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Abstract

By employing both nonlinear gyrokinetic simulation and analytical theory, we have investigated
the effects of zonal (electromagnetic) fields on the energetic particle’s (EPs) drive of
reversed-shear Alfvén eigenmodes (AEs) in tokamak plasmas. Contrary to the conventional
expectation, simulations with zonal fields that are turned on and off in the EP dynamics while
keeping the full nonlinear dynamics of the thermal plasma indicate that zonal fields further
enhance the instability drive and thus lead to a higher saturation level. These puzzling
simulation results can be understood analytically in terms of the general fishbone-like
dispersion relation with the correspondingly different EP phase-space structures induced by the
zonal fields. Analytical expressions for the zonal fields that are beat driven by the reversed-shear
AEs are also derived, and shown to be in good agreement with the simulation results.
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1. Introduction

The interaction between energetic particles (EPs) and Alfvén
eigenmodes (AEs) is crucial for understanding the stability
and transport dynamics of fusion plasmas in magnetic confine-
ment devices, such as the tokamak. Among the various AEs,
reversed-shear Alfvén eigenmodes (RSAEs) [1, 2] have attrac-
ted significant interest due to their complex interplay with
EPs in reversed-shear configurations, which are essential for
achieving self-organized steady-state operations that are con-
ducive to sustained fusion. Previous extensive simulations on
the nonlinear physics of RSAE [3-5] have clearly shown that
the zonal electromagnetic fields (ZFs) could be beat driven
by RSAE, and significantly lower the RSAE saturation level.
There are two possible routes to achieve such suppression of
RSAE by ZFs. The first route is via the nonlinear dynamics
of thermal plasmas, such as nonlinear frequency shift and/or
modification of the local current/safety factor profile, thereby
enhancing the continuum damping [4, 6]. The second route is
via modifications by ZFs in the EP dynamics and drive. Studies
on both routes have so far been qualitative, and the underlying
physics mechanisms remain not well understood. The focus
of the present work is to investigate the physics of the second
route up to the initial saturation.

More specifically, our aim is to provide, by using both non-
linear gyrokinetic simulation and theory, clear and detailed
analyses on the nonlinear beat-driven generation of ZFs by
RSAE, as well as how such ZFs affect the EP drive of RSAE.
To facilitate our analysis, we categorize our studies into three
cases, referred to as cases A, B, and C, each representing dif-
ferent treatment of zonal fields in the EP dynamics. In Case
A, labeled as ‘No-ZFs Case A’, we focus on fully nonlinear
thermal plasmas while deliberately excluding the effects of
zonal fields on EPs. Case B, labeled as ‘Full-ZFs Case B’,
incorporates fully nonlinear treatment of both thermal plasma
and EPs, revealing the unexpected result that inclusion of the
ZFs in EP dynamics yields an increased saturation level relat-
ive to No-ZFs Case A. Lastly, Case C, labeled as ‘Partial-ZFs
Case C’, keeps fully nonlinear thermal plasmas, while remov-
ing zonal shearing effects in EPs, resulting in a negligible or,
more precisely, a weak stabilizing effect on RSAE saturation
when compared to No-ZFs Case A. In all these three cases,
we remark that ZFs are fully retained for the thermal ions and
electrons.

Our findings indicate that including ZFs that are beat driven
by RSAE in the EP dynamics tends to enhance the EP’s drive,
resulting in a higher RSAE saturation level. Moreover, sup-
pressing zonal shearing effects in EPs appears to exert a sta-
bilizing effect on the RSAE saturation level. These conclu-
sions, contrary to conventional expectation, could be under-
stood analytically in terms of the general fishbone-like disper-
sion relation (GFLDR) [7, 8] with different EP phase-space
zonal structures (PSZS) [9] generated in the three cases.

The paper is organized as follows: section 2 presents the
nonlinear simulation results from gyrokinetic toroidal code
(GTC) [10] for the three cases discussed above. Section 3
presents analytical theories for the beat-driven zonal fields, as

well as, for the three cases, EP PSZS generated by ZFs and
their implications to RSAE stability. Conclusions and a dis-
cussion are given in section 4.

2. GTC simulations

The equilibrium and plasma profiles adopted in GTC
simulations [10] are selected from DIII-D discharge #159 243
[11] at 805 ms and reproduced by the kinetic EFIT code [12],
which have also been well simulated in other benchmarking
codes [3, 13]. The simulations employ a typical reversed mag-
netic shear configuration with a minimal safety factor g, =
2.94 near the major radius R = 1.98 m on the mid-plane for the
low-field side, where RSAEs are observed in experiments and
validated in simulations. Here, ¢, the safety factor, represents
the ratio of toroidal to poloidal turns of magnetic field lines.

For the GTC simulation model [14], EPs and thermal ions
are described by a gyrokinetic model [15], and electrons are
described by a drift kinetic model. Since 8 < 1 and ng > 1,
the effects of the compressible magnetic perturbation 6B and
equilibrium current J|;o on RSAE, as verified in previous sim-
ulations, are negligible. Here, (3 is the ratio between plasma
and magnetic pressures, and 7 is the toroidal mode number.
Using the parallel velocity, v, description [15], the perturbed
gyrokinetic Vlasov equation can be written as

(Lo +0L)SF = —8LFy, (1)

where F| is the equilibrium distribution, 8F is the perturbed
distribution, and the equilibrium and perturbed propagators in
the (X, v)) phase space are given, respectively, by

uB; 0

0 0
'CO:@""(U\Ibo-i'vd)'afx_?o'VBoaiU”» 2
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Here, X is the gyro-center position, = v% /2By is the mag-
netic moment, Z is the particle charge, m is the particle mass,
c is the light speed, By is the equilibrium magnetic field, 6B
is the perpendicular magnetic perturbation, 6A is the paral-
lel component of the perturbed vector potential, and d¢ is the
perturbed scalar potential. Furthermore,

vg=by x (MVBQ —‘rUﬁl‘.‘,) /Q,
&
VE = Eobo X V(Sqf),

BO'UH
Q

where by = By/By, {2 =ZBy/mc, and k = (by- V )by is the
curvature of By. For a single n mode simulation with zonal
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components (labeled as subscript ‘z’), equation (1) can be fur-
ther written as,

(Lo+ 0L+ 0L.) (OF, +0F.) = — (3L +6L.) Fo,  (4)

where L, and §L, correspond to the perturbed propagators,
equation (3), with, respectively, the toroidal mode number n
and zonal components of the electromagnetic fields.

In GTC simulations, an initial Maxwellian distribution is
used for thermal plasmas and EP with 7. = 7T; = 1 keV and
Tg = 20 keV. Simulations are performed using a low-noise 8f
scheme [16] with a particle number per cell of 1000 to min-
imize the noise. The radial boundary of the simulation domain
is R = [1.81,2.23] m. Based on the convergence studies, GTC
uses a global field-aligned mesh with 32 parallel grid points,
which is sufficient to resolve the long parallel wavelength,
and 5 x 10* unstructured perpendicular grid points with a grid
size ~ 1.3p;, where p; ~ 2.1 mm is the thermal ion gyrora-
dius. The time step is set to be 2 x 107> ms to resolve the
high-frequency RSAE and the fast electron thermal motion
Ugh,e ~ 2 X 10’ ms~!. In addition, the initial condition is only
random noise, and all poloidal harmonics are included for a
select specific toroidal mode using Fourier filtering.

In the present work, to delineate the effects of zonal fields
¢y, 5AH 2) on the EP dynamics, three simulations, labeled as
cases A, B, and C, are carried out for the most unstable n =4
RSAE. Case A corresponds to the No-ZFs case, where we set
0L, =0 in the EP gyrokinetic Vlasov equation, equation (4),
to remove the effects of ZFs on EPs. Case B corresponds to the
Full-ZFs case, where d £, on both sides of equation (4) is kept
for EPs. Meanwhile, Case C corresponds to the Partial-ZFs
case, where we keep 0 £, on the right-hand side of equation (4);
however, we set L, = 0 on the left-hand side of equation (4),
i.e. the EP perturbed propagator, to remove the so-called shear-
ing effects due to ZFs. Note that, in all three cases, ZFs are
fully retained for the thermal electrons and ions.

Figure 1(a) shows the time history of the mode amplitude
of the n=4 RSAE scalar potential, d¢y, for the three simu-
lation cases. In the early linear phase, i.e. before 0.4 ms, the
effects of ZFs on the RSAE amplitude are negligible due to the
small amplitude of the ZFs. However, in the later linear phase,
the Full-ZFs Case B exhibits a stronger drive and, thereby, a
higher initial saturation level than No-ZFs Case A and Partial-
ZFs Case C. This result contradicts the conventional expecta-
tion that ZFs tend to suppress instabilities and, thereby, lower
the saturation level. Furthermore, the fact that No-ZFs Case A
essentially overlaps with Partial-ZFs Case C is also puzzling,
since it suggests that § £, on the right-hand side of equation (4)
has a negligible effect on RSAE excitations by EPs. It is worth-
while noting that the effects of ZFs also enter implicitly via
the PSZS, 8F,, which cannot be suppressed in simulations.
Consequently, as will be demonstrated in section 3.2, these
puzzling simulation results could be understood analytically
by employing the GFLDR along with the different EP PSZS
that are nonlinearly generated in the three cases. Figure 1(b),
meanwhile, plots the time history of the nonlinearly generated
zonal potentials, d¢,, for the three cases. Curves for ed 4/ Te,
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Figure 1. The time history of the perturbed electrostatic potential
edd4/Tea (a), normalized by the on-axis electron temperature 7Teq,
for the selected toroidal n =4 modes on the g, flux surface from
cases A (red), B (black), and C (green). The normalized zonal scalar
potential ed¢;/Tea (b) is the root-mean-square (rms) value averaged
over the radial domain of the major radius R = [1.91,2.04] m. (c)
and (d) The corresponding plots using a base-10 logarithmic scale
on the vertical axis.
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Figure 2. The time history of the parallel vector potential
evpbA|4/(cTea) (a), normalized by the on-axis electron temperature
Tea and Alfvén speed vy = Ba/\/4T neami with the ion mass m;, the
on-axis magnetic field B,, and ion density ne,. (b) The time history
of the normalized zonal vector potential evpdA|;/(cTea). () and (d)
The corresponding plots using a base-10 logarithmic scale on the
vertical axis.

and ed¢,/Te, are also plotted in figures 1(c) and (d) in semi-
log scale. During the linear phase, it is observed, as in previ-
ous RSAE simulations, that the ZFs grow at twice the linear
growth rate of RSAE, clearly indicating that the ZFs are beat
driven by RSAE [3, 5, 17]. Figure 2 plots the corresponding
time histories of the parallel vector potential, dA |, showing the
same features as d¢. By adopting the beat-driven generating
mechanism, we will derive, in section 3.1, the corresponding
analytical expressions of 8¢, and JA| ., which are shown to
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be in good agreement with simulations, and are used later in
section 3.2 to analyze the effects of ZFs on EP excitations.

3. Theoretical analysis

3.1. Beat-driven ZFs by RSAE

Let us consider a large aspect-ratio tokamak with circu-
lar magnetic surfaces; i.e. e=r/R~ O(107!) < 1, with r
and R being, respectively, the minor and major radii. Here,
/3, meanwhile, is taken to be O(€?) < 1. Let Qg = (wo,no)
denote an RSAE with a toroidal mode number ny and mode
frequency wy = wo, + i0;. Note g could be either linearly
excited by EPs, with 0, = yp < wo, being the linear growth
rate, or excited by an external antenna with 9, — 0™, Since
B < 1, magnetic compression is negligible, and thus € is
described by the electromagnetic perturbations d¢o and Ao,
with 6¢o and 0A | being the scalar and parallel vector poten-
tials, respectively. More specifically, we take

6¢O _ —1w riHing€ m —1m0
<5A||o> — e iwn Z +ece. (5

m

Here, £ is the toroidal angle and 6 is the poloidal angle. Since
|k op:i|* < 1, with k¢ being the perpendicular wave vector
for €y, we may further assume that {2 satisfies the ideal
magnetohydrodynamics (MHD) approximation dEjo >~ 0, i.e.
OJ()(SAHO = —iC(bo : V)(S(bo, or

k”mq)m = WOAm/Ca (6)

where k|, = (nog —m)/qR.

We now consider the nonlinear generation of the zero-
frequency ZFs beat driven by 2. Let the corresponding zonal
state be denoted as €2, = (w,,n = 0): that s,

0, ) <<I>Z (r, t))
= +c.c., 7
<6A|Z AZ (r,t) ( )
and | —iw,| = |0, In®,| = |9, InA;| < wpi, Wy, wor, With wp,
and wy; being, respectively, the thermal ion bounce and transit
frequencies. The governing equation, first, is the nonlinear
gyrokinetic equation [18] for the non-adiabatic component

of the perturbed distribution function, &g;, given, for j =
species, by

Ladgli=i(5,) QFu(oL) ~[(6U,) - Vgl @)

where
ng:8,+u”b0.V+vd~V, )
QF()j = (18,8/65 + L:}*k) F()j, (]O)
Lt)*kFojzfi(b()/QjXVFoj)'V, (1
and 0Ly = (6¢ — v 6A|/c)r. Meanwhile, e=v?/2, (A)

denotes the gyro-averaged A, i.e. (0Ly) = JydLy, with J, =
Jo(Mg). Jo being the Bessel function, A\yj =k, p;, and p; =

v/ €};. Note here that the wave vector, k, should, in general,
be understood as an operator, k = —i'V. Finally, noting

<§Ug>k = <5UE> +UH <§BJ_>/BO

= S box V(5LY), (12)
By

the nonlinear term can then be expressed in terms of the wave
vectors as

C ’
[(0U,) - Vg, = <Bo> Nirr [(SLy Y Oge] (13)
where k' + k" =k, and
A¥, = (¢/By) (kl X k;) by (14)

Note also, since ngp/n;, < 1, the EP contribution to the ZFs is,
typically, negligible.

To generate the ZFs, let us first consider the electron
responses. Letting dg,. = 5g§el) + 6g§3), we then have, from
equation (8) and noting |k, p.| < k1 pre| < 1, for trapped
electrons,

e
88tes = — 7 Fuedo, (15)
e
and, for circulating electrons,
e _
§gzec 7*FM€ (5(25 7’UH§AH/C)Z. (16)

T,

In deriving equations (15) and (16), we have taken the thermal
plasma to be Maxwellian, and o) is the transit-averaged V-

For the nonlinear response, 6g§3 ), meanwhile, we have, from
equation (8),

[(0/01+ vy V) 5g<2)}

_ < pk (5s - UHMH Sou
"By A% y h

Noting that, for RSAE, |kjve| > |wil,
equation (8),

(17)
we have, from

Wie

w >k’ -

Sgue ~ Ogl) ~7;ﬂm@f (18)

Here, wiji = wajn[1 + n(v? Jv} —3/2)]; with w.j, = (cT/eBy);
(kxbg)-VInN; and 1;=|VT;|/|VN;|, and 0¢p =
(wOA| [cky)p = 0¢p via the ideal MHD  constraint,
equation (6). Equation (17) then readily yields, for the
trapped electrons,

1 0
6g§e)t 7*FM€ 3 [(kgw*e>k,(5¢k/6¢ku:|

T By T, "W, or (19

and for the circulating electrons,
1 0

2) = 4 11 .
0800 BOTFMEW% > [(kowse =0y kok) ), Gu i)
(20)
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In derivjng equations (19) and (20)1 we have noted
k' = kgo© + k”Qbo — if‘a/ar, k' = —kgp© — k”obo - ii@/ar,
wy = wo, +1i0/0t, and wypr = —wp, +1i0/0t. Also, noting
equation (5), [d¢wddu], = |6¢p|* should be understood as
summing up all the poloidal harmonics, e.g.

_ noq (nog —m) 2
[(kok) ), 56 ], = ij TR [em 0@
For ions, however, we need, in general, to keep the finite
Larmor-radius and drift-orbit-width effects via the transform-
ation to the drift/banana centers [19]. That is, letting

08z = exp (—idai) 0&zids (22)

where Ay = kzrpar, U”(?Ipd, = vy, and by following steps
that are essentially the same as those for electrons, we then
derive from equations (8)—(13), 0g.iy = 5g£ +6g,l) Here,
for trapped ions,

e
085, = (TFMi) I (3000 —3a04)),,  (23)

and, for circulating ions,
52 ~ (L Fyi ) 90d. (56— 0,0A 24
g = | 7 Fui | J0T. (06 =004 fe) . (24

In equations (23) and (24), J,0 =exp(i\gy) and J, =
(v)/c)exp (iAgi) correspond to finite drift-orbit/banana-width
effects, and (..

(5g,ld is given for both trapped and circulating ions
approximately by

.) denotes bounce averaging. Meanwhile,

@ . ¢ eFy

: R — Jz,k/ * /5 /5 ’1 . 25
8id BoT, o2 310 [ wkgWakr O Oy ]Z (25)
Here, again, [---], should be understood as summing over all

the poloidal harmonics. We note that in deriving equation (25),
we have ignored the ion (v)|0A /c); contributions from RSAE,
since |wi| > |kjv,|. Equations (22)—(25) then yield

Fui
5g') ~ (eTM )J 0.0 (3000 — 3.0A1).,  (26)
eFy; _
ogl}) ~ (TM> 3ol (56— D)0A [c),, @D
and
2 c e Fy; 0 5
58 ~ BT 33013 - [kgow*io|5¢o| } @8

With the dg,’s derived, we can then proceed to calculate
8¢, and 0A|. First, the parallel Ampere’s law, ViéAHZ =
4mdJ,/c, can be readily shown to yield [20]

A;

0
— [keokyo|6¢0|*]

c
¢ Bow} or

c QZ(@) (nog —m) @2

~ Bow}, Or —~\r gR

(29)

Here, 6t = (wdA| /ckj|)o. In deriving equation (29), we have
noted that 8J, ~ dJ,, since m; > m,, |V c/wy|> <1, and
equation (21). Next, the quasi-neutrality condition for the 2,
zonal mode, taking single charged ions and 7 =T, /T;,

N[€2
(14+7)06:= > ej(J:0g5)v, (30)
¢ j=e,i
then yields
c 1 )
(bz = B (1 +C0nl) ar [kGOW*in‘(;QﬁOl ] y
0 W, Or
0 nogq 2
Bo 7 (ran) 5 Em: (B wanl@af. 6D
where

= ((1=8%) (v*/203=3/2) Fai)o / ((1=38%) Futi)o,
(32)

and we have taken J? ~ J% ~ 1 but kept J%. Note that, for
|Aai] <1, ((1—32%)Fmi)o corresponds to the Rosenbluth—
Hinton neoclassical polarization due to the trapped ions [21],
and ¢p ~ 1. In deriving equation (31), we have noted that, from
equation (29) and |nogmin —m| < 1 for RSAE, the J.10A,
term due to trapped ions in equation (23) generally makes a
negligible contribution to d¢,. Equations (29) and (31) thus
correspond to the ZFs beat driven by the ponderomotive force
of the RSAE, €.

To compare the analytical expression with the simulation
results, we have plotted (black solid line) in figure 3(a) the
radial profile of the normalized 8¢, from the Full-ZFs Case
B simulation at #=0.42 ms linear phase. The black dashed
line, meanwhile, is the corresponding analytical curve accord-
ing to equation (31) with ¢y = 1. Similar curves for 6A . with
equation (29) along with §) are plotted in figure 3(b). It can
be observed that the analytical and simulation results are in
good agreement for both zonal fields. It thus gives us confid-
ence to employ the analytical expressions to investigate the
effects of ZFs on EP excitation in section 3.2. We remark
that the expressions for A, and ®, given, respectively, by
equations (29) and (31) are derived subject to a minimal of
approximations, and thus can be expected to also be generally
valid for other types of high-frequency AEs: e.g. the toroidal
Alfvén eigenmode (TAE) [22].

3.2. Energetic-particle excitations of RSAE and PSZSs

To analyze how ZFs affect the EP drive on RSAE, we first note
that, with d¢9 = dv)y, the corresponding gyrokinetic vorticity
equation can be written as [20]
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Figure 3. Radial profiles of the normalized zonal scalar potential
d¢. from Full-ZFs Case B (solid line) and the analytically derived
8¢, using equation (31) with ¢o = 1 (dot—dash line) on the
mid-plane for the low-field side at  =0.42 ms (a). The radial
profiles of the corresponding normalized zonal parallel vector
potential 0A |, using equation (29) are shown in (b). The gray
dashed lines represent the gmin flux surface.

BO(&Z+TOV) (Bio —VZ E@Boaﬁﬁbj
71 ) 2
X < 0/\2 )> VJ_@r5¢—Zecbo><V<6’uF0j (0)\72)>
J
- VVio6+ > eV - (valodg)v+ 0By -V (#)

0
+Y e <Jo {Biobo XV (Jodo) - Vagj} >

=0.

v

(33)

In equation (33), > is over all j = species, and we have
assumed Fy; is isotropic; OFg;/Op = 0. From equation (33),
we can then derive, variationally, a GFLDR [7, 8] and extract
the following EP contribution to the RSAE instability drive;

Tmdé W = exIm / X {505 (Jow, +walo) 0gro) - (34)

Here, w, = —i(6Uy),- V 1, wg = —iv,- V |, and Im denotes
the imaginary part due to wave-particle resonance, and
IméWyo >0 gives rise to instability drive. Note that, as
observed in simulations [3, 23-25], [(0U,), - V 1 | is, typically,
of O(y1) < |vgg - V 1| Thus, ZF effects on Imd Wy predom-
inantly enter via dgg. To understand the simulation results
in terms of the above analytical theory, i.e. equation (34), we
need to establish the connection between the perturbed distri-
bution functions obtained in simulation and &g.

First, we note that, in simulations, one employs the gyro-
center distribution function, i.e.

f= (E) i (1—e V) dp+e PVf,

m/ Oe (35

where f, satisfies the following nonlinear gyro-center gyrokin-
etic equation [15]
(Log+0Lx+0L.)f, =0, (36)

L, is given by equation (9), 6Lx = (6U,) - V, (6U,) is given
by equation (12), L. = §¢0/0e, and

§é = (3) [w <b0+<63l>> (0E)+vg- OE)|.  (37)
m BO

Note that, in equation (36), to facilitate the connection with

8g, we employ the e = v? /2 variable instead of the equivalent

equation (1) in terms of the v variable. In analytical theory

[18], we have

= e % -V
f_F0+(m) 86 +e Vo,

(38)
Thus, letting f, = F,o + dF,, noting Fo = exp(—p - V)Fg, wWe
then readily obtain

Jod6.

¢ ) OF 0 (39)

0g = 0F, — (% Oe

We remark that the two nonlinear gyrokinetic equations,
equations (8) and (36), are the same: except in equation (8)
we have ignored the O(p/R) higher-order small terms due to
the so-called parallel nonlinearities.

Let us consider simulations where only one single-ng
RSAE (d¢o, 0A)0) and ZFs (8¢., 6A.) are kept. Thus, let-
ting, correspondingly, 6F, = 6F 40 + 0F ., equation (36) then
yields, for the 290 RSAE perturbation,

(£g+(5ﬁzx+(5£1€) 5Fg0 =— (6£0X+5£Oa) (Fg0+(5ng) .
(40)

Meanwhile, for the €2, zonal perturbation, we have

['g(Sng ~ _5»CstgO — [5£0X5Fg0} (41)

Z
In deriving equation (41) we have noted § L x(6Fg;,Fe0) =0,
and neglected the small corrections of §L,.0F,, as well as
0Lo-6F 4 relative to, respectively, 6L, Fgo and 6 LoxOF go.

We now proceed to analyze, for the three simulation cases
presented in section 2, the corresponding dgr and stability
properties. From now on, we will, unless necessary, drop the
subscript E to simplify the notations.

(Case A) No ZFs in EP. In this case, 0¢, = 0A)|; =0 and
equation (40) becomes

Eg(ngOA = - (5£OX + 5505) (FgO + 5ng) . (42)
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110 6 Equation (43), with d¢g = 1)y, then leads to
CaseA 0.42ms 4 [ 6K /e 7 Wy 5 7 5 46
100 f = i | ¢0Koa —l(%> 0o $0Q (Fo+9gza)- (46)
2
< 90t Imd Wy, equation (34), meanwhile, becomes
% 0
© [0 F 2 ]IméWkoA = eE]Im/ng{(Sgb(*) <wd]06KOA>U} . (47)
70 b -4 To proceed further analytically and thereby illuminate the
underlying physics more clearly, let us further simplify the
L = : : 6 analysis by considering only trapped EPs. Taking wpr > |wol,
19 2 21 22 |wyal, we then have
R (m)

Figure 4. The perturbed EP zonal distribution function 8 F,; with
fixed uB, = 80 keV in (e,R) phase space taken at 0.42 ms in the
linear phase of the Case A simulation. The black lines represent the
radial structure of RSAE intensity |6¢4|*, and the gray dashed line
represents the gmin location.

Here, we have noted, from equation (39), 0Fgu = 0gz4.
Also, using equation (39) for 6F4 and noting equation (9),
equation (42) further reduces to

OF v 0A
Lodgoa =1 (%) WOrTjOJO <5¢ - lcl)o
—0Lox (FgO + 5ng)o

e 0A
=i (=) Q(Fo+ 98 o <6¢—U'C'> .

0

(43)

In equation (42), we have approximated O.Fq ~ O-(Fg0 +
0g.4). Meanwhile, dg.4 is given by equation (41), i.e.

[,g(ngA = - [5£0X580A]Z (44)
= [<5Ug>0 : V(SgOA]Z'
Equation (44) shows that, in the present case of no ZFs,
the PSZS is, as expected, generated only by the symmetry-
breaking )y RSAE fluctuations. Equations (43) and (44)
thus correspond to the single-wave model [26] and have
been extensively studied in the literature [25, 27-34] and
can be cast in a Dyson-like equation [9, 20]. We further-
more remark that, in equation (43), 6 Lo Fe0 = (0U,)o - VFy
provides the expansion free energy for the linear instability
drive. Meanwhile, dg 4 gives rise to the clump-hole struc-
ture near the wave-particle resonance and thereby reduces the
instability drive near the peak of the RSAE, resulting in a net
stabilizing effect [35, 36]. This feature can be clearly observed
in figure 4, where 0F, is plotted in the (¢, R) phase space for
uB, = 80keV at the t=0.42ms linear phase in the Case A
simulation.
To be more specific, we follow the linear gyrokinetic theory
[37] and let

dgon = () (L) (Fot ) Jod0 + K. (45)
m Wor

efi)\dE M*’OHEO%Q (F() + 5gZA) . (48)
Wq — Wo

= (2),

Here, as in section 3.1, Agz =k - p; represents the finite
banana-width effect and Jgy = exp(iAse). Equation (47) then
reduces to

é? m 2
ImoWioa = <m>E <ww) /d3X<J(2)31250’5¢0‘ Wa

X 0(Wa—wo)Q(Fo+0g4)g),

= ImS W, + Imd Wy, (49)
where 6W! and §W{ correspond to contributions to the
instability drive due to, respectively, Fy and dg.. Noting
|wo| < |wair], O~ @y = (kxby/Q)-F0/0r, and consider-
ing the resonance, wo, = Wy(¥mle,u ), Where g(r,) = gmin and
|6¢o|> peaks at r,, we then have, taking wo, and @, > 0,
OF,/0r|,, <0, and thus &,Fy > 0: i.e. Im§W. > 0. This is,
of course, just the usual trapped EP linear instability drive
via the precessional resonance and OF/9r < 0 expansion free
energy.

Following the same argument, we can consider Imd Wi‘z due
to Qdg.a ~ w.dg.. Note, as remarked earlier, §g,4 is given
by the coupled equations (43) and (44), involving an infinite
sum of perturbation expansions, i.e. the Dyson-like equation.
In the linear phase, however, we need only keep the first-
order perturbation: i.e. dropping dg,4 in equation (48). Noting
wo = wor + 70, With o being the linear growth rate, and sub-
stituting equation (48) without dg4 into equation (44), we can
straightforwardly derive, near wave-particle resonance [20],
29 |5
Or (@g — wor)* +73 Or

0Fy

¢ nog Wy

B() r Wor

88 ~ 32050 (50)

In deriving equation (50), we have noted dg. o exp(27of).
Taking resonance near r,, such that (wy —wo,)? ~@.2(r—
rn)? and noting 9F/0r|,, < 0, we thus have a hole (0g.4 <
0) for r<r, and a clump (dg.4 > 0) for r > r,,, consistent
with the simulation results shown in figure 4. Consequently,
D684/ 0rly,, >0 and ImoWy, < 0, i.e. 8ga, as is well known,
reduces the instability drive.

(Case B) Full ZFs in EP. In this case, 0Fyp and 0 F . satisfy,
respectively, equations (40) and (41). Applying equation (39),
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the corresponding dg,0p and dg.p can then be shown to satisfy

e
(Lo + 0Lox) 6g05 = i (—) O (Feo + 0g:5)

(6¢> C'>, (51)
0

g =08 +0gM, (52)

where

8F0 0 U”(SA”
125“):—( ) 2y (6p— Y 53
8082 o o\ ) B
and 0g.4 given by equation (44). As in Case A, we can fol-
low equation (45) to extract the compressional component of
08,08, 0Kop;

Wy +Wz)

(L + iw,) 5Kop :i(%) Jo( d0Q (Fo+6g:8) -

(54)

Wor

Imd Wy, equation (34), meanwhile, becomes
IméWiop = eE]Im/d3X{§¢S <(J()LAJZ + de()) 6K03>v} . (55

Again, taking trapped EP as an illustration, we have

6Kop~ (E) e _(Gatwem)
T \m/E

— Jod£0000 (Fo+0g:8) ,
Wa—wo+w;zE

(56)
and
&2 T —
ImdWiop = (m> e / dx <J§3§O\5¢Oy (@a +wsg)*

) (wd —wo + WzE) Q(FO + 5gZB)E>1) :
(57)

Here, w,r = (¢/Bo)(0E;) X by -k . ZFs thus introduce two
effects on the EP excitation of the instability. First, noting
|wee] ~ O(L) < |wol, [@al, E; introduces a small shift in
the wave-particle resonance condition in the EP phase space
and, typically, a negligible effect on the instability drive. We
remark, however, that w,r could play a more significant role
in the nonlinear saturation process via the resonance detun-
ing due to the finite Qw,g/Jr shearing relative to dw,/r [38].
The other effect, noting equation (52), is via the ZFs-induced
phase-space structure, 6g§l),
Case A, taking the resonance at r,,,, where |0¢g
additional drive then depends on (86g§1) /0r)l,, . Following
the analysis in section 3.1 for the thermal ions, we have, for
the trapped EPs (cf equation (26)),

given by equation (53). As in
|* peaks, the

OF
o8ty =~ — (’3 0) 1360 (Fp0® — JeaA),.  (58)

m Oe

Here, we recall Jg,0 = exp (iAue;), Nag; = Parker, and Jg;1 =
(v)/c)exp (iXae:). Hence, for [Age;| < 1, dp0 ~ 1, and Iy ~
i ppEky < 0/0r. Noting, from equations (29) and (31), that

both &, and A, beat driven by RSAE are odd functions with
respect to (r — ryin ), we then obtain

28\ | _ [eoR 2 0% e 9F
or o m 9e ) F0 9y m Oe
¢ (1+com)
Be 3 0w } ¢0| .
(59)

Here, we note 9F,/0s < 0 and 8*|d¢|?/0r* < 0 at r,,. That
is, the additional §¢,— induced EP phase-space structure,
1) ggl), further enhances the linear instability drive due to
OFy/0r < 0 and, hence, is destabilizing. One thus expects that
the present Case B with ZFs in the EP dynamics will lead to
a higher saturation level than Case A without ZFs in the EP
dynamics. This analytical prediction is consistent with the sim-
ulation results presented in section 2.

Case (C) Partial ZFs in EP. In this case, we suppress the
ZFs in the EP gyro-center propagator, while keeping the ZFs-
induced perturbed distribution. That is, equation (40) becomes

,Cg(SFg()C - (5£0X + (S[:()g) ( g0 + 5ngc) (60)
Noting equation (39), equation (60) then leads to
(e A
L40850c = i (f) O (Fy + 6F o) Jo <5¢ - ") . (61)
m 0

Meanwhile, from equation (41) and noting L.z given by
equation (37), we find

OF
6ngC = (%) 92 0J05¢z + 08
OF

- (%) o dod6 + 35 + 38",

(62)

where 0g.4 and 5g§l) are given, respectively, by equations (44)
and (53). From equation (61), the compressional component,
0Ky, obeys

LobKuc =i ) o O (Fo + 0Fic) 6o, (63)
and Imd W becomes
TmiWioc = exlm / X {6¢§ (walodKoc), } - (64)
Considering only the trapped EPs, we have
3Kac = () e N T GndoBuQ (Fio +0Fec) . (65)
m Ta— 8 8
Imd Wy is further reduced to
e\ w 3w/ a2 15122
]Im&WkOC: — — [d X<J03EO‘6¢0| wd5 (wd—(,Uo)
mj g Wor
-Q(Fe0+0F ), - (66)
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Equations (62) and (66) indicate that, relative to the Full-
ZFs Case B, the present Partial-ZFs Case C introduces an
additional EP PSZS, (e/m)(0Fy/0¢)Jyd¢,. The correspond-
ing instability drive at r,, is then given by

0 e OF 0

or {(m) ( e )Jo‘wz]
That is, suppressing the zonal drift-shearing in the EP gyro-
center propagator in fact provides stabilization with respect
to the Full-ZFs Case B, which is consistent with the simula-
tion reported in section 2. Compared to the No-ZFs Case A,
equation (62) indicates that the additional EP PSZS is given by
(e/m)(0Fy/0e)J 00, + 5g§1). Noting equations (59) and (31),
the additional instability drive relative to Case A is thus,

_ ¢ OFy 900,
., mOdg Or

>0. (67)

0 e 6F0 2 - e (9F0
ar[(m)Eagfz(l“(’Eo)q’Z} ,m“(m)E(ae)
¢ (14com) 0? 2
xz?oiwgf koow-in (1=T30) 5.5 |660) \ >0; (68)

i.e. Case C with the zonal drift-shearing suppressed is, qualit-
atively, more stable than the No-ZFs Case A. Quantitatively,
for |ky.pae| < 1,1 — 3%, ~ (kpae)* < 1, the additional stabil-
ization is negligibly small. Case C, therefore, essentially coin-
cides with Case A, and this analytical result is consistent with
the simulation results presented in section 2.

4. Conclusions and discussion

In summary, we have employed nonlinear gyrokinetic simula-
tion as well as analytical theory to investigate the effects of ZFs
on the EP’s driving of RSAE instability. We have derived ana-
Iytical expressions for the ZFs beat driven by RSAE, which are
in good agreement with the simulation results. Three cases of
GTC simulations with various terms of ZFs in the EP gyrokin-
etic equation turned on and off are then carried out. The res-
ults, contrary to the usual expectation, indicate that ZFs tend to
enhance EP’s drive and thereby increase the saturation level.
A corresponding analytical theory is also developed, which
demonstrates that, in each case, the ZFs-induced EP PSZSs
are different, and this, according to the GFLDR, gives rise to,
consistent with the simulation results, the additional stabiliz-
ation/destabilization by ZFs. We note that while this work is
focused on the RSAE, it will be interesting to carry out a cor-
responding study on TAE and investigate if ZFs have similar
effects on the EP drive.

As we remark in section 1, it has been well established
that ZFs tend to suppress RSAE to a significantly lower sat-
uration level. Our current results, however, indicate that such
suppression is not due to ZF effects on EPs, i.e. not via the
second route. Thus, one must conclude that ZFs suppress
RSAE mainly via the channel of nonlinear physics of thermal
plasma, i.e. the first route. It will, therefore, be interesting to
employ again both nonlinear simulation and analytical theory
to investigate the detailed nonlinear mechanisms of thermal
plasmas which could suppress the RSAE. This will be a sub-
ject of future investigations.
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