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Trapped electron mode in a quasi-isodynamic stellarator
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Global gyrokinetic simulations find a strongly unstable trapped electron mode excited by a density gradient in
a quasi-isodynamic stellarator. The eigenmode structure localizes on the inner side of the torus with an unfavorable
magnetic curvature and weak magnetic field, where there is a large fraction of trapped electrons. The instability
saturates by nonlinear processes of turbulence spreading in the real space and spectral transfer from unstable to
damped regions. The steady state turbulence drives a large particle flux that may have significant implications for
the confinement of fusion fuel and removal of fusion ash in the optimized stellarator reactor.

Stellarator ~ with  non-axisymmetric magnetic
configuration [1] has attracted intense research interest
as a promising fusion reactor with the steady state
operation and reduced risk of disruptions since no
plasma current drive is needed. Advances in stellarator
design have drastically reduced the collisional (so-called
neoclassical) transport in the optimized stellarators such
as the quasi-isodynamic (QI) stellarator W7-X [2,3].
With neoclassical transport reduced, microturbulence
driven by driftwave instability can dominate the particle
and heat transport in the W7-X experiments [4].

While the ion temperature gradient (ITG) turbulence
can drive large heat flux, the trapped electron mode
(TEM) turbulence can drive large particle flux. The
TEM instability excited by density gradients has been
predicted theoretically to be stable in the QI stellarators
with favorable bounce-averaged magnetic curvature [5].
Consistently, a linear local (flux-tube) gyrokinetic
simulation using GENE code finds only weak TEM with
mode amplitude peaks in the outboard midplane of the
W?7-X [6] and driven mostly by ions [7]. However,
another local gyrokinetic simulation using stella code
finds that the TEM can be more unstable than the ITG in
the W7-X [8]. Subsequently, it has been shown that local
simulation results could depend on the choice of the
magnetic field line being simulated and are in general
different from the full flux-surface simulations for the
driftwave instability and zonal flow dynamics in the W7-
X [9, 10], because different field lines are not equivalent
in the QI stellarator. Therefore, global simulation is
required to reliably predict the turbulent transport in the
QI stellarator.

Global gyrokinetic simulations of the stellarators
[10-14] have recently been performed using Kinetic
electrons, but remain a computational grand challenge
due to the large ion-to-electron mass ratio and huge scale
separation. Reduced mass ratio and spatial resolution are
often used in nonlinear simulations [13-14]. In the
current work, we utilize the unique capability of the
global gyrokinetic GTC [15] for the first global
simulation of the electrostatic microturbulence in the QI
stellarator based on a model W7-X equilibrium using
real mass ratio and sufficient spatial resolution. Such a
global simulation with unprecedented realism and
resolution only becomes feasible thanks to GTC’s
efficient method of solving the electron drift kinetic
equation [16, 17], global field-aligned mesh in the real

space [18], and effective utilization of the most powerful
supercomputers [19].

The current GTC simulations find that an
electrostatic TEM can be driven strongly unstable by a
realistic density gradient in the QI stellarator using a
model equilibrium of the W7-X high-mirror
configuration. The linear eigenmode consists of many
toroidal harmonies and is localized to discrete field lines
on the inner side of the triangular section with weak
magnetic field and unfavorable magnetic curvature,
where the fraction of trapped electrons is large. This
strongly unstable TEM can drive a large particle
diffusivity comparable to the heat conductivity driven by
the ITG turbulence with the same gradient scale lengths.
The large particle transport could have significant
implications on the confinement of fusion fuel tritium
and the removal of fusion products Alpha ash in the
fusion reactor.

Global gyrokinetic simulation with kinetic electron.-
Global simulations of microturbulence with Kkinetic
electron using the gyrokinetic toroidal code (GTC) have
been extensively verified and validated for the
microturbulence in tokamaks with 3D resonant magnetic
perturbations [20-22], ITG turbulence [23] and
collisionless damping of zonal flows [24] in the LHD
and W7-X stellarators, neoclassical and turbulent
transport with self-consistent ambipolar electric fields in
the W7-X [25], and ITG and TEM with kinetic electrons
in the LHD [15]. In the current electrostatic simulations,
ions are governed by the nonlinear gyrokinetic equation
[26]. All passing and trapped electrons are simulated
using the drift-kinetic equation. Perturbed electrostatic
potential is calculated using gyrokinetic Poisson
equation [27].

The simulated model W7-X equilibrium [28] was
calculated by the equilibrium code VMEC [29] and cast
in the Boozer coordinates (y, 8, ), where 1 is poloidal
flux, @ is poloidal angle, and ¢ is toroidal angle [30].
This equilibrium has a small range of rotational
transform ¢ =[0.88, 0.96], i.e., a weak magnetic shear.
This configuration has a mirror-like magnetic field B
with the toroidal variation of B much larger than the
poloidal variation of B. Fig. 1a shows that the B is largest
at (=0 with a bean-shaped cross-section and smallest at
{=n/5 with a triangular cross-section. Consequently, the
amplitude of the mirror B(0,5) and helical B(1,5)
harmonics are larger than the toroidal harmonic B(1,0),
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so there are more mirror and helically trapped particles
than the toroidally trapped particles. In the current GTC
simulation, the electron and ion temperatures are
uniform with T;=Te=1keV and a Maxwellian distribution.
The electron density n. profile is defined by a gradient
function dInn,/ds = =1 + |2s — 1| where s = /¢,
and vy, is the poloidal flux at the last closed flux-surface.
The ion is proton with a real mass ratio of mi/m.=1836.
The major radius is Ro=5.61m and the on-axis magnetic
field is Bo=2.43T at { = 0 (left endpoint in Fig.1). The
on-axis ion gyroradius is p; = 1.32 X 10~3m. Since the
W?7-X has a field period of N=5, only one-fifth of the
torus as shown in Fig. 1 is simulated with a periodic
boundary condition in the toroidal direction. Thus, we
only simulate the eigenmode family n=kNs+i with i=0,
where K is a positive number and i indicates the different
five eigenmode families. The radial simulation domain
is s=1[0.2,0.8] , which is sufficiently large to
incorporate nonlocal effects of magnetic drift of trapped
particles across magnetic surfaces on the turbulence
dynamical time scale.

Full flux-surfaces with the entire poloidal angles are
simulated to capture the true eigenmode structure in the
non-axisymmetric stellarators with linear toroidal
coupling of multiple toroidal harmonics n, which could
result in the localization of eigenmodes to discrete
magnetic field lines (equivalently, localization in the
toroidal and poloidal angles). Global simulation would
need an extremely large number of spatial grid points to
resolve the TEM eigenmode with the n up to 350 (Fig.
4). Fortunately, this difficulty is overcome by the unique
GTC capability using a global field-aligned mesh in the
real space coordinates [18], which only needs a small
number of parallel grid points because of the anisotropic
eigenmode structures. Based on convergence studies
[23], the current simulations use (121, 4400, 27) grid
points, respectively, in the radial, poloidal, and parallel
direction. In contrast, conventional global codes need
800 toroidal grid points, which is computationally
prohibitive.

Numerical convergence studies show that nonlinear
simulation requires 200 particles per cell for each
species and a time step size for the ion orbit and field

solver At=0.008R./Cs where C; = \/T,/m;. The time
step size for the electron guiding center pusher is 30
times smaller due to the small electron mass. The current
simulation evolving the TEM from linear to nonlinear
steady state turbulence (Fig. 3) performs approximately
10% particle-step calculations, which becomes feasible
thanks to the excellent GPU-optimization of the GTC
code in the most powerful supercomputers [19].

0 »-211/5

FIG.1. Flux surface at s = 0.5 is viewed from geometry
center. (a) Magnetic field amplitude B. Black line is a
magnetic field line on the inner side (6~m), i.e., facing
geometry center. (b) Magnetic curvature x. (C)
Electrostatic potential amplitude e|¢|/T, in the linear
phase at t=16. (d) Electrostatic potential amplitude
e|¢|/T, in the nonlinear phase at t=32.

Linear excitation.- GTC global simulation with drift
kinetic electrons using physical and numerical
parameters described above finds an unstable driftwave
excited solely by density gradients. The mode location
coincides with the region of trapped electrons. This
mode only exists with kinetic electrons since there is no
instability in another simulation using adiabatic
electrons. The linear eigenmode consists of many
toroidal harmonics with dominant n=[150, 320] (black
line in Fig. 4) at s=0.5. The maximal amplitude occurs at
n=260, which corresponds to kgp; = 1.24 . Here,
poloidal wavevector kg=950/m is calculated using the
poloidal wavelength at s=0.5. The linear growth rate is
y = 0.52 and real frequency w, = 1.40 (all frequencies
in unit of Cs/Ry). It is excited by ion free energy
associated with the density gradient, similar to that
reported in Ref. [7]. It propagates in the ion diamagnetic
direction and the frequency is much smaller than the
diamagnetic frequency w* = kgvy;, = 18.2 . For
comparison, ion acoustic wave frequency in the fluid
limit is w4y, = 3.57 with finite Larmor radius (FLR)
effects and kjRo=7.59 measured from the simulation.
The ion transit frequency is w! = 7.59 over a parallel

wavelength and ion bounce frequency is w}, = 3.20 in
the helical magnetic well. The ion guiding center
magnetic drift frequency w = kyv, = 0.856 for the
helically trapped ion with thermal energy is in the same
direction. The electron driftwave frequency is w; =
—4.02 with FLR effects and electron guiding center
magnetic drift frequency wg = —0.856 for the helically
trapped electron with thermal energy at s=0.5.
Apparently, poloidal components of the guiding center
magnetic drift and diamagnetic flow are in the same
direction, so this model QI equilibrium is not a
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maximum-J configuration for the helically trapped
particles (here J is the second invariant) [31].

Linear TEM structures extend along the magnetic
field lines and are localized in both toroidal and poloidal
directions. The parallel wavelength is much longer than
the perpendicular wavelength, as expected for the usual
driftwave eigenmode. As shown in Fig. 1c, the linear
eigenmode amplitude peaks in the weak magnetic field
region (triangular section) with a toroidal angle { = /5
that has the largest fraction of helically trapped particles.
On the poloidal plane shown in Fig. 2a, the eigenmode
amplitude peaks on the inner side of the triangular
section with a poloidal angle 6~m (i.e., facing the
geometry center), where the magnetic curvature points
to the direction away from the geometry center and to
the magnetic axis (i.e., bad curvature for normal pressure
profile peaking on the magnetic axis). Fig. 1b shows the
bad curvature on the inner side (6~m) of the triangular
section at {=xz/5, but on outer side (6~0) of the bean
section at {=0. Here, the radial component k, of the
magnetic curvature k = (b - V)b is calculated as k,, =
(x - Vy)/|Vy| and b is the unit vector in the direction
of the magnetic field.

The TEM in both QI stellarator and tokamak
localizes in the unstable region with weak magnetic field
(where trapped electrons reside) and bad curvature
(which destabilizes driftwave), but the TEM in the QI
resides in the inner mid-plane while the TEM in the
tokamak resides in the outer mid-plane. More
importantly, the tokamak TEM amplitude is uniform
across all magnetic field lines, but the QI TEM
amplitude sharply peaks at magnetic field lines that
center at the inner mid-plane of the triangular section of
the W7-X. The localization of the TEM structure to only
a small fraction of the magnetic field lines shown in Fig.
1c is consistent with the coupling of many toroidal
harmonics in the linear eigenmode spectrum shown in
Fig. 4, which requires a global simulation. Without prior
knowledge of such an unconventional mode structure,
the local GENE simulations in Ref. [6] focusing on the
field lines centered at the outer mid-plane only find a
weak TEM excited by toroidally trapped electrons in the
W?7-X. In fact, only after the report of the current GTC
global simulations [32], GENE-3D full flux-surface
simulations [14] with reduced resolutions (using only
198 poloidal grids in GENE-3D vs. 4400 in GTC) find a
similar unconventional TEM mode structure in the W7-
X.
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FIG.2. Electrostatic potential amplitude e|¢|/T, on the
poloidal plane with triangular cross-section at (=n/5 for
(a) linear phase at t=16, and (b) nonlinear phase at t=32.
The left side is facing the geometry center. Color bars
are the same as that in Fig. 1 (c) and (d).

Nonlinear saturation.- After the initial exponential
growth in the linear phase, the TEM amplitude and
particle diffusivity grow to a high level at t~20 (all times
in unit of Ro/Cs) and gradually saturate to reach a steady
state turbulence after t~30 as shown by the red solid line
in Fig.3. Similar turbulence amplitude and transport
levels have been observed in another simulation where
zonal flows associated with flux-surface averaged
potentials are artificially removed. Therefore, zonal
flows are not the dominant saturation mechanism for the
TEM in the W7-X, similar to the TEM in the LHD
stellarator [12]. On the other hand, zonal flows are the
dominant saturation mechanism for the ITG in both the
W?7-X and LHD [23].

The TEM saturation is accompanied by nonlinear
processes of turbulence spreading in real space from
unstable to stable regions and spectral transfer from
unstable to damped modes. First, turbulence spreads in
both radial and poloidal directions, eventually fills most
of the linearly stable radial domain and all poloidal
angles as shown by the nonlinear mode structure in Fig.
1d and Fig. 2b. Nonetheless, the turbulence intensity is
still the highest near the linear eigenmode structure.
Secondly, the radially elongated streamers of the linear
eigenmode are broken into more isotropic eddies due to
the nonlinear ExB advection, which leads to the forward
cascade of the radial wavevector spectrum to the linearly
damped, large radial wavevector regime. Finally,
toroidal spectrum cascades inversely from linearly most
unstable high-n modes (n~260) to linearly damped, but
nonlinearly dominant, mesoscale-n modes (n~100) as
shown in Fig.4. The TEM instability saturates when the
nonlinear transfers of the energy from waves to particles
balances the linear drive by the density gradients.
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Although zonal flows do not dominate the TEM
saturation directly, they can facilitate the inverse cascade
of the toroidal spectrum because of the linear coupling
between zonal modes (i.e., n = 0) and non-zonal modes
(i.e., n > 0) in the stellarator [24]. At the early nonlinear
phase t=20 (green line in Fig. 4), linearly stable toroidal
harmonics (n<100) start to be generated with the n=5
harmonic of the perturbed electrostatic potential having
the largest amplitude since the largest component of the
non-axisymmetric equilibrium magnetic field is the n=5
harmonic. The amplitudes of these low-n harmonics
increase quickly during the saturation process (pink line
for t=24). The high-n unstable harmonics can scatter on
these low-n harmonics, leading to the inverse cascade of
the toroidal spectrum [33]. After the saturation, the
toroidal spectrum of steady state turbulence at t=32 (red
line) is dominated by the mesoscale-n harmonics
(n~100).
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FIG.3. Time evolution of flux-surface averaged particle
diffusivity (solid red) and noise-driven diffusivity
(dotted red) in the TEM simulation, and ion heat
conductivity (dashed green) in the ITG simulation.
Transport coefficients are calculated at the s=0.5 flux-
surface and normalized by gyro-Bohm unit Dgg.

Particle transport.- In the steady state turbulence,
the TEM drives a particle diffusivity (same for both
electron and ion because of quasi-neutrality) D =
0.08D;p, Where D;p = p*cT,/eB is the gyroBohm unit
and p* = p;/L,, is the ion gyroradius normalized by the
density gradient scale length L, with Ry/L, = 21.3 at
the s = 0.5 flux-surface. To make sure that the
simulation is not contaminated by particle noise, the
noise-driven diffusivity [34] is also calculated in the
same simulation and shown in Fig. 3. The noise-drive
diffusivity represents less than 1% of the total measured
particle diffusivity, which indicates that the nonlinear
simulation is numerically converged.

The effectiveness of the TEM turbulence in driving
the particle transport is comparable to that of the ITG
turbulence in driving the heat transport. For comparison,
we have performed another GTC simulation with kinetic
electrons using the same W7-X geometry and all
parameters, except that the density is now uniform and

that the electron temperature (same as ion temperature)
is defined by the following gradient function:
dInT,/ds = —1+ |2s — 1|, which is the same as the
density gradient function in the TEM simulation. The
new simulation with this temperature profile finds an
ITG instability with a linear growth rate y = 0.86 and a
real frequency w,. = 3.22. The ITG nonlinear saturation
is dominated by the zonal flows. The steady state ITG
turbulence drives an ion heat conductivity (green dashed
line in Fig. 3) very similar to the particle diffusivity
driven by the TEM turbulence. Therefore, global GTC
simulation results finding a large particle transport
driven by the strong TEM turbulence contradict earlier
studies [6] predicting a benign TEM in the W7-X.
Finally, GTC simulations with both density and
temperature gradients have also been performed and
confirmed earlier finding [35] that the transport is lower
with both density and temperature gradients. More
detailed study including electromagnetic effects will be
reported in a future publication.
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FIG.4. Time evolution for toroidal spectrum of perturbed
electrostatic potential at s=0.5 flux-surface from linear
phase (t=16), to nonlinear saturation (t=20-24), and
finally to steady-state turbulence (t=24).
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