

b0 × ∇B0

vb∥ = −b0 × ∇ ⟨δA⊥ · v⊥⟩
B∗

∥
.

(4)

Note that the curvature drift velocity vc appears in the first term of the right-hand side in Eq (2). In the
above expressions, the operator ⟨· · · ⟩ denotes gyro-averaging, ⟨a⟩ (R) = 1

2π
¸
dζ
´
dxa (x) δ (x − R − ρ),

with ζ being the phase angle and ρ = mb0 × v/(ZB0) being the gyro radius. Note that ϕ consists of the
perturbed electrostatic potential δϕ and the time-static equilibrium potential ϕeq. But δA∥ and δA⊥ only
stand for the time varying part of the vector potential. All equilibrium fields, including the RMP(resonant
magnetic perturbation) field [78], are contained in B0.

The δf scheme [6] is used for GTC simulation, in which we split the distribution function to an
equilibrium part and a perturbed part, f = f0 + δf . The equilibrium part f0 is the solution of the
unperturbed Vlasov equation,

L0f0 ≡ ∂f0

∂t
+
(
v∥

B∗
0

B∗
∥

+ vE,eq + vg

)
· ∇f0 − µ

m

B∗
0

B∗
∥

· ∇B0
∂f0

∂v∥
− B∗

0
B∗

∥
· ∇ ⟨ϕeq⟩

Z

m

∂f0

∂v∥
− Cf0 = 0. (5)
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And the governing equation of δf is given by

Lδf = − δLf0 = −(L− L0)f0

= −

(
v∥
δB⊥

B∗
∥

+ δvE + vb∥

)
· ∇f0

+ 1
m

[
µδB⊥ · ∇B0

B∗
∥

+ B∗
0

B∗
∥

· (Z∇ ⟨δϕ⟩ − Z∇ ⟨δA⊥ · v⊥⟩) + δB⊥

B∗
∥

· (Z∇ ⟨ϕ⟩ − Z∇ ⟨δA⊥ · v⊥⟩)

+Z
∂
〈
δA∥

〉
∂t

]
∂

∂v∥
f0.

(6)

L involves time derivatives of the phase space coordinates (Ṙ, v̇∥) given in Eqs (2) and (3) solved from
the Euler-Lagrange equation in gyrocenter space [35]. Instead of using the vector form equations, Eqs
(2) and (3), the implementation in GTC uses (ψ̇, θ̇, ζ̇, ρ̇∥) to update the particle coordinate in gyrocenter
phasespace. Here (ψ, θ, ζ) is the Boozer coordinates, and ρ∥ = mv∥/(ZB0). The scalar form equations can
be obtained directly from the chain rule.

α̇ = Ṙ · ∇α, α = (ψ, θ, ζ),

ρ̇∥ = m

ZB0
v̇∥ −

mv∥

ZB0

∇B0

B0
· Ṙ.

(7)

The reason to use Boozer coordinates is originally to follow the Hamiltonian equations of motion in Boozer
coordinates derived by White and Chance [79]. But we can prove that after a transformation, the scalar
form equations shown in Eq (7) are identical to the Hamiltonian equations of motion. The detailed
implementation can be seen in Appendix A, where the relation between Eq (7) and the Hamiltonian
equations of motion [79] in the Boozer coordinate system is also explained. Using Boozer coordinates has
other conveniences, for example, the concept and method for optimizing stellarator geometry relies on the
Boozer coordinates [80].

Define the particle weight as w = δf/f , then the evolution of w is given by

dw

dt
= −(1 − w) 1

f0
(L− L0)f0. (8)

The detailed formula of the ws equation can be found in Appendix A. This standard formulation of the
gyrokinetic simulation model can be applied to all species in the GTC. For the drift-Alfvénic turbulence
with k⊥ρe ≪ 1, the electron equations can be simplified to the drift kinetic equation (DKE) by neglecting
gyro-averaging.

In the presence of magnetic islands, the form of f0s is difficult to write out. So we further split
equilibrium magnetic field to B0 + BIS , where BIS is the magnetic field contribution from the islands,
split the equilibrium distribution function to f0 + fIS , and split the original L0 operator to L0 +LIS . The
new L0 operator, magnetic field, and distribution function in the previous equations should be replaced
accordingly. L0 and LIS are given by

L0 ≡ ∂

∂t
+
(
v∥

B∗
0

B∗
∥

+ vE,eq + vg

)
· ∇ − µ

m

B∗
0

B∗
∥

· ∇B0
∂

∂v∥
− B∗

0
B∗

∥
· ∇ ⟨ϕeq⟩

Z

m

∂

∂v∥
− C,

LIS =
(

B∗
∥

(B0 +BIS)∗
∥

− 1
)
L0,eq + v∥

BIS

(B0 +BIS)∗
∥

· ∇ + µ

m

BIS

(B0 +BIS)∗
∥

· ∂

∂v∥
− BIS

(B0 +BIS)∗
∥

· ⟨ϕeq⟩
Z

m

∂

∂v∥
,

(9)
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where (B0 +BIS)∗ = (B0 +BIS)+ m
Z v∥∇× [(B0 +BIS)/|(B0 +BIS)|], (B0 +BIS)∗

∥ = (B0 +BIS)∗ · [(B0 +

BIS)/|(B0 + BIS)|]. In Eq (9), the term
(

B∗
∥

(B0+BIS)∗
∥

− 1
)

(∂t − C) is assumed to 0, and (B0 + BIS)∗ is

approximated to B∗
0 + BIS in the second equation.

Similar to the original δf method, by defining f0 which satisfying L0f0 = 0, we can obtain the equilib-
rium distribution function by solving

L0f0 = 0
(L0 + LIS)fIS = −LISf0.

(10)

The argument of these approximations and the electrostatic turbulence simulation with magnetic island
can be seen in [61,81].

From Eq (10) and Eq (6), we can also alternatively solve

L0f0 = 0,
(L0 + LIS + δL)(δf + fIS) = −(δL+ LIS)f0.

(11)

Using the Fokker-Planck collision operator for C, we can find that the solution of L0f0 = 0 is the neoclassical
distribution function f0 = fnc. The numerical way to find the neoclassical solution can be found in [82].
In the collisionless limit, the equilibrium distribution f0 should be a function of constants of motion.
However, when simulating the turbulent dominant cases, we will usually use the local shifted Maxwellian
fM to approximate the real equilibrium distribution function when calculating the perturbed distribution
function, and ignore the difference between (δL+ LIS)fM and (δL+ LIS)fnc, i.e.,

f0 ≈ fM = n0

(2πT/m)3/2 exp
(

−
m(v∥ − u∥0)2

2T − µB0

T

)
.

u∥0 is the equilibrium parallel flow velocity, n0 = neq0 ∗ exp (−qϕeq/T ) is the equilibrium density, and neq0
is the equilibrium density when ϕeq = 0. Note that The RHS of the second equation of Eq(11) is actually
−L0f0 − (δL+ LIS)f0, the approximation of replacing fnc with fM is in the second term, while the first
term is using the exact f0(or fnc) since L0f0 is explicitly set to 0. So, this approximation is at a higher
order since fnc/fM − 1 ∼ Lorbit/Lp. Where Lorbit is the drift orbit width, and Lp is the pressure scale
length. The approximation is valid with the parameters we are interested in.

In practice, the analytical form of fIS+f0 is unknown, and the evolution of fIS,i, fIS,e, and δf all have
different time scales. To study the turbulence in the presence of islands, we will use the second equation
in Eq (10) to get a steady-state fIS for ions, and set the position, energy and µ of electrons to be identical
to ions, (R, µ, E)m,e = (R, µ, E)m,i, for m = 1, ...,M , where M is the total numerical marker number
for ions and electrons. The energy and µ of the electrons are scaled from those of the ions according
to the temperature ratio. Therefore, the quasi-nutrality is satisfied, and fIS,i and fIS,e do not evolve
significantly due to the large electrostatic field. Then we can turn to solve the second equation of Eq (11)
to get the evolution of δf and the associated turbulence behaviors. This procedure also guarantees the
quasi-neutrality during the turbulence simulation.

For energetic particles, we need to consider the particle source term in the unperturbed Vlasov equation,
and the steady-state slowing-down distribution can be chosen to model f0EP [58, 83,84],

f0EP ≈ fSD = c
n0EPH(v0 − v)

v3 + v3
c

exp
[

−
(

Λ − Λ0

∆Λ

)2
]
. (12)

Here vc is the critical velocity, v0 is the birth velocity, H is the Heaviside step function, and c is the
normalization factor. Λ = µBa/E is the pitch angle, E = µB0 + mv2

∥/2 is the kinetic energy, Ba is the
on-axis magnetic field strength. Λ0 is the peak of the pitch angle, and ∆Λ is the width of the pitch angle
distribution.
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2.1.2 Maxwell equations

The particle distribution function is solved in gyrocenter space. To solve the Maxwell equations in real
space, we need to transform the distribution function for each species fs from gyrocenter space to particle
space. The transformation up to the first order is given by [35,77]

δFs(x, v∥, µ, t) =
ˆ
dR
[
δfs(R, v∥, µ, t)

+
(

GR
1 · ∂

∂R +G
v∥
1

∂

∂v∥
+Gµ1

∂

∂µ

)
fs
(
R, v∥, µ, t

)]
δ(x − R − ρ),

(13)

where δFs(x, v∥, µ, t) is the perturbed distribution function in particle space, the subscript ‘s’ stands for a
certain particle species, δfs and fs are the perturbed and total distribution function in gyrocenter space of
species ‘s’. Gα1 is the first-order generating vector along the α-direction in the Lie transformation method,
where α can be R, v∥, and µ. The generating vectors are the components of the pull-back operator that
transforms the distribution function from gyrocenter space to guiding center space, and the operator´
dR · δ(x − R − ρ) further transforms the distribution to particle space. The detailed expression of the

generating vectors can be found in [35]. x is the particle position in real space. With δFs, we can obtain
the particle density, flow, pressure, etc. The velocity moments of the particle distribution function consist
of the gyro-averaged guiding center part and the polarization part,

δMs (x) = δM̄s (x) + δMpol,s (x) (14)

where

δM̄s =
ˆ
dv
ˆ
dRVδfs(R, v∥, µ, t)δ(x − R − ρ),

δMpol,s =
ˆ
dv
ˆ
dRV

(
GR

1 · ∂

∂R +G
v∥
1

∂

∂v∥
+Gµ1

∂

∂µ

)
fs(R, v∥, µ, t)δ(x − R − ρ).

(15)

Where V is a function of v. When V = 1, δM is the perturbed density δns. When V = v⊥, the gyrocenter
perpendicular flow δM̄s = 0, and the perpendicular flow in particle space n0δu⊥,s is given from the
polarization term δMpol,s. And when V = v∥, the parallel flow n0δu∥,s in particle space is approximately
given by the gyrocenter term δM̄s, while the polarization term δMpol,s only gives high order correction.
The detailed expressions of generating vectors Gα1 can be found in [35].

The field equations in GTC include the parallel Ampere’s law, perpendicular Ampere’s law, and the
gyrokinetic Poisson equation. The parallel Ampere’s law reads

∇2
⊥δA∥ = −µ0

∑
s

Zsn0sδu∥,s, (16)

where µ0 is the vacuum permeability. The coupled equations of electrostatic potential ϕ and δB∥ are given
by the gyrokinetic Poisson equation (quasi-neutrality condition) and the perpendicular Ampere’s law,

0 =
∑
s

Zsδnpol,s +
∑
s

Zsδn̄s,

∇δB∥ × b0 =µ0
∑
s

Zsδu⊥pol,s.
(17)

In the fusion-related parameter region, the most important mechanism to cause large transport is often
the ion-scale turbulence or meso-scale and macro-scale coherent modes. These modes satisfy the condition
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1/ (k⊥Lp) ≪ 1, and k⊥ρe ≪ 1. The electron equations reduce to the drift kinetic equation without gyro-
averaging, and thus the polarization and magnetization terms reduce to simpler forms. The two equations
for δϕ and δB∥ are given by [40],

∑
s̸=e

Z2
sns
Ts

(
δϕ− δϕ̃s

)
− 1
B0

∑
s̸=e

Zsns0
{
δB∥

}
s

− en0
{
δB∥

}
e

 =
∑
s ̸=e

Zsδn̄s − eδne, (18)

1
µ0
δB∥B0 + 2πΩ2

e

ˆ
dµdv∥

[
B0

〈ˆ ρe

0
δferdr

〉
+f0e

ρ2
e

〈ˆ ρe

0

〈ˆ ρe

0
δB∥r

′dr′
〉
rdr

〉]
= −

∑
s̸=e

2πΩ2
s

ˆ
dµdv∥

[
B0

〈ˆ ρs

0

(
δfs + Zs ⟨δϕ⟩ − Zsδϕ

Ts
f0s

)
rdr

〉

+f0s

ρ2
s

〈ˆ ρs

0

〈ˆ ρs

0
δB∥r

′dr′
〉
rdr

〉]
.

(19)

Where δϕ̃s is the double gyro-averaged potential [2, 85],

δϕ̃s (x) =
ˆ
dv
ˆ
dR ⟨δϕ⟩ (R) f0s (R) δ (x − R − ρ) . (20){

δB∥
}
s

denotes the double-gyro-averaged δB∥,

{
δB∥

}
s

(x) = mΩ2
s

2πn0sTs

ˆ
dv
ˆ
dR
ˆ ρ

0
r′dr′

ˆ 2π

0
dζ ′
ˆ
dx′δB∥ (x′)

× δ (x′ − R − r′) f0sδ (x − R − ρ) .
(21)

The term ⟨δA⊥ · v⟩ in Eq (6) stands for the “perturbed mirror potential” felt by the particle gyrocenter,
and can be calculated from δB∥ [40, 86],

⟨δA⊥ · v⊥⟩ = − µ

Zs

〈〈
δB∥

〉〉
= − µ

Zs

1
π

ˆ 1

0
ξdξ

ˆ 2π

0
δB∥ (R + ξρ) dζ,

where the integral is performed on the plane surface enclosed by the gyro-orbit around the gyrocenter R.
ζ is the gyro phase angle, and R + ξρ indicates a position between the gyrocenter and the gyro-orbit on
the surface. When ξ = 0, δB∥ takes the value on the gyrocenter position, and when ξ = 1, δB∥ takes the
value at the point on the gyro orbit with gyrophase ζ. The numerical implementation to calculate these
integrals can be found in [86].

The two equations can be decoupled in the low-β limit [40], and the gyrokinetic Poisson equation
becomes ∑

s̸=e

Z2
sns
Ts

(
δϕ− δϕ̃s

)
=
∑
s̸=e

Zsδn̄s − eδne. (22)

The δB∥ equation can be further simplified via an expansion in terms of k⊥ρs,

δB∥

B0
= − βe

2 + βe + 2
∑
s̸=e βs

3
2∇2

⊥δϕ
∑
s̸=e

βs
βe

Zs
Ts
ρ2
s + 5

4∇4
⊥δϕ

∑
s̸=e

βs
βe

Zs
Ts
ρ4
s

+ 1
P⊥0e

δP⊥e +
∑
s̸=e

δP̃⊥s

 ,
(23)
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where βs = (2µ0n0sTs)/B2
0 , P⊥0e = n0eTe, ρs =

√
msTs/(ZsB0), δP̃⊥s = 2πΩ2

i

´
dµdv∥B0⟨

´ ρs

0 δfsrdr⟩.
The electron polarization density has been neglected since k⊥ρe ≪ 1 for the parameters of interest.

In GTC, the Vlasov equation and Maxwell equations are solved in Boozer coordinates. A toolkit to
construct Boozer coordinates from EFIT GEQDSK data file is developed as explained in Appendix B.
In the Poisson equation and Ampere’s law, the perpendicular Laplacian operator is used. The numerical
implementation of solving this type of equation is introduced in [10]. Here we give a more complete form
of the perpendicular Laplacian operator in Boozer coordinates in Appendix C. The gyrokinetic energy
conservation and energy transfer between kinetic and field energy are explained in Appendix D, following
the derivations in [35,87].

2.2 Simulation models for solving electron DKE
Solving the electron DKE accurately together with gyrokinetic ions in multiscale electromagnetic sim-
ulations is numerically challenging due to the small electron-to-ion mass ratio. One effect of the small
electron mass is the short collisionless skin depth, which shields out the parallel electric field E∥ and leads
to the ideal Alfvénic state with E∥ = 0 in the long wavelength limit and uniform plasmas. In the standard
gyrokinetic formulation, E∥ is calculated from both electrostatic potential δϕ using Poisson equation and
parallel vector potential δA∥ using Ampere’s law, which cancel out with each other in the ideal Alfvénic
state. Small errors in calculating δϕ and δA∥ due to inconsistency between electron density and flow
perturbations [39] can lead to a large error in E∥, leading to the “cancellation problem” exacerbated by
the choice of using canonical momentum as an independent variable to avoid taking explicit time deriva-
tive of δA∥ [11]. To circumvent this difficulty, most gyrokinetic continuum simulations of drift-Alfvénic
turbulence numerically resolve the cancellation problem arising from p∥ formulation by using the exact
same discretization for the perturbed electron current and the skin current. [16, 88]

Another effect of the small electron mass is that its thermal velocity is much larger than the electron
parallel flow velocity that carries the equilibrium parallel current, making it difficult to incorporate the
equilibrium current in the electron distribution function. Consequently, nearly all gyrokinetic codes in the
toroidal geometry neglect the equilibrium current and therefore can not simulate current-drive instabilities
such as kink and resistive tearing modes.

The kinetic manifestation of the small electron mass is that electron response to drift-Alfvénic turbu-
lence is mostly adiabatic, which motivates the development of the ‘split-weight’ scheme [89] that solves
only the non-adiabatic responses,therebyreducing electron particle noise by using an analytic solution for
the adiabatic response. However, this scheme does not address the issue of the equilibrium current.

These two problems are overcome using the new formulation in GTC [36–39, 71] where the E∥ is
directly calculated from the electron parallel force balance to avoid the “cancellation problem”. The E∥ is
subsequently used for calculating the δA∥. The electron flow perturbation is calculated from Ampere’s law
and used in the continuity equation to calculate the electron density perturbation, ensuring consistency
between density and flow perturbations. The density perturbation is then used to define an analytic part of
the electron fluid response, and the non-analytic part of the perturbed distribution function is dynamically
solved by the DKE. The fluid response already contains the equilibrium current and non-resonant part of
the perturbed parallel current, incorporating kinetic shear Alfvén wave, ion acoustic wave, and driftwave,
even without the need to solve the kinetic response of the non-analytic part of the perturbed distribution
function. Two versions of this electron formulation have been implemented in GTC: In the fluid–kinetic
hybrid electron model [36–38], the fluid response is defined as electron adiabatic response, and the kinetic
response can be calculated using an expansion of the DKE by removing the collisionless tearing mode(The
expansion is based on small ω/k∥v∥, and only finite k∥ is kept in the linear response) [36]. Meanwhile, in
the conservative scheme [39], the fluid response is defined for the total density perturbation and the kinetic
response is calculated from the exact DKE that preserves the collisionless tearing mode. The two methods
are identical in the simulations that only keep the fluid response, including the kink and resistive tearing
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modes. This new GTC formulation enables multiscale gyrokinetic simulations for cross-scale coupling
between microturbulence, AE, and MHD modes [29,90].

The idea [36–38] of calculating E∥ directly from electron fluid response and using it to calculate the
fluid (MHD) part of the δA∥ has inspired the development of the mixed-variable algorithm [91]. However,
the electron fluid response in this algorithm only contains the ideal shear Alfvén wave (i.e., when E∥ = 0),
which is efficient for simulating macroscopic MHD modes but still needs to address the cancellation problem
when simulating drift-Alfvénic turbulence [91]. A similar approach, ”re-splitting method”, is developed
and used in GEM. [92]

In this subsection, we present a unified GTC formulation solving the electron DKE starting from
the fluid response, followed by the kinetic response using both the fluid–kinetic hybrid electron model
and the conservative scheme, and finally reduced to the electrostatic limit. Finally, a model to simulate
neoclassical tearing mode (NTM) is also implemented in GTC and presented in Appendix F, where the
pressure perturbation δP is calculated from a diffusion equation with given diffusivity.

2.2.1 Electron fluid equation

We start from the electron continuity equation [40] by integrating nonlinear the DKE,

∂δne
∂t

+ B0 · ∇
(
n0eδu∥e

B0

)
+B0δvE · ∇

(
n0e

B0

)
− n0 (δv∗ + δvE) · ∇B0

B0
+ δB⊥ · ∇

(
n0eu∥0e

B0

)
− ∇ × B0

eB2
0

·

(
∇δP∥e +

(
δP⊥e − δP∥e

)
∇B0

B0
− n0ee∇δϕ

)
+ ∇ ·

(
δP∥eb0∇ × b0 · b0

eB0

)
+ δB⊥ · ∇

(
n0eδu∥e

B0

)
+B0vE · ∇

(
δne
B0

)
+ δne
B2

0
b0 × ∇B0 · ∇ϕ+ δne

B2
0

∇ ×B0 · ∇ϕ

−
b0 × ∇δB∥

e
· ∇
(
δP⊥e + P⊥0e

B2
0

)
−

∇ × b0 · ∇δB∥

eB2
0

(δP⊥e + P⊥0e) = 0,

(24)

with δv∗ = b0 × ∇
(
δP∥e + δP⊥e

)
/ (n0em0eΩe), and n0eu∥0e = −∇ × B0/(eµ0) +

∑
s̸=e Zsn0su∥0s/e

denotes the electron equilibrium parallel flow. It should be pointed out that the continuity equation
directly integrated from the electron DKE is in gyrocenter space, and δne is the gyrocenter density instead
of the electron particle density in the MHD equations. The difference between these two densities, i.e.,
the polarization density, includes two parts. The first part is caused by electrostatic potential and has
the order of k2

⊥ρ
2
e, which is usually negligible. While the second part is approximately n0eδB∥/B0, and

cannot be neglected. The electron parallel flow velocity δu∥e used in the continuity equation is solved from
Ampere’s law, Eq (16).

en0eδu∥e = 1
µ0

∇2
⊥δA∥ +

∑
s̸=e

Zsn0sδu∥s, (25)

The δϕ solved from Poisson equation, Eq (18), and the δB∥ solved from Eq (19) are also used in the
continuity equation. The ion density and parallel flow velocity in these equations are solved from the ion
Vlasov equation. δA∥ is solved from the electron parallel momentum equation by using Eq (25)

en0e
∂

∂t

(− c2

ω2
pe

∇2
⊥ + n0e + δne

n0e

)
δA∥ −

∑
s̸=e

meZs
e2n0e

n0sδu∥s

 = ∇ · δP + δΞ. (26)

Where δP is the electron pressure tensor, and −δΞ + e(n0 + δne)∂tδA∥ is the parallel electromagnetic force
acting on the electron fluid element, which includes the magnetic mirror force, the force from δE∥, and the
nonlinear ponderomotive force δB⊥ · ∇δϕ due to deviation from the Alfvénic state. The ponderomotive
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force is responsible for the generation of convective cells and zonal currents (i.e., the ‘dynamo’ effect). The
detailed expression of these two terms can be found in Appendix E. Note that if we have the expression for
pressure terms (including the pressure terms in δP and δΞ), the system of Eqs (18), (19), (24), (25), (26)
is closed. For example, if the isothermal condition is used for electron δP⊥e = δP∥e = δneTe, the electron
kinetic effects are neglected from the system. Next, we show how the fluid and kinetic electron responses
are included in the GTC simulation model.

2.2.2 Electron drift kinetic equation

We separate the electron distribution function into an analytic part and a non-analytic part, δfe = δfae +
δhe. Correspondingly, we separate the δA∥ into an analytic part δAa∥ and a non-analytic part δAna∥ , while
δAa∥ is the leading order portion of δA∥ with k∥ ̸= 0. In addition, any perturbed field can be separated into
a flux surface-averaged zonal part and the remaining non-zonal part, δU(ψ, θ, ζ) = δU00(ψ)+δUnz(ψ, θ, ζ).
δAa∥ can be linked to a inductive potential,

∂

∂t
δAa∥ = b0 · ∇δϕind. (27)

And the remaining δAna∥ can be calculated using momentum equation, Eq (26)

en0e
∂

∂t

(− c2

ω2
pe

∇2
⊥ + n0e + δne

n0e

)
δAna∥ −

∑
s̸=e

meZs
e2n0e

n0sδu∥s

 =∇ · Pna + δΞna

+ en0ec
2

ω2
pe

∇2
⊥ (b0 · ∇δϕind) ,

(28)

where the expressions of δPna and δΞna can be found in Appendix E. In practice, the Laplacian terms
and ion parallel flow terms in the left-hand side can be neglected due to small electron mass, and Eq (28)
becomes the electron parallel force balance equation.

We can now use the δAa∥ to define δfae from the leading order terms of the electron drift-kinetic equation

v∥B0 · ∇δfae
B0

≡ − v∥
δBa

⊥
B0

· ∇f0e −
µv∥

B0Te
δBa

⊥ · ∇B0f0e

+
ev∥

Te
b0 · ∇ϕefff0e −

µv∥

Te
b0 · ∇δB∥f0e + e

δBa
⊥

B0
· ∇ϕeq

v∥

Te
f0e,

(29)

where we have assumed Maxwellian for the electron equilibrium distribution function, and the difference
between B0 and B∗

∥ has been dropped for the electron since mev∥∇ × b0/(eB0) ≪ 1. δBa
⊥ ≡ b0 × ∇δAa∥,

ϕeff ≡ δϕind + δϕnz. The name ϕeff comes from the relation E∥ = −b0 · ∇ϕeff − ∂tδA
na
∥ , so ϕeff acts

as an effective analytic potential. The solution of Eq (29) is

δfae = eϕeff
Te

f0e − µ

Te
δB∥,nzf0e + ∂f0e

∂ψ0
δψa + ∂f0e

∂α0
δαa − e

Te

∂ϕeq
∂ψ0

f0eδψ
a, (30)

where δψa and δαa are defined through B0 · ∇δψa = −δBa
⊥ · ∇ψ0, B0 · ∇αa = −δBa

⊥ · ∇α0, and ψ0
and α0 comes from the Clebsch representation B0 = ∇ψ0 × ∇α0. δψa and δαa can be solved from
∂tδψ

a = −∂α0δϕind, ∂tδαa = ∂ψ0δϕind once δϕind is determined.
By integrating the above equation in velocity space, we can obtain δϕind,

eδϕind
Te

= δnae
n0e

− eδϕnz
Te

+
δB∥,nz

B0
− ∂ lnn0e

∂ψ0
δψa − ∂ lnn0e

∂α0
δαa + e

Te

∂ϕeq
∂ψ0

δψa. (31)
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Where δnae =
´
dvδfae is the analytic electron density. In the case where electron kinetic effects are not

important, δhe = 0 can be assumed, and δnae can be directly approximated by δne,nz. The pressure terms
can also be calculated from δfe, δP⊥e = δP a⊥e =

´
dvµB0δfe, δP∥e = δP a∥e =

´
dvmv2

∥δf
a
e . Therefore, the

system is closed, and no kinetic electron effect is included in the system.
To incorporate the kinetic response, δhe needs to be evaluated. The governing equation of δhe can be

obtained by subtracting δfae from the original DKE equation,

Lδhe = −δLf0e − Lδfae .

Defining electron particle weight we = δhe/fe, we can get the equation for we,

dwe
dt

=Lδhe
fe

= −
(

1 − δfae
f0e

− we

)(
1 + δfae /f0e

f0e
δLf0e + L

δfae
f0e

)
= −

(
1 − δfae

f0e
− we

)
1 + δfae /f0e

f0e
×

{(
v∥
δB⊥

B∗
∥

+ δvE + vb∥

)
· ∇|µf0e

− 1
me

µδB⊥ · ∇
(
B0 − e

µϕeq

)
B∗

∥
− e

B∗

B∗
∥

· ∇
(
δϕ− µ

e
δB∥

)
− e

∂δA∥

∂t

 ∂

∂v∥
f0e


−
(

1 − δfae
f0e

− we

)(
∂

∂t

δfae
f0e

+ Ṙ · ∇|µ
δfae
f0e

+ v̇∥
∂

∂v∥

δfae
f0e

)
.

(32)

After solving δhe, the non-analytic part of the pressure terms are calculated following δPna⊥,e =
´
dvµB0δhe,

and δPna∥,e =
´
dvmv2

∥δhe. The integration can be done numerically in velocity space.
Note that to include the kinetic response, one needs to calculate δnae in Eq (31), δnae = δne −

´
dvδhe.

So the equations of δhe and δϕind are coupled. In addition, δϕind is not formally defined. By properly
choosing the definition of δϕind or δAa∥, we can solve the kinetic response. In the next two sections, we
introduce two schemes that are implemented in GTC, which correspond to two ways to define δϕind or
δAa∥.

2.2.3 Conservative scheme

The conservative scheme was developed in [39], where the exact DKE is solved to preserve the full electron
dynamics, including the collisionless tearing mode. Note that the superscript ‘a’ in the conservative scheme
means analytic. In the conservative scheme, δϕind is chosen such that the analytic density is exactly the
non-zonal density, ˆ

δfae dv = δne,nz ≡ δnae . (33)

From Eq (31), we obtain the expression of δϕind,

eδϕind
Te

= δne,nz
n0e

− eδϕnz
Te

+
δB∥,nz

B0
− ∂ lnn0e

∂ψ0
δψa − ∂ lnn0e

∂α0
δαa + e

Te

∂ϕeq
∂ψ0

δψa. (34)

We can solve the time derivative of δfae in Eq (32) by using

∂δfae
f0e∂t

= 1
n0e

(
∂δne
∂t

− ∂δne,00

∂t

)
+ 1
B0

(
1 − µB0

Te

)
∂δB∥,nz

∂t
+
[

1
f0e

∂f0e

∂Te

∂Te
∂ψ0

+

1
f0e

∂f0e

∂u∥0e

∂u∥0e

∂ψ0

]
∂δψa

∂t
+
[

1
f0e

∂f0e

∂Te

∂Te
∂α0

+ 1
f0e

∂f0e

∂u∥0e

∂u∥0e

∂α0

]
∂δαa

∂t
.

(35)
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The terms in the first bracket can be evaluated from the continuity equation, ∂tδαa and ∂tδψ
a can be

replaced by ∂ψ0δϕind and −∂α0δϕind. The ∂tδne,00 term can be easily evaluated after calculating ∂tδne
when solving the continuity equation. The detailed implementation to solve we can be seen in Appendix
A. Note that the δB⊥ in Eqs (24), (28), (32) is the total magnetic perturbation.

The non-zonal density in Eq (34) includes the contribution from wave-particle resonance, so the super-
script ‘a’ in the conservative model actually represents an analytic contribution instead of the adiabatic
one.

2.2.4 fluid–kinetic hybrid electron model

The fluid-kinetic hybrid scheme has been developed [36–38, 40] by expanding the electron DKE using
the small electron-to-ion mass ratio to reduce the particle noise and to overcome the electron Courant
condition. Note that in the hybrid scheme, all superscript ‘a’ means adiabatic, which will be explained
later.Here we separate δA∥ according to the k∥ component, δA∥ = δAa∥ + δAna∥ , where the δAa∥ are defined
through Eq (26) by only keeping the linear terms with k∥ ̸= 0 while taking the limit me = 0, and the δAna∥
includes all remaining nonlinear terms, terms with k∥ = 0, and the kinetic terms caused by finite me. In
turn, δϕind is defined though b0 · ∇ϕind = ∂tδA

a
∥.

Since we have defined δAa∥, there is no freedom to adjust the definition of δϕind, and we only have the
relation Eq (31). We can notice that, unlike the conservative scheme, here we have δfe = δfae + δhe, and
δnae =

´
δfae only contains the adiabatic part, and has no contribution from wave-particle resonance. So the

superscript ‘a’ means adiabatic in the hybrid scheme. All perturbed quantities in Eq (31) have no k∥ = 0
components. Because the equations of δhe and δϕind are coupled, the equations must be solved order by
order based on a smallness parameter of

√
me/(miβe) [36]. We expand δϕ

(0)
ind to δϕ(0)

ind + δϕ
(1)
ind + · · · . For

k-th order, a corresponding adiabatic response δfa,(k)
e can be defined to satisfy Eq (30).

In the 0-th order, δh(0)
e is assumed to be 0, we can solve the 0-th order δϕ(0)

ind,

eδϕ
(0)
ind

Te
= δne,nz

n0e
− eδϕnz

Te
+
δB∥,nz

B0
− ∂ lnn0e

∂ψ0
δψa − ∂ lnn0e

∂α0
δαa + e

Te

∂ϕeq
∂ψ0

δψa.

Then δh
(0)
e and δϕ

(0)
ind are used in the governing equations for δψa and δαa and the pressure terms in

continuity equation. The adiabatic parallel potential is solved from ∂tδA
a
∥ = b0 · ∇δϕ(0)

ind. Note that even
in the 0-th order, δAna∥ is finite due to nonlinear effects. The important non-resonant parallel flow led by
the ponderomotive force is included, ∂tδAna∥ ∼ {δB⊥ · ∇[δϕind − TeδB∥/(eB0)]/B0}k∥=0. The exact δAna∥
should be solved from Eq (28). In the hybrid scheme, the linear part of δA∥ with k∥ = 0 is intentionally
dropped, thus removing the linear parallel acceleration from E∥ with k∥ = 0 component. Therefore, the
hybrid scheme does not include the tearing parity, and the linear tearing mode is excluded from the system.
While the passive tearing component in δA∥ can be observed due to nonlinear interaction [93]. At the 0-th
order, the definition of δϕind in the conservative scheme is the same as δϕ(0)

ind in the hybrid scheme, and
the two schemes are identical.

In [36], the linear dispersion relation is discussed, and the nonlinear δAna∥ does not appear in the linear
model. In [37], the zonal part of Ampere’s law is calculated, but the nonlinear non-resonance parallel flow
associated with δB⊥ · ∇(δϕ− Te

e δB∥/B0)/B0 term in δAna∥ is attributed to δhe. As a result, the nonlinear
non-resonance parallel flow can only be retained after calculating δhe, leading to the inconsistency between
the fluid electron model in GTC and the common MHD theory. In [93], several important nonlinear terms
are retained in δAna∥ . The complete δAna∥ presented in this paper (solved from Eq (28)) has incorporated
higher order nonlinear terms compared to previous works.

Next, we show how to include the higher-order kinetic corrections δhe. The higher-order δϕind and
δfae are needed before being inserted into any other equations. δϕ

(0)
ind and the corresponding δf

a,(0)
e are
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used in the electron weight equation Eq (32) to calculate the first order electron kinetic response δh(1)
e . In

Eq (32), the nonlinear ponderomotive force term and the non-adiabatic ∂tAna∥ term are removed together,
since the parallel acceleration from ponderomotive force are mostly balanced with the nonlinear δAna∥ ,
[δB⊥/B0 · ∇(δϕind − µ

e δB∥)]k∥=0 + ∂tδA
na
∥ ≈ 0.

Then δh(1)
e is used in Eq (31) to calculate δϕ(1)

ind, and accordingly δfa,(1)
e can be obtained. This procedure

can be repeated until the desired accuracy is obtained. A tricky part is the ∂tδfae /f0e term in Eq (32).
Due to the different definition of δϕind than that in the conservative scheme, the time derivative of δfae in
the hybrid scheme can be written as

∂δfae
f0e∂t

= 1
n0e

∂δnae,nz
∂t

+ 1
B0

(
1 − µB0

Te

)
∂δB∥,nz

∂t
+
[

1
f0e

∂f0e

∂Te

∂Te
∂ψ0

+

1
f0e

∂f0e

∂u∥0e

∂u∥0e

∂ψ0

]
∂δψa

∂t
+
[

1
f0e

∂f0e

∂Te

∂Te
∂α0

+ 1
f0e

∂f0e

∂u∥0e

∂u∥0e

∂α0

]
∂δαa

∂t
.

(36)

To simplify the numerical operation, we choose to use the final value of ∂tnae,nz, ∂α0δϕind, ∂ψ0δϕind instead
of using the k-th order values. To calculate ∂tδnae,nz and δB∥,nz, we need to store the δnae,nz and δB∥,nz
values for current step and previous step, and directly take the time derivative. However, this will cause a
time step mismatch between dhe/dt and ∂tδfae . The simulation time step must be small enough to overcome
the numerical error due to this operation. The time step size can usually be set through a convergence
study. After the iterations, the complete δϕind and δhe can be used for the next step equations.

2.2.5 Reduction to electrostatic simulation model

The fluid–kinetic hybrid electron model for electromagnetic scenario is not valid when βe < me/mi, where
the shear-Alfvén wave phase velocity is faster than the electron thermal velocity. In this low-βe regime,
the electrostatic perturbations dominate the turbulence dynamics, so the hybrid model can be reduced to
the electrostatic model. This scheme was developed in [71]. Similar to the split-weight algorithm, we also
separate the electron response into adiabatic and non-adiabatic responses. However, using the iterative
hybrid algorithm, we can overcome the electron Courant condition. In the electrostatic simulation, the
analytic part of the electron response is defined as the adiabatic response:

δfae ≡ eδϕnz
Te

f0e. (37)

The governing equation of the electron weight equation becomes

dwe
dt

= −
(

1 − eδϕnz
Te

− δhe

)
1 + eδϕnz/Te

f0e
× (δvE · ∇|µf0e

+ e

me

B∗

B∗
∥

· ∇δϕ ∂

∂v∥
f0e

)

−
(

1 − eδϕnz
Te

− δhe

)(
∂

∂t

eδϕnz
Te

+ Ṙ · ∇|µ
eδϕnz
Te

)
.

(38)

In the leading order, we assume δh(0)
e = 0, so δn

(0)
e,nz = n0eeδϕ

(0)
nz /Te, and the Poisson equation can be

solved. Note that this leading order assumption is only for the non-zonal component of electrons, so only
the non-zonal potential is solved.

∑
s̸=e

Zsn0s

Ts

(
δϕ(0)

nz − δϕ̃(0)
s

)
+ e2δϕ

(0)
nz

Te
n0e =

∑
s̸=e

Zsδn̄nz,s. (39)
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Then this ϕ(0)
nz is substituted in Eqs (37) and (38) to solve δfa,(1)

e and δh
(1)
e . The non-adiabatic density

can be added to Eq (39) to solve the next order potential

∑
s ̸=e

Zsn0s

Ts

(
δϕ(1)

nz − δϕ̃(1)
s

)
+ e2δϕ

(1)
nz

Te
n0e =

∑
s̸=e

Zsδn̄nz,s − e

(ˆ
dvδh(1)

e

)
nz

. (40)

This iteration process can be repeated until the desired accuracy is reached. Then the zonal component
potential can be solved using the flux-averaged Poisson equation.∑

s̸=e

Zsn0s

Te

(
δϕ00 − δϕ̃00,s

)
=
∑
s̸=e

Zsδn̄00,s − e

(ˆ
dvδhe

)
00

(41)

Besides the iterative hybrid algorithm, the direct drift-kinetic electron equation solver is implemented
in GTC. The electron equation will be the same as the ion equations, except that all gyro-averaging is
ignored. This model has been used for the simulations with static magnetic islands [81]. Another different
regime is the short wavelength limit k⊥ρi ≫ 1, where ions can be regarded as adiabatic, δni = −n0iZiϕ/Te,
and only the electron equations are solved using the complete gyrokinetic equation. This model has been
used for the simulations of the electron temperature gradient(ETG) mode [71].

2.3 Reduction to fluid models
The idea of separating the spatial-temporal scales of gyromotion to obtain the MHD equations can trace
back to the early work of Chew et al [94], followed by the work of Frieman et al [95] and Kulsrud [96].
Lee [97,98] has also derived the MHD equations based on the gyrokinetic equations. To demonstrate that
the GTC gyrokinetic model contains the MHD physics and to delineate various fluid and kinetic physics
in the gyrokinetic simulation, we reduce the GTC formulation to the two-fluid model first and then to
the single-fluid MHD model in the limit of long wavelength and when the thermal ion kinetic effect can
be neglected. To simplify the fluid model in GTC, we take a limit of low ion temperature, where the ion
continuity equation and ion parallel momentum equations become:

∂δni
∂t

+ ∇ ·
[
(n0i + δni) vE + n0iδu∥i

B0 + δB⊥

B0

]
= 0,

n0i
∂δu∥i

∂t
+ ∇ ·

(
n0iδu∥ivE

)
+ Zi
mi

n0ib0 · ∇ϕeff = 0.
(42)

where we have transformed to the ion frame such that u∥0i = 0,u∥0e = −J∥0/(en0e). ∂tδu∥i ≪ ∂tδu∥e is
assumed due to the large mass ratio. So we can merely use Eq (42) to replace the ion Vlasov equation
to calculate δni and δu∥i. Note that the parallel acceleration from the electric field in (42) is essential to
the ion acoustic wave. The closed two-fluid model is then formed by Eqs (42), (16), (18), (19), (29), (31)
or (34), (24), (E8a), (E8b), (16), and (28), assuming δhe = 0. Note that here we need to assign all the
pressure to the electron pressure to keep the equilibrium force balance. The ion pressure gradient terms
are neglected in the ion model to avoid the need for an ion equation of state and to derive the single-fluid
ideal MHD equation. Note that GTC does not intend to implement a comprehensive two-fluid model. A
more comprehensive ion fluid equation can be found in [38].

The two-fluid simulation model can be further simplified to a single-fluid ideal MHD model by assuming
that E∥ and accordingly ϕeff can be neglected. By defining δn = δne−

∑
s ̸=e Zsδns/e, we get the continuity
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equation for the gyrocenter charge density,

∂δn

∂t
+ B0 · ∇

(
n0δu∥

B0

)
− n0δv∗ · ∇B0

B0
+ δB⊥ · ∇

(
n0u∥0

B0

)
− ∇ × B0

eB2
0

·

(
∇δP∥ +

(
δP⊥ − δP∥

)
∇B0

B0

)
+ ∇ ·

(
δP∥b0∇ × b0 · b0

eB0

)
+ δB⊥ · ∇

(
n0δu∥

B0

)
−

b0 × ∇δB∥

e
· ∇
(
δP⊥ + P⊥0

B2
0

)
−

∇ × b0 · ∇δB∥

eB2
0

(δP⊥ + P⊥0) = 0,

(43)

where δP = δPe, P0 = P0e, n0 = n0e, and eδu∥ = eδu∥e −
∑
s̸=e n0sZsδu∥s/n0e, eu∥0 = eu∥0e −∑

s̸=e n0sZsu∥0s/n0e. δu∥ is still solved from parallel Ampere’s law,

δu∥ = 1
µ0en0e

∇2
⊥δA∥. (44)

ϕind = −ϕ is used when calculating δAa∥ and δAna∥ , assuming δE∥ = 0 in the ideal MHD limit.
The quasi-neutrality condition effectively reduces to

c2

v2
A

∇2
⊥ϕ = eδn

ϵ0
(45)

in the low ion temperature limit, where c is the speed of light, vA the Alfvén velocity, and ϵ0 the dielectric
constant of vacuum. In the ideal MHD limit, Eq (23) is given passively by the perpendicular force balance.

δB∥

B0
= −βe

2
δP⊥

P⊥0
= −βe

2
∂P⊥0

∂ψ0

δψ

P⊥0
(46)

The single fluid simulation model is composed by Eqs (43), (44), (45), (46), (29), (31) or (34), (E8a),
(E8b), and (28), assuming δhe = 0. We should note that ϕeff in these equations should be explicitly set
to 0, and the perturbed electron pressure in Eqs (E8a) and (E8b) stands for the total perturbed pressure.

We can recover the linear ideal MHD dispersion relation from this single-fluid simulation model. Com-
bining the quasi-neutrality condition in long wavelength limit, Eq (45), the Ampere’s law, Eq (44), the
single-fluid continuity equation, Eq (43), the B∥ equation, Eq (46), and by further assuming k∥ ≪ k⊥,
k⊥LB ≫ 1,the commonly used ideal MHD dispersion relation [99,100] can be found,

0 =ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ ib0 × ∇

(
k∥ϕ
)

· ∇
(
µ0J∥0

B0

)
− iωµ0

2b0 × κ

B0
· ∇δP.

A brief derivation is presented in Appendix H. Note that the kinetic effect from the ion diamagnetic
frequency ω∗

Pi does not appear in the dispersion relation, since we have dropped the ion pressure terms in
the ion fluid equation.

In the ideal MHD simulation, we have shown that the incorporation of δB∥ component in the continuity
equation is critical to the kink instability calculation. This important effect of δB∥ is also found for other
instabilities. [40,101,102]. Another important parameter for kink modes is the equilibrium parallel current.
In particular, we show that the poloidal variation of J∥0, which is normally ignored in other gyrokinetic
simulations, needs to be calculated accurately. In Appendix G we present the numerical method used in
GTC for J∥0 calculation.

The fluid simulation model is verified by the simulation of RSAE. For this verification, we reduce the
thermal ion temperature to Ti = Te/10000 ≈ 0. Both the thermal ions and electrons can be well described
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by the fluid model. We carried out three simulations, the first of which used the gyrokinetic thermal ion
model and fluid electron model, the second one used the fluid thermal ion model and fluid electron model,
and the third one used the single fluid model for thermal ions and electrons. The energetic particles are
described by the gyrokinetic model in all three simulations. Table 1 shows that the three simulations agree
well on the real frequency and growth rate. We have also carried out simulations on other modes, like the
internal kink mode and NTM, to verify the implementation of the fluid model.

Table 1: Verification of two fluid model (TF) and single fluid (SF) model using gyrokinetic ion model with
Ti ≈ 0

Simulation model Real Frequency (kHz) Growth Rate (×103/s)
GK-ion 43.90 29.49

Two Fluid 44.00 29.58
Single Fluid 44.03 29.82

3 Internal kink mode simulation

Figure 1: δ̂ current. Normalized by 1/R0, where R0 is the major radius.

The verifications of the simulation models described in Section 2 have been performed for many physics
previously, e.g., in [45, 103]. While the successful verification and validation of the current-driven MHD
modes have been carried out for the first time recently [46]. The DIII-D experimental shot #141216 is
selected, which exhibits the characteristics of kink instability. Using the equilibrium constructed from
the experiments, several codes including GTC, GAM-solver, M3D-C1, NOVA-K, XTOR-K have been
benchmarked on the kink instability with and without kinetic effects. Then, GTC is used to conduct more
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than 5000 simulations in which the equilibria are constructed from DIII-D shots. The simulation data are
used to build a database and train a surrogate model based on deep learning methods [76]. In this section,
we show the important physical parameters for simulating kink modes and the physical insights on the
excitation of kink modes we have learned from the simulations.

Since kink instability is driven primarily by parallel current and pressure gradient, it is necessary
to evaluate J∥0 accurately. In the Boozer coordinate system, the equilibrium magnetic field and the
equilibrium parallel current can be expressed as

B0 = δ̂∇ψ + I∇θ + g∇ζ

J∥0 = 1
µ0

1
JB0

[
(I ′ − ∂θ δ̂)g − g′I

]
,

(47)

where J = (gq + I)/B2
0 is the Jacobian of Boozer coordinates, δ̂ represents the non-orthogonality of the

basis vectors of Boozer coordinates,

δ̂ = −I∇ψ · ∇θ + g∇ψ · ∇ζ
∇ψ · ∇ψ

.

(a) m = 0 component (b) m ̸= 0 component

Figure 2: Parallel current term µ0J∥0/B0. Normalized by 1/R0.

The δ̂-current in the benchmark case is shown in Figure 1 for DIII-D #141216. It can be seen that δ̂ is
small near the magnetic axis, and has a large m=1 component when ε is large. The current components
from g′ and I ′ do not vary along the flux surface, since g, I, and q are functions of ψ only. In previous
simulations using Boozer coordinates, δ̂ is often neglected for simplicity. However, our simulation bench-
mark for DIII-D equilibrium shows that the neglect of δ̂ will lead the growth rate of kink instabilities to
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increase from 4.2 × 104s−1 to 22 × 104s−1. [46] The result shows the current contribution from δ̂ must be
considered. Figure 2 shows the equilibrium parallel current on the poloidal cross-section. The poloidally
varying part in Figure 2b comes from ∂θ δ̂. The poloidally varying parallel current can be in the same
order as or even larger than the m=0 component, especially when ε is large. In Figure 3, we show that
given the benchmark equilibrium, the parallel current term calculated from different numerical methods
matches very well. Meanwhile, the kink instability is extremely sensitive to the parallel current. We have
implemented three different numerical methods to calculate J∥0 in Boozer coordinates. The first one is
directly using b0 · ∇ × B0/µ0 in the cylindrical coordinates to get J∥0 (R,Z), and use the relation R(ψ, θ)
and Z(ψ, θ) to map J∥0 to Boozer coordinates. The second method is to use Eq (47), which requires calcu-
lating the higher-order terms δ̂ and (ϕ− ζ) accurately. The third method makes use of the force balance in
the axisymmetric geometry to express J∥0 using p(ψ) and g(ψ), which requires the least computations and
gives high accuracy easily. The equilibrium currents from these three methods are shown in Figure 3, and
are labeled as ’∇ × B(Cylinder)’, ’Direct Boozer’, and ’From force balance’, respectively. The second and
third methods are described in Appendix G. The simulations show that even using the 3 current profiles,
which are very close to each other, would cause about a 20% difference in the linear growth rate of the
kink mode.

Figure 3: Parallel current term from different methods implemented for Boozer coordinate (See Appendix
G). The reference value shown is calculated from ∇ × B0 in cylindrical coordinates. The poloidal angle
θ = 0. The value is normalized by 1/R0.

In Section 2.3, we have discussed the physical effect of compressional magnetic perturbation δB∥ in
the ideal MHD dispersion relation. In the simulation, significant effects from δB∥ are also observed. δB∥
appears in the equations of motion, the expressions of adiabatic pressures, and explicitly in the continuity
equation. The simulations show that removing explicit δB∥ terms in the continuity equation changes the
growth rate from 4.2 × 104s−1 to 0 (full stabilization). While the δB∥ effect in the equation of motion and
the expression of adiabatic pressure is negligible. On the other hand, the ratio of δB∥ to δB⊥ is significant,
as shown in Figure 4. For the kink eigenmode structure, δB∥/δB⊥ can be as large as 0.35, which also
indicates that δB∥ can not be simply neglected.
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(a) Relative amplitude of δB∥ (b) Relative amplitude of δB⊥

Figure 4: Poloidal harmonics of δB∥ and δB⊥ for n = 1 kink mode

In order to build a surrogate GTC simulation model for future real-time plasma control systems, we
used GTC to simulate 5758 equilibria selected from DIII-D experiments, generating a database. The
simulated time slices are selected randomly from shot #139520 to shot #180844. From the measurements
of Mironov coils and the safety factor profile from EFIT, the n=1 signal is present and qmin < 1 at the time
slice of interest. In the simulation, about half of the cases show kink instability. GTC has the capability
to carry out a large number of MHD single fluid simulations very efficiently. These simulations have been
performed in 12 GTC runs, each of which simulates 500 experiments in 30 minutes using 2000 nodes of
the Summit supercomputer(which has about 4700 nodes in total). The efficient single fluid model and the
optimization for GPUs and I/O in GTC make the code suitable for producing a large database from ideal
MHD simulations. Meanwhile, the simulation model can be easily extended to include the kinetic effects,
and this database serves as a foundation for a future database of kinetic simulations of MHD modes. All
the simulations are using 100 radial grids and 24 parallel grids, while the poloidal grid number depends
on the specific flux surface shape (typically around 200). The time step size is 0.01R0/Cs, where Cs is
the ion acoustic wave speed. The convergence study is done on the benchmark case, which has similar
physical parameters to the whole dataset. The single fluid simulation model is used, and there are no
numerical particles used in the simulations. More detailed data analysis can be seen in [76]. Thanks to
the database, we are able to investigate the kink stability dependence on different physical parameters
for realistic experimental equilibria. In Figure 5, we show the spider plots of kink instability. The line
colors correspond to the simulated linear growth rates of these cases. All the cases show strong n = 1
signals on experiments, but it’s difficult to know if the measured signals are kink modes, since the poloidal
mode structure is unknown. In the simulation, 1972 of those cases are unstable and show typical kink
mode structures. The other cases could be tearing modes or saw-teeth signals. Six important physical
parameters are shown in the spider plots, including the minimum value of q-profile(qmin), the minor radius
of q = 1 surface normalized to R0 (r(q = 1)), pressure gradient at q = 1 surface (∂rp), the magnetic shear
at q = 1 surface (ŝ(q = 1)), the β value on magnetic axis(β0), and δβp at q = 1 surface, which is defined
by δβp(q = 1) = −2R2

0
´ r1

0 ∂rpr
2dr/(B2

0r
4
1), where r1 represents r(q = 1). δβp can be regarded as the

thermal energy stored inside the q=1 surface. Figure 5a and Figure 5b correspond to different sets of
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equilibrium, constructed by EFIT01 and EFIT02, respectively. The q profile of EFIT02 data is generally
more accurate since the motional Stark effect(MSE) diagnostics information is considered. The Pearson
correlation coefficients between these parameters and the linear growth rate are calculated to show the
importance of these parameters. It turns out that for the EFIT01 data, the stabilities (‘stable’ or ‘unstable’)
are most sensitive to qmin values(corr = −0.40), while the linear growth rates are most sensitive to ∂rp
at q = 1 surface (corr = −0.30). For the EFIT02 data, the stabilities are most sensitive to r(q = 1)
(corr = 0.28), while the growth rates are most sensitive to δβp (corr = −0.37). These dependencies are
qualitatively consistent with the ideal MHD theory. The differences between the two datasets may be
attributed to the inaccurate reconstruction of the EFIT01 data and the fact that the EFIT01 data only
show normal shear. In contrast, the EFIT02 data include more reversed-shear cases. The low correlation
coefficients suggest that prediction based on several physical parameters can be inaccurate, and a more
complicated machine learning model [76] is needed.

Figure 5: Spider plots of kink mode instability from GTC simulations with (a) EFIT01 equilibria and (b)
EFIT02 equilibria.

4 Conclusion
In this paper, we formulate the comprehensive nonlinear electromagnetic gyrokinetic model in GTC. We
showed that the hybrid scheme and the conservative can be unified, with a different definition of δϕind. In
the long wavelength limit, the gyrokinetic equations reduce to the two-fluid model. And if E∥ is neglected,
the model further reduces to the single-fluid MHD model, from which the ideal MHD dispersion relation is
recovered. The implementation of this simulation model in the general 3D geometry is presented, including
the numerical methods to calculate the parallel equilibrium current and the method to construct Boozer
coordinates. In the benchmark between GTC and other kinetic-MHD codes, it is found that incorporating
accurate perturbed magnetic compression and equilibrium parallel current is important to recover the linear
and nonlinear properties of kink modes. A large number of kink cases chosen from DIII-D experiments
have been successfully simulated to build a database for machine learning. The q=1 surface location, qmin,
pressure gradient at q=1 surface, and δβp(q = 1) are found to be related to the linear instability of kink
modes.

21



Data Avaibility
The data that support the findings of this study are available from the corresponding author upon rea-
sonable request.

Acknowledgements
This work is supported by the US Department of Energy (DOE) SciDAC project ISEP and INCITE project,
and used resources of the Oak Ridge Leadership Computing Facility at Oak Ridge National Laboratory
(DOE Contract No. DE-AC05-00OR22725) and the National Energy Research Scientific Computing Center
(DOE Contract No. DE-AC02-05CH11231). The work reported in this paper was completed before July
1, 2025. This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal liability or responsibility for the accuracy,
completeness, or usefulness of any information, apparatus, product, or process disclosed, or represents that
its use would not infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or otherwise does not necessarily constitute
or imply its endorsement, recommendation, or favoring by the United States Government or any agency
thereof. The views and opinions of authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thereof.

Appendix A Numerical implementations in Boozer coordinate
system

The covariant and contravariant forms of the magnetic field in the Boozer coordinate system are given by
B0 =q (ψ) ∇ψ × ∇θ − ∇ψ × ∇ζ

=δ̂ (ψ, θ, ζ) ∇ψ + I (ψ) ∇θ + g (ψ) ∇ζ,
(A1)

which are frequently used in deriving the following equations. In Eq (A1), q is the safety factor, I
the toroidal current, g the poloidal current. In this section, ψ, θ, ζ stand for the flux coordinate in the
equilibrium B field. δ̂ current comes from the non-orthogonality of the coordinate system. In GTC we use
ψ̇, θ̇, ζ̇ and ρ̇∥ = d/dt(mv∥/ (ZB0)) to update the gyrocenter location in phase space,

ζ̇ =ρ∥B
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θ̇ =ρ∥B
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where I ′ = ∂ψI, g′ = ∂ψg, λ =
〈
δAL∥ + δANL∥

〉
/B0, D = gq + I + ρ∥

[(
I ′ − ∂θ δ̂

)
g − I

(
g′ − ∂ζ δ̂

)]
,

∂ε/∂B0 =
(
µ+ ρ2

∥Ω
)

, ϕb∥ = ⟨ϕ⟩ + µ
Z

〈〈
δB∥

〉〉
. In the simulation with the static RMP island field,

the equilibrium B field should include both the original magnetic field and the RMP field. But for
simplicity, we treat the RMP island field δBeq as part of the perturbation, such that the definition of B0,
ψ, θ, ζ, ρ∥ keep the original definition. In this way, the λ should be replaced to include an island term
λ′ = λ+ λeq = ⟨δAL∥ + δANL∥ + δA∥eq⟩/B0 in Eqs (A2)-(A5).

We should notice that in Eq (A5), the zonal potential should be removed from ⟨ϕ⟩ in the simulations.
Although we should define the zonal part such that there is no parallel acceleration from ∇ ⟨ϕ⟩00, in the
simulation, we often use the averaged value along the unperturbed flux surface to act as the zonal fields
for simplicity. This approximation, however, introduces the unphysical acceleration δB⊥ · ∇ ⟨ϕ⟩00 in Eq
(A5). Therefore, we need to subtract the error explicitly.

Sometimes, the nonlinearity caused by parallel acceleration from the perturbed potential in ρ̇∥ is not
important and often induces numerical noise. We can choose to neglect these nonlinearities from Eq (A5),
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(A6)

Eqs (A2)-(A5) are derived from the Euler-Lagrangian equation in gyrokinetic phase space. White et al [79]
made an additional transformation to the parallel gyrocenter velocity to get rid of δ̂ term, and derived the
equation of motion from the Hamiltonian method. In fact, by dropping all δ̂ terms in Eqs (A2)-(A5), one
obtains the identical equations of motion derived in [79] formally, although the definition of the parallel
coordinate is different by a distance ∼ ρ∥. We choose not to do the transformation here in order to keep
the Maxwell equations as the standard gyrokinetic form. In practice, dropping δ̂ while not doing the
transformation will cause an error of O(k∥ρ∥) in the particle motion, which is negligible in the gyrokinetic
framework.

In the delta-f simulation, we define the ion particle weight ws ≡ δfs/fs. The ion weight equation, Eq
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(6) can be expressed as
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B∗
∥

· ∇
(

⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
1
F0

(
∂F0

∂ (µB0) − 1
msv∥

∂F0

∂v∥

)
+ µ(b0 + δBeq/B0) × ∇B0

B∗
∥

· ∇
(

⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
1

msv∥

∂F0

F0∂v∥

+
(

−Zs
〈
E∥
〉

+ µB0

B∗
∥

· ∇
〈〈
δB∥

〉〉) 1
ms

∂F0

F0∂v∥

+
[
Zs

mv∥

ZsB∗
∥

∇ ×
(

b0 + δBeq

B0

)
· ∇
(

⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)]
1
ms

∂F0

F0∂v∥

+
[
Zs

(⟨δB⊥⟩ + δBeq)
B∗

∥
· ∇
((

⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

)
+ ⟨ϕ⟩eq

)]
1
ms

∂F0

F0∂v∥

−Zs
δBeq

B∗
∥

· ∇⟨ϕ⟩eq
1
ms

∂F0

F0∂v∥

}
,

(A7)

where ⟨E∥⟩ = −b0 · ∇⟨ϕ⟩eff , the symbol ∇|v⊥
f0 means the derivative keeping v⊥ constant, ∇|v⊥

f0 =
∇|µ f0 + µ∇B0f0/T . The last five rows stand for the contribution of time-static perturbations like the
RMP field. Note that in the 5th line and the last line, the zonal potential is artificially removed for the
same reason as explained in Eq (A5). And we can write out the expressions in Boozer coordinates of some
terms above,

−

v∥
−b0 × ∇

〈
δA∥

〉
B∗

∥
+ v∥

δBeq

B∗
∥

+
(b0 + δBeq/B0) × ∇

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
B∗

∥

 · ∇|v⊥F0
1
F0

=
v∥B0

D
[g∂θλ′ − I∂ζλ

′]κs

+ 1
D

[
(I + δBeq,θ)∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
− (g + δBeq,ζ)∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)]
κs,

where λ′ = λ+ λeq.

− µ(⟨δB⊥⟩ + δBeq) · ∇B0

B∗
∥

= − µ
B0

D
(∂ψλ′ (I∂ζB0 − g∂θB0) + ∂θλ

′ (g∂ψB0 − δ∂ζB0) + ∂ζλ
′ (δ∂θB0 − I∂ψB0))

− µB0

D
λ′J

[
(∇ × B0)θ ∂θB0 + (∇ × B0)ζ ∂ζB0

]
,
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µ(b0 + δBeq/B0) × ∇B0

B∗
∥

· ∇
(

⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
= µ

D

[
(δ̂ + δBeq,ψ)

(
∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂θB0 − ∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂ζB0

)
+ (I + δBeq,θ)

(
∂ψ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂ζB0 − ∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂ψB0

)
+(g + δBeq,ζ)

(
∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂ψB0 − ∂ψ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
∂θB0

)]
,

− ZsE∥ + µB0

B∗
∥

· ∇δB∥

=Zs
B0

gq + I
(∂θϕeff + q∂ζϕeff ) + µB0

D

(
q∂ζδB∥ + ∂θδB∥

)
,

Zs
msv∥

ZsB∗
∥

∇ × (b0 + δBeq/B0) · ∇
(

⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
=
mv∥

B0D

{
∂ψ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
[(I − δBeq,ψ)∂ζB0 − (g − δBeq,ζ)∂θB0]

+ ∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)[
(g + δBeq,ζ)∂ψB0 − (δ̂ + δBeq,ψ)∂ζB0

]
+∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)[
(δ̂ + δBeq,ψ)∂θB0 − (I + δBeq,θ)∂ψB0

]}
+
mv∥

D
J
[
(∇ × B0)θ · ∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)]
+ (∇ × B0)ζ ∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)]
+
mv∥

D

[
(∂θδBeq,ζ − ∂ζδBeq,θ)∂ψ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
+ (∂ζδBeq,ψ − ∂ψδBeq,ζ)∂θ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)
+ (∂ψδBeq,θ − ∂θδBeq,ψ)∂ζ

(
⟨δϕ⟩ + µ

Zs
⟨⟨δB∥⟩⟩

)]
,
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Zs
(⟨δB⊥⟩ + δBeq/B0)

B∗
∥

· ∇
((

⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

)
+ ⟨ϕ⟩eq

)
=Zs

B0

D

[
∂ψλ

′
(
I∂ζ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

)
− g∂θ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

))
+ ∂θλ

′
(
g∂ψ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

)
− δ̂∂ζ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

))
+∂ζλ′

(
δ̂∂θ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

)
− I∂ψ

(
⟨ϕ⟩nz + µ

Zs
⟨⟨δB∥⟩⟩

))]
+ Zs

B0

D
∂ψ⟨ϕeq⟩ (g∂θλ′ − I∂ζλ

′)

+ ZsB0

D
λ′J

[
(∇ × B0)ζ ∂ζ

(
ϕnz + µ

Zs
δB∥

)
− (∇ × B0)θ ∂θ

(
ϕnz + µ

Zs
δB∥

)]
.

Where

δBeq,ψ =
3∑
i=1

(
∂αi

λeq(gαiζ − qgαiθ)
)

+ λeq (∇ × B0)ψ ,

δBeq,θ = −
3∑
i=1

(
∂αiλeqgαiψ

)
+ λeq (∇ × B0)θ ,

δBeq,ζ = q

3∑
i=1

(
∂αi

λeqgαiψ
)

+ λeq (∇ × B0)ζ ,

(A8)

where (α1, α2, α3) = (ψ, θ, ζ)

(∇ × B0)ψ =0,

(∇ × B0)θ = 1
J

(
∂ζ δ̂ − ∂ψg

)
,

(∇ × B0)ζ = 1
J

(
∂ψI − ∂θ δ̂

)
,

(∇ × B0)αi
=

3∑
j=1

(∇ × B0)αj gαiαj
.

(A9)

And for the shifted Maxwellian distribution function, we have

1
F0

(
∂F0

∂(µB0) − 1
msv∥

∂F0

∂v∥

)
= − 1

Ts

u∥0,s

v∥
,

1
msF0

∂F0

∂v∥
= − 1

T

(
v∥ − u∥0

)
.

For slowing down distribution as expressed in Eq (12), we have

1
F0

(
∂F0

∂(µB0) − 1
msv∥

∂F0

∂v∥

)
= 4
msv2

− (Λ − Λ0) (Ba/B0 − 2Λ)
∆Λ2 ,

1
msF0

∂F0

∂v∥
= − 1

ms

3vv∥

v3 + v3
c

−
4v∥

msv2
(Λ − Λ0) Λ

∆Λ2 .
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In the above terms, κs = −∂ψ ln f0s = κ0s+κv,s, κ0s = −∂ψ lnn0s−∂ψ lnTs
[
ms(v∥−u∥0s)2

2Ts
+ µB0

Ts
− 1.5

]
,

κv,s = −ms(v∥−u∥0s)
Ts

∂ψu∥0s. The ion equilibrium parallel flow is assumed as a function of ψ. For the slowing
down distribution function, κv is assumed to be 0. ϕnz and ϕ00 are the non-zonal and zonal parts of the
perturbed electrostatic potential, respectively.

Define the electron particle weight as we = δhe/fe. If we take the local Maxwellian distribution as the
equilibrium electron distribution, the electron weight equation is given by

dwe
dt

= −
(

1 − δfade
fe

− we

)(
1
f0e

δLf0e + L
δfade
f0e

+ δfade /f0e

f0e
δLf0e

)
=
(

1 − δfade
fe

− we

){
− 1
f0e

(
δvE + vb∥

)
· ∇|v⊥f0e

− ∂

∂t

δfade
f0e

+ 1
f0e

e

me

δB⊥

B∗
∥

· ∇
(
δϕ− µ

e
δB∥

) ∂f0e

∂v∥
+ v∥

δB⊥

B∗
∥

· ∇|µ
δfad0e
f0e

− 1
f0e

(
δvE + vb∥

)
· µ∇B0

∂f0e

∂(µB0) −
(

−v∥
mv∥∇ × b0

eB
+ vg

)
· ∇δfade

f0e

+ 1
f0e

v∥∇ × b0

B∗
∥

∇
(
δϕ− µ

e
δB∥

) ∂f0

∂v∥
−
(
vE + vb∥

)
· ∇δfade

f0

+ 1
me

B∗

B∥
·
(
µ∇B0 − e∇ϕ+ µ∇δB∥

) ∂

∂v∥

(
∂ ln f0

∂ψ0
δψ + ∂ ln f0

∂α
δα

)
− δfade

f0

1
f0e

δLf0e

=
(

1 − δfade
fe

− we

)
× (wdrive + wpara + wdrift,ind + wdrift + wdv + whighorder) ,

(A10)

where the nonlinear part δLδfade has been neglected, vd = µ
ZsB0

b0 × ∇B0 + msv
2
∥

ZsB2
0
∇ × b0, δϕadind = ϕadeff −ϕ

is the adiabatic part of inductive potential. In the Boozer coordinate system, the detailed implementation
can be separated into several parts.

The terms in the last line of Eq (A10) are defined as

wdrive =
b0 × ∇(δϕ− µ

e δB∥)
B∗

∥
· ∇ψ∂ ln f0e

∂ψ0
|v⊥

= 1
D

[
I∂ζ(δϕ− µ

e
δB∥) − g∂θ(δϕ− µ

e
δB∥)

]
κe.
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wpara = − ∂

∂t

δfade
f0e

− 1
f0e

e

m

δB⊥

B∗
∥

· ∇
(
δϕ− µ

e
δB∥

) ∂f0e

∂v∥
− v∥

δB⊥

B∗
∥

· ∇δfade
f0e

= − ∂

∂t

δfade
f0e

−
(

1 − µB0

Te

)
∂tδB∥

B0
− 1
q

∂ϕadind
∂θ

(κe − κn,e)

−
eu∥0e

Te

B0

D

[
∂ψλ

(
I∂ζ(ϕnz − µ

e
δB∥) − g∂θ(ϕnz − µ

e
δB∥)

)
+∂θλ

(
g∂ψ(ϕnz − µ

e
δB∥) − δ̂∂ζ(ϕnz − µ

e
δB∥)

)
+∂ζλ

(
δ̂∂θ(ϕnz − µ

e
δB∥) − I∂ψ(ϕnz − µ

e
δB∥)

)]
−
eu∥0e

Te

λJB0

D

3∑
j=1

(∇ × B0)αj · ∂αj

(
δϕnz − µ

e
δB∥

)
−
ev∥

Te

B0

D

[
∂ψλ (I∂ζδϕind − g∂θδϕind) + ∂θλ

(
g∂ψδϕind − δ̂∂ζδϕind

)
+∂ζλ

(
δ̂∂θδϕind − I∂ψδϕind

)]
−
ev∥

Te

λJB0

D

3∑
j=1

(∇ × B0)αj · ∂αj
δϕind

−
v∥B0

D

[
(g∂θλ− I∂ζλ) Rad

ψ +
(
δ̂∂ζλ− g∂ψλ

)
Rad
θ +

(
I∂ψλ− δ̂∂θλ

)
∂ζRad

ζ

]
−
v∥JB0

D
λ

3∑
j=1

(∇ × B0)αj Rad
αj
.

where we have used the governing equation for δψa and δαa, only the α derivative of f0e and u∥0e are
assumed to be 0. The time derivative of δfade /f0e can be obtained from Eq (35) or (36). The expression
of Rad in the direction of αj is given by

Rad
αj

=
(
eϕeff + µδB∥

) ∂

∂αj

1
Te

− ∂

∂αj
(κeδψ) + ∂

∂αj

(
e

Te

∂ϕeq
∂ψ

δψ

)
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wdrift,ind = − 1
f0e

(
δvE + vb∥

)
· µ∇B0

∂f0

∂(µB0) −

(
v∥

mv∥
Ze

∇ × b0

B
+ vg

)
· ∇δfade

f0

− 1
f0e

e

m

mv∥/Ze∇ × b0

B∗
∥

∇
(
δϕ− µ

e
δB∥

) ∂f0

∂v∥

= 1
Te

1
D

∂E0

∂B

[
(g∂θB0 − I∂ζB0) ∂ψ

(
δϕ− µ

e
δB∥

)
+
(
δ̂∂ζB0 − g∂ψB0

)
∂θ

(
δϕ− µ

e
δB∥

)
+
(
I∂ψB0 − δ̂∂θB0

)
∂ζ

(
δϕ− µ

e
δB∥

)]
+
mev∥u∥0

Te

J
D

3∑
j=1

(∇ × B0)αj ∂αj

(
δϕ − µ

e
δB∥

)
− 1
Te

1
D

∂E
∂B

[
(g∂θB0 − I∂ζB0) ∂ψϕind +

(
δ̂∂ζB0 − g∂ψB0

)
∂θϕind +

(
I∂ψB0 − δ̂∂θB0

)
∂ζϕind

]
+
mev

2
∥

Te

J
D

3∑
j=1

(∇ × B0)αj ∂αj
ϕind

− 1
Te

1
D

∂E
∂B

[
(g∂θB0 − I∂ζB0) Rad

ψ +
(
δ̂∂ζB0 − g∂ψB0

)
Rad
θ +

(
I∂ψB0 − δ̂∂θB0

)
Rad
ζ

]
+
mv2

∥

Te

J
D

3∑
j=1

(∇ × B0)αj Rad
αj

(A11)
where we have kept the terms of the order O(1/k⊥Lp), and dropped the terms of the order O(1/k⊥LB).

wdrift = −
(
vE + vb∥

)
· ∇δfade

f0e

= 1
D

[(
I∂ζ

(
ϕ− µ

e
δB∥

)
− g∂θ

(
ϕ− µ

e
δB∥

))
∂ψ
δfade
f0e

+
(
g∂ψ

(
ϕ− µ

e
δB∥

)
− δ̂∂ζ

(
ϕ− µ

e
δB∥

))
∂θ
δfade
f0e

+
(
δ̂∂θ

(
ϕ− µ

e
δB∥

)
− I∂ψ

(
ϕ− µ

e
δB∥

))
∂ζ
δfade
f0e

]
.

Note that ϕ = δϕ+ ϕeq.

wdv = 1
me

B∗

B∥
·
(
µ∇B0 − e∇ϕ+ µ∇δB∥

) ∂

∂v∥

δfade
fe0

=
[

1
me

B0

D
(q∂ζF + ∂θF) −

v∥

e

1
D

((
I ′ − ∂θ δ̂

)
∂ζF −

(
g′ − ∂ζ δ̂

)
∂θF

)
−

v∥

eB0D

(
(I∂ζB0 − g∂θB0)∂ψF + (g∂ψB0 − δ̂∂ζB0)∂θF

(δ̂∂θB0 − I∂ψB0)
)
∂ζF

]
δψ

(
∂ψ lnTe

me(v∥ − u∥0e)
Te

+ ∂ψu∥0e
me

Te

)
,

where F is defined as µB0 + µδB∥ − eϕ.

whighorder = −δfade
f0

1
f0e

δLf0e,
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and the expression of (δLf0e)/f0e can be found by dividing Eq (A7) by −(1 − w).
We need to store δB∥ and δne from the last time step to take the time-centered derivative for a better

numerical property. In deriving the weight equation, we assume the equilibrium distribution is shifted
Maxwellian and the spatial variation of n0, T , and P0 is only in ψ direction.

The electron continuity equation is given by

∂δne
∂t

= −(w∥ + wdrive + wdrift + weqc + w∗ + wb∥ + w⊥nl + w∗nl), (A12)

where the w terms represent the contribution from various flows. w∥ denotes the parallel perturbed flow,

w∥ =B0 · ∇
(
n0eδu∥e

B0

)
= n0e

JB0

(
q∂ζδue∥ + ∂θδue∥

)
. (A13)

where J is the Jacobian for Boozer coordinates J = (gq + I)/B2.
wdrive denotes the diamagnetic flow,

wdrive = − n0v∗ · ∇B0

B0

= 1
J eB3

0

[
∂B

∂ψ
(I∂ζδPe − g∂θδPe) + ∂B

∂θ

(
g∂ψδPe − δ̂∂ζδPe

)
+ ∂B

∂ζ

(
δ̂∂θδPe − I∂ψδPe

)]
,

(A14)

where δPe is the total perturbed electron pressure.

δPe =δP ad⊥e + δP ad∥e + δPna⊥e + δPna∥e . (A15)

wdrift, w∗, w∗nl, wdrift0, and web0 denotes the flow due to E ×B drift velocity,

w∗ + wdrift + w∗nl + wdrift0 + web0

=B0vE · ∇
(
n0e + δne

B0

)
− (n0e + δne)vE · ∇B0

B0

= 1
JB2

0

∂n0e

∂ψ
(I∂ζϕpt − g∂θϕpt)

+ 2(n0e + δne)
JB3

0

[
∂B

∂ψ
(g∂θϕpt − I∂ζϕpt) + ∂B

∂θ

(
δ̂∂ζϕpt − g∂ψϕpt

)
+ ∂B

∂ζ

(
I∂ψϕpt − δ̂∂θϕpt

)]
+ 1

JB2
0

[
∂δne
∂ψ

(I∂ζϕpt − g∂θϕpt) + ∂δne
∂θ

(
g∂ψϕpt − δ̂∂ζϕpt

)
+∂δne

∂ζ

(
δ̂∂θϕpt − I∂ψϕpt

)]
+ 2δne

JB3
0

(
I
∂B0

∂ζ
− g

∂B0

∂θ

)
∂ψϕeq

+ 1
JB2

0

(
g
∂δne
∂θ

− I
∂δne
∂ζ

)
∂ψϕeq.

(A16)

weqc denotes the equilibrium flow,
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weqc =δB⊥ · ∇
(
n0eu∥0e

B0

)
− ∇ × B0

eB2
0

·

(
∇δP∥e +

(
δP⊥e − δP∥e

)
∇B0

B0
− n0ee∇ϕ

)
+ δne
B2

0
∇ × B0 · ∇ϕ

= − 1
eµ0J

[
(∂θλg − ∂ζλI) ∂ψS +

(
∂ζλδ̂ − ∂ψλg

)
∂θS +

(
∂ψλI − ∂θλδ̂

)
∂ζS

]
+ 1

J eB0
(∂θλg − ∂ζλI)

∑
s̸=e

n0sZs∂ψu∥0

− 1
J eB2

0

[
(∂θλg − ∂ζλI) ∂ψB0 +

(
∂ζλδ̂ − ∂ψλg

)
∂θB0 +

(
∂ψλI − ∂θλδ̂

)
∂ζB0

]∑
s̸=e

n0sZsu∥0

+ 1
eB2

0J

(
g′ − ∂δ̂

∂ζ

)B2
0

µ0
λ∂θS + λ∂θB0

∑
s̸=e

n0Zsu∥0 + ∂θδP∥e

+ 1
B0

∂θB0
(
δP⊥e − δP∥e

)
− (n0e + δne) e∂θϕpt

]

+ 1
eB2

0J

(
∂δ̂

∂θ
− I ′

)B2
0

µ0
λ∂ζS + λ∂ζB0

∑
s̸=e

n0Zsu∥0 + ∂ζδP∥e

+ 1
B0

∂ζB0
(
δP⊥e − δP∥e

)
− (n0e + δne) e∂ζϕpt

]
(A17)

where δP(⊥,∥)e = δP ad(⊥,∥)e+δPna(⊥,∥)e can be obtained from Eqs (E8a) and (E8b). In the limit neglecting
u∥e0, δP⊥e−δP∥e = δPna⊥e −δPna∥e −δB∥P⊥0e/B0 can be used. All ion species are assumed to have the same
parallel flow velocity u∥0 (ψ), and the equilibrium potential is assumed to only depend on ψ. S = µ0J∥0

B0
is

proportional to the parallel current.
wb∥ denotes the flow from the magnetic compressional perturbation

wb∥ = −
b0 × ∇δB∥

e
· ∇
(
δP⊥e + P⊥0e

B2
0

)
−

∇ × b0 · ∇δB∥

eB2
0

(δP⊥e + P⊥0e)

= 3P tot⊥e
JB4

0e

[
∂δB∥

∂ψ

(
g
∂B0

∂θ
− I

∂B0

∂ζ

)
+
∂δB∥

∂θ

(
δ̂
∂B0

∂ζ
− g

∂B0

∂ψ

)
+
∂δB∥

∂ζ

(
I
∂B0

∂ψ
− δ̂

∂B0

∂θ

)]
− 1
eJB3

0

[
δ̂
(
∂θδB∥∂ζδP⊥e − ∂ζδB∥∂θδP⊥e

)
I
(
∂ζδB∥∂ψP

tot
⊥e − ∂ψδB∥∂ζδP⊥e

)
+ g

(
∂ψδB∥∂θδP⊥e − ∂θδB∥∂ψP

tot
⊥e
)]

+ P tot⊥e
eB3

0J

[(
g′ − ∂ζ δ̂

)
∂θδB∥ −

(
I ′ − ∂θ δ̂

)
∂ζδB∥

]
.

(A18)

Here P tot⊥e = P⊥0e + δP⊥e is the total perpendicular electron pressure, P tot⊥e = n0eTe + δPna⊥e + (δne −´
δhedv)Te + n0e∂ψTeδψ − n0eTeδB∥/B0.
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wnl⊥ represents the nonlinear magnetic flutter flow,

w⊥nl = δB⊥ · ∇
(
n0eδu∥e

B0

)
= 1

J

[
δ̂ (∂ζλ∂θδS − ∂θλ∂ζδS)

+I (∂ψλ∂ζδS − ∂ζλ∂ψδS) + g (∂θλ∂ψδS − ∂ψλ∂θδS)]

(A19)

where δS is the perturbed electron parallel flow, δS = n0eδu∥e/B0. In the continuity equation, we have
dropped the terms at order higher than O(k⊥LB), but we keep the second order derivative of the equilib-
rium magnetic field ∇S, since it is the driving term for kink instability.

Appendix B The construction of the Boozer coordinate system
in the axisymmetric system

In the benchmark of the internal kink modes, it is proven that the self-consistent equilibrium, especially the
consistency between the magnetic field and the parallel current, is important for the simulation accuracy.
Here, we describe a numerical algorithm to use the GEQDSK file to construct the Boozer coordinate
system in the axisymmetric system. This algorithm is implemented using the Python language and is
used to generate the equilibrium data file for GTC simulations for the benchmark. The information from
the GEQDSK file used to construct the Boozer coordinate system contains ψ(R,Z), g(ψ), q(ψ), the last
closed flux surface as a function of (R,Z), and the position of the magnetic axis (R0, Z0). An open-source
GEQDSK file parser using Python language can be found at [104].

First of all, we can use the ψ(R,Z) data to get the function R(ψ, θ0) and Z(ψ, θ0) on (ψ, θ0) grids. Here
θ0 is the geometrical poloidal angle, cos θ0 = (R − R0)/

√
(R−R0)2 + (Z − Z0)2, where (R0, Z0) denotes

the position of magnetic axis. This can be done using the RBF(radial basis functions) inverse interpolation
capability in the Scipy module [105]. Then, the poloidal magnetic field can be calculated from

BR(ψ, θ0) = − 1
R

∂ψ

∂Z
,

BZ(ψ, θ0) = 1
R

∂ψ

∂R
.

(B1)

The toroidal magnetic field can simply be written as Bt(ψ, θ0) = g/R.
The next step is to transform θ0 to a new θ′ angle to get the straight fieldline coordinate (θ′, ϕ) for

a given ψ. A relation between θ0 and ϕ on a field line is needed for this purpose. Without losing the
generality, we choose to trace the magnetic field line that crosses (θ0 = 0, ϕ = 0), using the expressions of
(BR, BZ , Bt). For each flux surface, we can integrate numerically to get the relation between θ0 and the
toroidal angle ϕ.

θ0 =
ˆ

0
dϕ
RBp
rBt

BZ cosϑ−BR sinϑ
Bp

, (B2)

where Bp =
√
B2
R +B2

Z , r =
√

(R−R0)2 + (Z − Z0)2, ϑ is the local θ0 value during the integration.
Note that the integration is done following the field line, so the integration kernel depends on ϕ. We have
the freedom to choose θ′ = θ0 at the point θ0 = 0, and the integration is done from θ0 = 0 to θ = 2π.
Now we have the function of θ0(ϕ) for arbitrary ψ. The q value is also obtained, q = ϕ(θ0=2π)

2π . (q is
also given in the GEQDSK file, which should be consistent with the field line tracing result.) Following
the definition of straight field line coordinate, θ′ should be proportional to ϕ on a certain field line. On
the field line we just have traced, θ′ = ϕ/q. Using this relation, it’s easy to get the function of θ0(θ′)
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on this field line, and for every other field line due to toroidal axisymmetry. Accordingly, the functions
R(ψ, θ′), Z(ψ, θ′), BR(ψ, θ′), BZ(ψ, θ′), and Bt(ψ, θ′) can be obtained.

Now the magnetic field satisfies the contra-variant form of the straight field line coordinates rep-
resentation, B = q(ψ)∇ψ × ∇θ′ − ∇ψ × ∇ζ0, where ζ0 = −ϕ. We can also express the magnetic
field following the co-variant form B = δ′∇ψ + I ′∇θ′ + g′∇ζ0. It is proven that B can be written as
B = δ′∇ψ+ I(ψ)∇θ′ + g(ψ)∇ζ0 + ∇H(ψ, θ′), where I(ψ) and g(ψ) is exactly the co-variant component of
B in Boozer coordinates. [106] This transformation will be performed on θ′ and ζ0 simultaneously, it can
starts with getting I(ψ) from I ′. From the co-variant form, we have

I ′ = B · ∂x
∂θ′ = BR

∂R

∂θ′ +BZ
∂Z

∂θ′ , (B3)

and by flux averaging, we have I =
¸
I ′dθ

′, and H =
´

(I ′ − I)dθ′. The transform on poloidal and toroidal
angles will be θb = θ′ + ν, and ζ = ζ0 + qν, where ν = H/(gq+ I). The three coordinates (ψ, θb, ζ) are the
Boozer coordinates. And we can get the equilibrium field quantities as functions of (ψ, θb) since we know
the relation θ′(θb). We can demonstrate that B = q∇ψ × ∇θb − ∇ψ × ∇ζ, and B = δ̂∇ψ + I∇θb + g∇ζ,
where δ̂ can be simply calculated from

δ̂ = BR
∂R

∂ψ
+BZ

∂Z

∂ψ
.

An example of a constructed Boozer coordinate system is shown in Figure 6. The blue error bars in
subplots (b), (c), (d) of Figure 6 show the variation of quantities on one flux surface. These three subplots
show the consistency between the covariant and contravariant form of B field and also the invariance of
g, q, I on flux surfaces. So the requirements of Boozer coordinate are satisfied.
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Figure 6: The generated Boozer coordinate of DIII-D shot#178631. (a) Boozer coordinates on the poloidal
plane. (b) The consistency check between q(ψ) and B · ∇ζ/B · ∇θ. (c) The consistency check between
I(ψ) and B · eθ. (d) The consistency check between eψ × eθ · eζ and (gq + I)/B2.

Appendix C The implementation of Laplacian operator
In a general curvilinear coordinate system, the Laplacian operator is expressed as in

∇2f =
∑

α=1,2,3

∑
β=1,2,3

1
J

∂

∂ξα

(
J ∇ξα · ∇ξβ ∂

∂ξβ
f

)
, (C1)

where
(
ξ1, ξ2, ξ3) = (ψ, θ, ζ), and J is the Jacobian, f is a perturbed field. Then, for the Boozer coordinate

system, we have

∇2f =gψψ ∂
2f

∂ψ2 + 1
J
∂f

∂ψ

(
∂J gψψ
∂ψ

+ ∂J gψθ
∂θ

+ ∂J gψζ
∂ζ

)
+ gθθ ∂

2f

∂θ2 + 1
J
∂f

∂θ

(
∂J gψθ
∂ψ

+ ∂J gθθ
∂θ

+ ∂J gθζ
∂ζ

)
+ gζζ ∂

2f

∂ζ2 + 1
J
∂f

∂ζ

(
∂J gψζ
∂ψ

+ ∂J gθζ
∂θ

+ ∂J gζζ
∂ζ

)
+ 2gψθ ∂

2f

∂ψ∂θ
+ 2gθζ ∂

2f

∂θ∂ζ
+ 2gψζ ∂2f

∂ψ∂ζ

(C2)
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Now we define the flux aligned coordinate (ψ, θ0, ζ0), with θ0 = θ − ζ/q, ζ0 = ζ. The expression of the
Laplacian operator in the flux-aligned coordinates is given by

∇2f =gψψ ∂
2f

∂ψ2 + 1
J
∂f

∂ψ

[
∂J gψψ
∂ψ

+ ∂J gψθ
∂θ0

+
(
∂

∂ζ0
− 1
q

∂

∂θ0

)(
J gψζ

)]
+ gθθ ∂

2f

∂θ2
0

+ 1
J
∂f

∂θ0

[
∂J gψθ
∂ψ

+ ∂J gθθ
∂θ0

+
(
∂

∂ζ0
− 1
q

∂

∂θ0

)(
J gθζ

)]
+ gζζ

(
∂

∂ζ0
− 1
q

∂

∂θ0

)2
f + 1

J

(
∂

∂ζ0
− 1
q

∂

∂θ0

)
f ×

[
∂J gψζ
∂ψ

+ ∂J gθζ
∂θ0

+
(
∂

∂ζ0
− 1
q

∂

∂θ0

)(
J gζζ

)]
+ 2gψθ ∂2f

∂ψ∂θ0
+ 2gθζ

(
∂

∂ζ0
− 1
q

∂

∂θ0

)
∂f

∂θ0
+ 2gψζ

(
∂

∂ζ0
− 1
q

∂

∂θ0

)
∂f

∂ψ
.

(C3)

On the other hand,

∇2
⊥f =(∇ − b0b0 · ∇) · (∇ − b0b0 · ∇)f

=∇2f − b0b0 : ∇∇f + b0

B0
· [b0 · ∇B0](b0 · ∇)f.

(C4)

It turns out ∇2
⊥ = ∇2 + O(ϵ2), where ϵ ∼ r/R ∼ k∥/k⊥ ∼ gψζ∂ζ∂ψ/k2

⊥ ∼ gθζ∂ζ∂θ/k2
⊥. Here, we only

solve the gyrokinetic Poisson equation to the first order, and the perpendicular Laplacian operator can be
approximately obtained from the full Laplacian operator by dropping all the second-order terms,

∇2
⊥f =gψψ ∂

2f

∂ψ2 + 1
J
∂f

∂ψ

[
∂J gψψ
∂ψ

+ ∂J gψθ
∂θ0

− 1
q

∂

∂θ0

(
J gψζ

)]
+
(

gθθ + gζζ 1
q2

)
∂2f

∂θ2
0

+ 1
J
∂f

∂θ0

[
∂J gψθ
∂ψ

+ ∂J gθθ
∂θ0

− 1
q

∂

∂θ0

(
J gθζ

)]
− 1
J

1
q

∂f

∂θ0
×
[
∂J gψζ
∂ψ

+ ∂J gθζ
∂θ0

− 1
q

∂

∂θ0

(
J gζζ

)]
+ 2gψθ ∂2f

∂ψ∂θ0
− 2gθζ 1

q

∂

∂θ0

∂f

∂θ0
− 2gψζ 1

q

∂

∂θ0

∂f

∂ψ

(C5)

Appendix D Energy conservation and energy transferring rate
Following [87], we can write out the nonlinear gyrokinetic electromagnetic energy invariant in the parallel-
symplectic representation,

EGY =
ˆ
dx
ˆ
dvfsHGY +

ˆ
dx
[
−ϵ0

2 |∇ϕ|2 + 1
2µ0

|B0 + δA|2
]
, (D1)

where HGY is the gyrokinetic Hamiltonian expanded to the 2nd order of eδϕ/Te,

HGY =µB0 + 1
2mv

2
∥ + Zs ⟨ϕ⟩ − Zs ⟨δA⊥ · v⊥⟩ + Z2

s

2ms

(〈
|δA⊥|2

〉
+
〈
δÃ2

∥

〉)
− 1

2
〈{
S1, Zsψ̃

}〉
.

(D2)
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{, } is the unperturbed Poisson bracket in the guiding-center space, and

S1 ≈ qs
Ωs

ˆ
ψ̃dα ≡ qs

Ωs
Ψ̃,

ψ ≡ ϕ− v∥δA∥ − δA⊥ · v⊥,

ψ̃ ≡ ψ − ⟨ψ⟩,
δÃ∥ ≡ δA∥ −

〈
δA∥

〉
.

(D3)

The approximate definition of S1 stays valid as long as ω/Ωc ≪ 1. The Poisson bracket
〈{
S1, Zsψ̃

}〉
can

be written as 〈{
S1, Zsψ̃

}〉
= Z2

s

Ωs
〈{

Ψ̃, ∂αΨ̃
}〉

= Z3
s

msΩs

〈
∂Ψ̃
∂α

∂2Ψ̃
∂α∂µ

− ∂Ψ̃
∂µ

∂2Ψ̃
∂α2

〉
= Z2

s

B0

∂

∂µ

〈
ψ̃2〉

(D4)

In the GTC simulation, we define kinetic energy and field energy as

Ek,s =
ˆ
dx
ˆ
dvfs

(
µB0 + 1

2msv
2
∥

)
,

Ef =
ˆ
dx
[
−ϵ0

2 |∇ϕ|2 + 1
2µ0

|B0 + δA|2
]

+
∑
s

ˆ
dx
ˆ
dvfs

[
Zs (⟨ϕ⟩ − ⟨δA⊥ · v⊥⟩) + Zs

2m2
s

(〈
|δA⊥|2

〉
+
〈
δÃ2

∥

〉)
−1

2
Z2
s

B0

∂

∂µ

〈
ψ̃2〉] .

(D5)

The last term in Ef can be approximately calculated using the feature of the equilibrium distribution
function

−1
2

ˆ
dx
ˆ
dvfs

Z2
s

B0

∂

∂µ

〈
ψ̃2〉 ≈ 1

2

ˆ
dx
ˆ
dvZ

2
s

B0

∂f0s

∂µ

〈
ψ̃2〉 . (D6)

For the Maxwellian distribution
∂f0s

∂µ
= −B0

Ts
f0s,

and for anisotropic slowing down distribution,

∂f0s

∂µ
= −

(
3v

v3 + v3
c

B0

ms
+ 4 Ba

msv2
(Λ − Λ0) (1 −B0Λ/Ba)

∆Λ2

)
f0s.

The energy conservation of the system can be verified by checking that
∑
s Ek,s + Ef = const. When the

particle moves in the phase space from (R, µ, v∥) to (R′, µ, v′
∥) in a short time period ∆t, we can write the

change of the kinetic energy as

∆Ek,s =
ˆ
dx
ˆ
dvfs(R′, µ, v′

∥, t+ ∆t) ×
(
µB0(R′) + 1

2msv
′2
∥

)
−
ˆ
dx
ˆ
dvfs(R, µ, v∥, t) ×

(
µB0(R) + 1

2msv
2
∥

)
.

(D7)
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Since the evolution of particle distribution function conserves phase shape density and volume, we have
dxdvfs(R′, µ, v′

∥, t+ ∆t) = dxdvfs(R, µ, v∥, t), and

∆Ek,s =
ˆ
dx
ˆ
dvfs(R, µ, v∥, t) ×

[
µB0(R′) + 1

2msv
′2
∥ − µB0(R) + 1

2msv
2
∥

]
. (D8)

The time derivation of Ek is

dEk,s
dt

=
ˆ
dx
ˆ
dvfs ×

[
µ∇B0 · dR

dt
+msv∥

dv∥

dt

]
=
ˆ
dx
ˆ
dvfs ×

[
dR
dt

∣∣∣∣
B⊥

· Zs (−∇ ⟨ϕ⟩ + ∇ ⟨δA⊥ · v⊥⟩) − v∥Zs
∂
〈
δA∥

〉
∂t

]
,

(D9)

We have used the Hamiltonian to the first order in Eq (D9). And dR
dt

∣∣
B⊥ is defined as the summation of

the linear gyrocenter velocity and the magnetic fluttering velocity,

dR
dt

∣∣∣∣
B⊥

= v∥
B∗

B∗
∥

+ µ

Zs

b0 × ∇B0

B∗
∥

.

This time derivative of kinetic energy describes the energy transferring rate from wave to particles, and
we can verify the energy conservation by checking∑

s

1
Ef
dEk,s
dt

= − 1
Ef
dEf
dt

. (D10)

Appendix E Terms in electron momentum equation

δP = δP∥e

(
b0 + δB⊥

B0

)
+P∥0e

δB⊥

B0
+men0δu∥e

(
vE + vb∥

)
+men0eue∥0

(
δvE + vb∥

)
+ δΠc+ δΠg. (E1)

δΠc/me ≡ −
ˆ
dvv∥

mev
2
∥

eB∗
∥

b0 × (∇ × b0) × b̂0δfe

= −
men0eu∥0e

eB0
b0 × (∇ × b0) × b0

{(
eϕeff
Te

−
δB∥

B0
− e

Te

∂ϕeq
∂ψ0

δψ

)(
u2

∥0e + 3v2
th,e

)
+
(
u2

∥0e + 3v2
th,e

)(∂ lnn0e

∂ψ0
δψ + ∂ lnn0e

∂α0
δα

)
+ 3v2

th,e

(
∂ lnTe
∂ψ0

δψ + ∂ lnTe
∂α0

δα

)
+ 3

(
v2
th,e + u2

∥0e

)(∂ ln u∥0e

∂ψ0
δψ +

∂ ln u∥0e

∂α0
δα

)}
− me

eB0
b0 × (∇ × b0) × b0

ˆ
d3vv3

∥δhe,

(E2)
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where vth ≡
√
Te/me.

δΠg/me ≡ −
ˆ
dv

µv∥

eB∗
∥

b0 × ∇B0δfe

= − me

eB2
0
n0eu∥0ev

2
th,eb0 × ∇B0

(
eϕeff
Te

− 2
δB∥

B0
− e

Te

∂ϕeq
∂ψ0

δψ

)
−
men0eu∥0ev

2
th,e

eB2
0

b0 × ∇B0

[(
∂ lnn0e

∂ψ0
δψ + ∂ lnn0e

∂α0
δα

)
+
(
∂ lnTe
∂ψ0

δψ + ∂ lnTe
∂α0

δα

)
+
(
∂ ln u∥0e

∂ψ0
δψ +

∂ ln u∥0e

∂α0
δα

)]
− 1
eB0

b0 × ∇B0

ˆ
d3vµv∥δhe

(E3)

δΞ =
[
P⊥0e

δB⊥

B0
+ δP⊥e

(
b0 + δB⊥

B0

)]
· ∇B0

B0
− e

[
n0e

δB⊥

B0
+ δne

(
b0 + δB⊥

B0

)]
· ∇ϕeq

− (n0e + δne)
(

b0 + δB⊥

B0

)
· e∇δϕ+

(
b0 + δB⊥

B0

)
·

∇δB∥

B0
(P⊥0e + δP⊥e)

+ e∇ × b0 · ∇ϕme

B0
n0δu∥e + e

δΠg/me

b0 × ∇B0

[
∇ × b0 · ∇

(
B0 + δB∥

)]
(E4)

The expression of δPna and δΞna in the equation of δAna∥ are

δPna =δPna∥e

(
b0 + δB⊥

B0

)
+ P∥0e

δB⊥

B0
+men0δu∥e

(
vE + vb∥

)
+men0eue∥0

(
δvE + vb∥

)
+ δΠc + δΠg +

(
b0 + δB⊥

B0

)(
δP ad∥ − eϕeff

Te
P∥0e + eϕeff

Te
n0eTe

u2
∥0e

v2
the

) (E5)

δΞna =
[
P⊥0e

δB⊥

B0
+ δP⊥e

(
b0 + δB⊥

B0

)]
· ∇B0

B0
− e

[
n0e

δB⊥

B0
+ δne

(
b0 + δB⊥

B0

)]
· ∇ϕeq

+
(

b0 + δB⊥

B∗
∥

)
·

∇δB∥

B0
(P⊥0e + δP⊥e)

+ en0e
δB⊥

B0
· ∇δϕind + en0eϕeff∇ ·

(
b0 + δB⊥

B0

)
+ eϕeff

δB⊥

B0
· ∇n0e

− eδneb0 · ∇δϕff − eδne
δB⊥

B0
· ∇δϕ

+ e∇ × b0 · ∇ϕme

B0
n0δu∥e + e

δΠg

b0 × ∇B0

[
∇ × b0 · ∇

(
B0 + δB∥

)]
− (n0e + δne)

(
b0 + δB⊥

B0

)
· e∇δϕ00.

(E6)

Note that the last term of δΞna is non-zero if we define the ‘zonal’ potential as the flux-averaged value
along the unperturbed flux surface. In the massless electron limit, we still need to calculate δAna∥ , and
this term persists. However, it is impossible to have a parallel acceleration from the zonal potential in
the massless limit. The tricky part is that, if we strictly follow the definition of ‘zonal’ part following the
non-perturbative flux surface, then even in the massless limit, δhe is not zero. An exact opposite term in
δhe will cancel this term in δAna∥ . This mismatch between the massless electron limit and the non-zero
δhe is inconvenient and sometimes causes confusion. In practice, we will drop the last term of Eq (E6)
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and directly set δhe to 0 for the adiabatic electron response. And the exact form of δΞna and δhe will be
retained for the kinetic electron response.

The equilibrium pressure terms in the equation are defined as

P⊥0e ≡
ˆ
dvµB0f0e = n0eTe,

P∥0e ≡
ˆ
dvmv2

∥f0e = n0eTe

(
1 +

u2
∥0e

v2
th,e

)
,

(E7)

and the perturbed pressure terms are defined as

δP⊥e ≡
ˆ
dvµB0δf

ad
e +

ˆ
dvµB0δhe, (E8a)

δP∥e ≡
ˆ
dvmev

2
∥δf

ad
e +

ˆ
dvmev

2
∥δhe. (E8b)

Where the adiabatic/analytic part of the pressure terms are

δP ad⊥e ≡
ˆ
dvµB0δf

ad
e

=en0eϕeff − 2P⊥0e
δB∥

B0
+ ∂P⊥0e

∂ψ0
δψad + ∂P⊥0e

∂α0
δαad − en0e

∂ϕeq
∂ψ0

δψad,

δP ad∥e ≡
ˆ
dvmev

2
∥δf

ad
e

=eϕeff
Te

P∥0e − P∥0e
δB∥

B0
− e

Te
P∥0e

∂ϕeq
∂ψ0

δψad

+
[
∂ (n0eTe)
∂ψ0

δψad + ∂ (n0eTe)
∂α0

δαad
](

1 +
u2

∥0e

v2
th

)

− n0e

(
∂Te
∂ψ0

δψad + ∂Te
∂α0

δαad
)
u2

∥0e

v2
th

+ 2men0eu∥0e

(
∂u∥0e

∂ψ0
δψad +

∂u∥0e

∂α0
δαad

)
,

(E9)

Appendix F Neoclassical tearing mode simulations
For simulations of resistive MHD modes like neoclassical tearing mode (NTM), we can add the drag force
term in v̇∥e to model the resistivity from ion-electron collisions. v̇∥e,res = νei(u∥e − u∥i), where νei is the
collision frequency. This will induce an additional resistivity term in ϕeff , and the momentum equation
becomes

en0e
∂

∂t

[
− c2

ω2
pe

∇2
⊥ + n0e + δne

n0e

]
δA∥ =∇ · δP + δΞ + me

e

∑
s̸=e

Zsn0s
∂δu∥s

∂t

− νeime

e

∑
s̸=e

Zsn0sδu∥,s − en0eδu∥,e

 .

(F1)

In GTC simulation, the resistivity term in Eq (F1) is directly calculated by η∥

(
1
µ0

∇2
⊥δA∥ + δj∥,bs

)
, where

the parallel resistivity η∥ = νeime/
(
n0ee

2) can be evaluated by Spitzer formulation. In the code, this term
appears in the δϕind, ϕeff calculations, and is considered as part of δAad∥ .

39



For the same reason, Ampere’s law can include the resistivity-induced current, e.g., the bootstrap
current, and Eq (25) becomes

eneδu∥e = 1
µ0

∇2
⊥δA∥ +

∑
s̸=e

Zsnsδu∥s + δj∥,bs (F2)

In addition, in the simulations of NTM, we use a diffusive model to calculate the perturbed pressure to
replace the perturbed pressure in the continuity equation and the momentum equation [107],

∂δp

∂t
=χ∥∇2

∥δp+ χ∥∇∥

(
δB⊥

B0
· ∇p0

)
+ χ⊥∇2

⊥δp

+ χ∥

[
δB⊥

B0
· ∇
(

∇∥δp+ δB⊥

B0
· ∇δp+ δB⊥

B0
· ∇p0

)
+∇∥

(
δB⊥

B0
· ∇δp

)]
NL

,

(F3)

where χ∥ and χ⊥ is the parallel and perpendicular diffusion coefficients for δp, δp =
∑
s̸=e δps + δpe is the

total pressure. In [107], χ∥ and χ⊥ are given as known parameters.

Appendix G Calculation of equilibrium parallel current
In the GTC ideal MHD simulations in tokamaks, the kink mode can be driven by parallel current and
pressure gradient, the parallel current can be calculated numerically in several ways.

G.1 Calculating current directly in Boozer coordinate system
We directly calculate J∥0 from Eq (47). The δ̂-current is given by

δ̂ = −Igψθ + ggψζ
gψψ , (G1)

where gαβ = ∇α · ∇β is the element of the contra-variant metric tensor. One can note that gψζ/gψθ ∼
O
(
ϵ2
)
. But in the calculation of δ̂, gψζ cannot be simply neglected because I/g ∼ O

(
ϵ2
)
, and the two

terms are comparable in Eq (G1). Axisymmetry exists for 2D equilibria, and the toroidal direction ∇ϕ is
perpendicular to ∇ψ and ∇θ. However, a transformation has been applied to ϕ to construct the Boozer
toroidal angle ζ. For 2d equilibrium, the difference between ζ and ϕ is given by [108]

ν = ϕ− ζ

=
ˆ (

gJ
R2 − q

)
dθ.

(G2)

There is one degree of freedom to fully determine ν function, and we can simply choose ν (θ = 0) = 0.
Now from ϕ (ψ, θ) = ζ + ν we can obtain ∂ψϕ = ∂ψν, ∂θϕ = ∂θν, and ∂ζϕ = 1. Together with R (ψ, θ) and
Z (ψ, θ), the covariant metric tensor is constructed,

gαβ = ∂R

∂α

∂R

∂β
+R2 ∂ϕ

∂α

∂ϕ

∂β
+ ∂Z

∂α

∂Z

∂β
, (G3)

and accordingly, the contra-variant metric tensor is constructed from the covariant one, gψψ gψθ gψζ
gθψ gθθ gθζ
gζψ gζθ gζζ

 = 1
∆

 gθθgζζ − gθζgθζ gψζgθζ − gψθgζζ gψθgθζ − gθθgψζ
gψζgθζ − gψθgζζ gψψgζζ − gψζgψζ gψθgψζ − gψψgζζ
gψθgθζ − gθθgψζ gψθgψζ − gψψgζζ gψψgθθ − gψθgψθ

 , (G4)
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where ∆ is the determinant of the covariant metric tensor, ∆ = gψψgθθgζζ −gψθgψθgζζ −gθζgθζ −gψζgψζ +
2gψθgθζgψζ . Note that both the covariant and the contravariant metric tensor are symmetric, gαβ = gβα,
and gαβ = gβα. The disadvantage of this method is that ν itself is a higher-order term compared to ϕ or
ζ, and often has large numerical errors near the separatrix. The numerical errors in δ̂ term and therefore
the error in the parallel current are amplified through Eqs (G3) (G4), and (G1).

G.2 Calculating current using force balance
The total equilibrium current can be expressed as

µ0J0 = µ0j
ζ êζ + µ0j

θêθ, (G5)

where êα = ∂r/∂α is the covariant basis vector. Comparing it with the expression of ∇ × B0 in Boozer
coordinate, we have µ0j

θ = −g′(ψ)/J , then along with the equilibrium force balance equation J0 × B0 =
∇p we have

jθq − jζ = dp

dψ
, (G6)

that is,
jζ = − dp

dψ
− q

µ0J
dg

dψ
, (G7)

and the parallel current can be written as

µ0J∥0

B0
= µ0

B2
0

(
gjζ + Ijθ

)
= − dg

dψ
− µ0g

B2
0

dp

dψ
. (G8)

This method is much more straightforward and numerically friendlier than the first one. It only requires
the two 1-dimensional derivatives and does not need the calculation of high-order terms like δ̂ or ν. But
it requires a fully consistent pressure profile with other field quantities like g and B fields.

Appendix H Derivation of MHD dispersion relation
Combining Eqs (45) and (44), and using the condition ϕind = −ϕ taking δE∥ = 0, we can get the following
equation [38]

ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ iωµ0

(
iωeδn+ ∇ · δJ∥

)
= 0.

Substituting the linear terms of Eq (43) in the above equation, we obtain the dispersion relation for the
system

0 =ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ iωµ0

[
b0 × ∇

(
δP∥ + δP⊥

)
B0

· ∇B0

B0
− δB⊥ · ∇

(
J∥0

B0

)

− ∇ × B0

B2
0

·

(
∇δP∥ +

(
δP⊥ − δP∥

)
∇B0

B0

)
+ ∇ ·

(
δP∥b0∇ × b0 · b0

B0

)
− b0 × ∇δB∥ · ∇

(
P⊥0

B2
0

)
−

∇ × b0 · ∇δB∥

B2
0

P⊥0 + ∇ ·
(
δP∥b0∇ × b0 · b0

B0

)]
.
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In the long wavelength limit, we can keep the terms up to the order of O(ϵ2), and get the simplified
dispersion relation,

0 =ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ ib0 × ∇

(
k∥ϕ
)

· ∇
(
µ0J∥0

B0

)
− iωµ0

[
∇ × b0

B0
· ∇δP∥ + b0 × ∇B0

B2
0

· ∇δP⊥ − b0 × ∇P⊥0

B2
0

· ∇δB∥ −
(∇ × b0)∥

B0
b0 · ∇δP∥

]
.

Eq (46) shows that the compressional magnetic perturbation δB∥/B0 is much smaller than the pressure
perturbation δP/P0 because βe ≪ 1. However, the δB∥ drive can correct the δP⊥ drive by canceling out
the “drift-reversal” effects from the grad-B drift associated with the perpendicular diamagnetic current
[101, 102]. We can use the perpendicular force balance relation given in Eq (46) to rewrite the δB∥ drive
in the above equation,

b0 × ∇P⊥0

eB2
0

· ∇δB∥ = −µ0J⊥0

eB2
0

· ∇δP⊥,

where J⊥0 = b0×∇P⊥0
B0

is the perpendicular diamagnetic current.
And the dispersion relation becomes

0 =ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ ib0 × ∇

(
k∥ϕ
)

· ∇
(
µ0J∥0

B0

)
− iωµ0

[
2
µ0J∥0

B2
0

∇∥δP∥ + b0 × κ

B0
· ∇
(
δP⊥ + δP∥

)]
.

(H1)

In the low-beta limit, the perturbed pressure is isotropic δP⊥ = δP∥. And by further assuming k∥ ≪ k⊥,
the equation reduces to the commonly used ideal MHD dispersion relation [99,100],

0 =ω2

v2
A

∇2
⊥δϕ+ iB0 · ∇

(
∇2

⊥
(
k∥ϕ
)

B0

)
+ ib0 × ∇

(
k∥ϕ
)

· ∇
(
µ0J∥0

B0

)
− iωµ0

2b0 × κ

B0
· ∇δP.
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