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Abstract

Verification and linear validation of the internal kink instability in tokamak have been
performed for both gyrokinetic (GTC) and kinetic-MHD codes (GAM-solver, M3D-C1-K,
NOVA, XTOR-K). Using realistic magnetic geometry and plasma profiles from the same
equilibrium reconstruction of the DIII-D shot #141216, these codes exhibit excellent
agreement for the growth rate and mode structure of the internal kink mode when all kinetic
effects are suppressed. The simulated radial mode structures, obtained from linear simulations,
are in reasonable agreement with the normalised electron cyclotron emission measurement
after adjusting, within the experimental uncertainty, the safety factor q = 1 flux-surface
location in the equilibrium reconstruction. Compressible magnetic perturbations strongly
destabilize the kink, while poloidal variations of the equilibrium current density reduce the
growth rate of the kink. Furthermore, kinetic effects of thermal ions are found to decrease the
kink growth rate in kinetic-MHD simulations, but increase the kink growth rate in gyrokinetic
simulations, due to the additional drive of the ion temperature gradient and parallel electric
field. Kinetic thermal electrons are found to have negligible effects on the internal kink
instability.
Keywords: gyrokinetic, kinetic-MHD, tokamak, DIII-D, internal kink, validation and
verification
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1. Introduction

the current-driven instability with the experimental measurements in the DIII-D discharge #141216. The dominant mode in
this experiment has a toroidal mode number n = 1 and appears
first as a stationary internal kink mode, and later evolves into
a fishbone mode featuring frequency down chirping. All these
five codes exhibit excellent agreement for the growth rate and
mode structure of the n = 1 internal kink mode when all kinetic
effects are suppressed. The simulated linear radial mode structures are in reasonable agreement with the normalised electron cyclotron emission (ECE) measurements after adjusting,
within the experimental uncertainty, the radial location of the
safety factor q = 1 flux-surface in the equilibrium reconstruction. Our study also finds that compressible magnetic perturbations strongly destabilize the kink, which is consistent with
analytic theory [44], while poloidal variations of the equilibrium current density reduce the growth rate of the kink. Furthermore, kinetic effects of thermal ions decrease the kink
growth rate in kinetic-MHD simulations, but increase the kink
growth rate in the gyrokinetic simulations, due to the additional drive of the ion temperature gradient and parallel electric
field. Finally, kinetic effects of thermal trapped electrons have
a negligible impact on the internal kink instability.
We note that this is the first V & V for the global gyrokinetic
simulation of current-driven MHD modes in a real tokamak
experiment. Previous V & Vs for global gyrokinetic simulation focused on meso-scales Alfvén eigenmodes excited by
energetic particles [45, 46] and microturbulence [47]. The validated global gyrokinetic simulations will enable integrated
simulations incorporating multiple physical processes and
treating both kinetic and fluid nonlinearities on an equal footing. Such integrated simulations of the nonlinear interactions
between microturbulence, meso-scale Alfvén eigenmodes, and
macroscopic kinetic-MHD modes are needed to predict realistically the confinement properties of energetic particles in
burning plasmas [21, 48] such as ITER. First-principles simulations effectively utilizing the most powerful supercomputers
can also provide a large database for training reduced models
and deep learning algorithms [49], which can be used for real
time prediction and control of burning plasmas.
The rest of the paper is organized as follows. The target DIII-D experiment and its equilibrium reconstruction are
described in section 2. The verification for the internal kink
simulations in the MHD limit is presented in section 3. The
linear validation of the MHD simulations against experimental ECE measurements is detailed in section 4. Kinetic effects
of thermal ions and electrons on the kink instability are discussed in section 5. Finally, conclusions and discussions are
given in section 6.

Large equilibrium currents in magnetically confined plasmas often excite magnetohydrodynamic (MHD) instabilities
including ideal kink modes [1] and resistive tearing modes
[2], which can limit burning plasma performance and threaten
fusion device integrity [3]. These current-driven macroscopic
instabilities have been extensively studied using MHD theory
[1, 4, 5] and simulations [6–8]. However, the linear excitation and nonlinear evolution of MHD instabilities often depend
on kinetic effects at microscopic scales and on the nonlinear
coupling of multiple physical processes, e.g. microturbulence,
neoclassical transport, and energetic particle effects. Therefore, fully self-consistent simulations of these current-driven
MHD modes require a kinetic approach. Some kinetic effects
such as the kinetic contribution δW k to the energy principle’s
potential energy [9, 10] and the neoclassical polarization due
to toroidally trapped particles [5, 11] have been incorporated in
kinetic-MHD simulations, with a fluid moment closure using
current or pressure calculated from thermal and/or fast ion
distribution function(s) [12–17].
Although linear and nonlinear kinetic effects are fully
retained in the nonlinear gyrokinetic equation [18], effects of
equilibrium current have been neglected in most of gyrokinetic
simulations [19]. The gyrokinetic simulation model is suitable
for describing low frequency plasma instabilities including
microinstabilities [20], meso-scale Alfven eigenmodes excited
by energetic particles [21] and MHD modes driven by the
equilibrium current and plasma pressure gradients [21, 22].
Recently, a gyrokinetic simulation model with equilibrium
current [23] has been implemented in the gyrokinetic toroidal
code (GTC) [24], which was subsequently utilized for linear simulation of internal kink [25], resistive [26] and collisionless [27] tearing modes, and drift-tearing modes [28]
in a cylinder or a high aspect-ratio tokamak with circular
cross-section. Beside the kinetic contribution to the energy
principle’s potential energy and the neoclassical polarization
in kinetic-MHD simulations, gyrokinetic simulations also contain effects of finite parallel electric field (e.g. mode conversion
to kinetic Alfvén wave and driftwave instability drive due to
thermal plasma pressure gradients) and off-diagonal terms of
the pressure tensor. Furthermore, GTC has also incorporated
compressible magnetic perturbations to maintain perpendicular force balance [29], which have been neglected in most
of the previous gyrokinetic simulations. Recent GTC simulations found that these compressible magnetic perturbations can
be important for interchange-like modes [29, 30] with realistic
β (ratio of kinetic pressure to magnetic pressure) in tokamak
plasmas, consistent with analytic theory [31, 32].
In this work, we initiate a verification and validation
(V & V) study [33] for gyrokinetic and kinetic-MHD simulations of the current-driven internal kink instability in a real
tokamak experiment. The verification focuses on a benchmark
between a gyrokinetic turbulence code GTC [24, 34], two
kinetic-MHD initial value codes M3D-C1 [17, 35, 36] and
XTOR-K [16, 37, 38], and two kinetic-MHD eigenvalue codes
GAM-solver [39–41] and NOVA-K [42, 43]. The validation
focuses on comparing the linear global simulation results of

2. Description of the DIII-D discharge #141216
The DIII-D discharge selected for analysis is a beam-heated,
strongly shaped, H-mode plasma with ELMs. After an ohmic
phase, beam heating that begins at 1000 ms triggers an Hmode transition; then increasing beam power starting at 1640 s
causes increasing MHD activities, including the kink activity
at 1.75 s that is the focus of this study. The spectrogram of
the experimental discharge is displayed in figure 1; the time
2
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and convert to their own coordinates system the output file
provided by the EFIT code, since they rely on their own
Grad–Shafranov solver to provide them with an MHD equilibrium. Therefore, each of these codes have reconstructed
independently their own MHD equilibrium, with the constraint
that the total pressure profile, the q profile and the last closed
flux surface need to be almost identical to the EFIT one.
This method is motivated by the fact that an axisymmetric
MHD equilibrium is fully determined by the Grad–Shafranov
equation if those three quantities are fixed. GTC and GAMsolver are however able to read and convert the EQDSK format, that is the standard EFIT output. Since the CHEASE equilibrium solver code [53], used to generate XTOR-K’s input,
also has the EQDSK format as one of its standard formats, the
CHEASE equilibrium is directly use as input in both GAMsolver and GTC, to ensure that the equilibria between the different codes are as identical as possible. For the same reason,
M3D-C1 and NOVA-K equilibria are generated based on the
XTOR-K one.
The time chosen for the discharge is in between two ELMs
bursts, which is why there is no pressure pedestal for this
H-mode plasma. Equilibrium quantities as outputted from all
codes and EFIT are displayed in figure 2. The radial coordinate used for the profiles
is the square root of the normalized

toroidal flux ρ = ψT /ψT,lcfs , where ψ T is the toroidal flux
and ψ T,lcfs the toroidal flux at the last closed flux surface. The
pressure and safety factor profiles agree very well among all
codes and EFIT. In particular the position of the q = 1 surface, the on-axis and minimum safety factor values q0 and qmin
are exactly the same between all codes. The positions in the
poloidal plane of the magnetic flux surfaces also match very
well for the rational surfaces of q = 1 to 4. Small differences
arise between XTOR-K and EFIT q profiles and flux surfaces
for ρ > 0.8, since XTOR-K can only use up-down symmetric
equilibria. These differences are however too small, and too far
away from the q = 1 position at ρ = 0.26 to affect the internal
kink mode. Given how sensitive the internal kink instability is
on the fine details of the MHD equilibrium at the core plasma,
this step is crucial to ensure that a precise code verification can
obtained for the internal kink instability in DIII-D.

Figure 1. Experimental spectrogram in ms measured on the DIII-D
discharge #141216. The first toroidal harmonics from n = 1 to 3 are
respectively displayed in black, red and blue. A clear n = 1 internal
kink mode appears around t = 1750 ms, while a n = 1 fishbone
mode emerges at t ∼ 1890 ms.

evolution of a similar discharge appears in figure 6 of [50].
This spectrogram is obtained from the poloidal magnetic field
fluctuations measured by multiple externally located magnetic
probes, which resolve temporal-frequency and toroidal mode
numbers. The plasma shape is a lower single null divertor with
elongation κ = 1.8 and upper and lower triangularity of δ u =
0.44 and δ l = 0.61. The toroidal field is 2.0 T, the plasma current is 0.8 MA, and the safety factor at the surface that encloses
95% of the toroidal flux is q95 = 6.8. The plasma is heated by
5.8 MW of deuterium neutral beams with injection energies of
75–81 keV that are all injected in the midplane in the direction of the plasma current. Plasma parameters at the magnetic
axis include the electron density ne = 5 × 1019 m−3 , electron and ion temperatures of T e = 4.0 keV and T i = 5.0 keV,
Z eff = 1.5 with carbon being the dominant impurity. The
toroidal rotation is 19 kHz at the q = 1 position. The ion temperature, toroidal rotation and carbon density are measured by
charge exchange recombination spectroscopy of carbon impurities [51]. The toroidal rotation was not retained in the simulations, since the internal kink growth rate was found to be
four times higher than the experimental shearing rate at the
q = 1 surface.
The magnetic configuration of the DIII-D discharge
#141216 at t = 1750 ms is reproduced with the kinetic EFIT
code [52]. The reconstruction includes internal magnetic field
measurements obtained with motional stark effect (MSE) to
constraint the equilibrium. EFIT only considers isotropic equilibrium when performing a reconstruction. For the present discharge, the isotropic assumption holds as the beam heating
is mostly co-passing with an injection angle at v  /v ∼ 0.6,
as calculated by TRANSP. It leads to Pf, /Pf,⊥ = 0.93, with
Pf, , Pf,⊥ the parallel and perpendicular fast ion pressure. Considering the upper experimental bound of the fast ion pressure
Pf = 0.5Ptot , it leads to a ratio between total parallel and perpendicular pressure of P /P⊥  0.96, which shows that the
isotropic assumption used in the reconstruction is reasonable.
Among the five codes used in this benchmark, three of
them (NOVA-K, M3D-C1 and XTOR-K) cannot read directly

3. Verification of internal kink simulations in ideal
MHD limit
The code verification is performed using linear simulations
from two perturbative eigenvalue codes (GAM-solver, NOVAK) and three non-perturbative initial value codes, featuring one
gyrokinetic code (GTC) and two kinetic-MHD codes (M3DC1, XTOR-K). GTC is the only code implemented from a
gyrokinetic formalism. The main features of each code are
summarized in table 1. They are discussed in greater details
with their respective simulation settings in appendix A.
The linear simulations are performed in the ideal MHD
limit. For kinetic-MHD codes, this constitutes a natural
limit of their full MHD model with plasma compressibility using an adiabaticity of 5/3. However for gyrokinetic
codes, such a limit is more unusual. In GTC, it is achieved
thanks to recent upgrades of the gyrokinetic simulation model
3
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Figure 2. Features of the numerical equilibria used in all codes for the kink benchmark, reconstructed from the DIII-D shot #141216 at t =
1750 ms. (a) Safety factor profile (b) safety factor profile in the core. (c) Flux surfaces in the poloidal plane. (d) Total plasma pressure in Pa.

Table 1. Comparison of the simulation models used for the code verification. PIC stands for particle in cell, GK for gyrokinetic, DKE for
drift kinetic equation, and δ f /full- f stand for the simulation methods used to evolved respectively the perturbed or total distribution
functions.

Code
GAM-solver
GTC
M3D-C1
NOVA-K
XTOR-K

Formalism

Type

Fast ions

Thermal ions

Kinetic-MHD
Gyrokinetic
Kinetic-MHD
Kinetic-MHD
Kinetic-MHD

Eigenvalue
Initial value
Initial value
Eigenvalue
Initial value

Kinetic
PIC GK, δ f
PIC GK, δ f
Kinetic
PIC kinetic, full- f

Fluid
PIC GK, δ f
Fluid/PIC GK, δ f
Fluid
Fluid/PIC kinetic, full- f

Electrons
Fluid
DKE fluid-kinetic
Fluid
Fluid
Fluid

 2

∇⊥ (k φ)
ω2 2
∇
φ
+
iB
·
∇
(1)
+ ib0
0
vA2 ⊥
B0


J,0
b0 × κ
× ∇(k φ) · ∇
· ∇δP = 0.
− iωμ0
B0
B0

incorporating the equilibrium current J ,0 [23] and parallel
magnetic compressibility δB [29]. When taking the limit
of a massless electron fluid, neglecting all kinetic effects,
and assuming no parallel electric field (φeff = 0, where E =
−∇φeff ), GTC gyrokinetic simulation model reduces to the
ideal MHD model, which gives rise to the following vorticity
equation [23, 54]

Here ω stands for the mode frequency, v A the Alfvén speed, φ
the electrostatic potential, B0 the equilibrium magnetic field, κ
4
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Table 2. Coefficients of variations for the growth rates from all

codes.
β axis
CVγ

2.8%
12%

4.2%
4.9%

5.6%
2.9%

beta, and that the kink threshold is located near β axis ∼ 1%.
Quantitatively, an excellent agreement is obtained between all
codes. The coefficients of variation CVγ = σ γ /μγ for each
beta case are shown in table 2, where σ γ stands for the standard deviation and μγ the mean. The coefficient for the lowest
pressure case is artificially high because this MHD equilibrium is close to the internal kink threshold, and therefore not
included in table 2. Excluding this point, the coefficient average is 6.6%, with 2.9% for the experimental case. Since the
ideal MHD limit is considered, the mode frequency is zero
for all cases. In general, the internal kink mode frequency is
the result of kinetic ion effects, such as their diamagnetic drift
and the wave-particle resonance, which will be included in
section 5.
To complete the code verification, the mode structure of
the internal kink with the experimental pressure is compared
between the codes in figures 4 and 5. Figure 4 displays the electrostatic potential in the poloidal plane while figure 5 shows
the poloidal harmonics of the electrostatic potential for the
toroidal mode n = 1. As it can be seen on these figures, an
excellent agreement is obtained as well for the mode structures. In figure 4, a clear m = 1 structure, well confined inside
the q = 1 surface, can be observed for all codes. The toroidal
angle for each case has been adjusted to show the same phase
between all codes. A subdominant m = 2 harmonic, confined inside the q = 2 surface, can also be identified in every
simulation. These results are confirmed in figure 5, where it
can be seen that the m = 1 harmonic is indeed dominant.
The m = 1 electrostatic potential increases linearly until it
peaks near q = 1, which is consistent with linear theory. The
position of the mode peak agrees well between the codes, with
an average value of ρ = 0.23 and a variation coefficient of
3.9%. A subdominant m = 2 harmonic does exist in all simulations, with a peak amplitude ranging between 10% to 20%
of the m = 1 mode peak amplitude. The differences in the
m = 2 harmonic profile is explained by the fact that the codes
of the benchmark use different coordinates system (Cartesian,
Boozer, flux, equal arc, see appendix A), which leads to somewhat different sub-dominant m harmonics due to coupling with
the dominant m = 1 harmonic. A similar comment applies for
the m = 0 harmonic.
Two key physical elements have been identified as essential to obtain a valid code verification. The first element is the
accurate calculation of the equilibrium current that drives the
kink instability. In kinetic-MHD codes, the equilibrium current
is directly obtained from the curl of the equilibrium magnetic
field, without any approximations. Kinetic-MHD codes cannot run with inaccurate equilibrium current since the fields
are not evolved perturbatively, the equilibrium fields need to
respect the Grad–Shafranov equation explicitly. In gyrokinetic
codes, the equilibrium current can also be calculated from
the curl of the equilibrium magnetic field, which is typically

Figure 3. On-axis beta-scan of the internal kink growth rate

obtained from the different codes, in the ideal MHD limit. An
excellent quantitative agreement is obtained between codes using
MHD and gyrokinetic formalisms.

the magnetic curvature and δP the perturbed plasma pressure.
Note that this model incorporates the compressible magnetic
perturbation δB to maintain perpendicular force balance. The
effects of the compressible magnetic perturbation δB , which
have been neglected in most of gyrokinetic simulations, can
be very important even for modest beta when simulating low
frequency MHD modes such as interchange and kink instabilities for realistic β in existing and future tokamak plasmas
[30–32, 44]. The same argument also holds for a broad class
of long wavelength drift-Alfvén waves [55, 56]. The plasma is
isothermal in GTC fluid limit, which corresponds to a ratio of
specific heat of Γ = 1. The MHD codes yield almost the same
results for the internal kink instability with Γ = 5/3 and Γ =
1, which allows a precise benchmark between gyrokinetic and
MHD codes. It should be noted here that full plasma compressibility is retained in GTC when kinetic ions and non-adiabatic
electrons are included.
To ensure that a quantitative agreement is met in the code
benchmark, a β scan of the internal kink growth rate is performed. The total pressure profile ranges from a fourth to the
full EFIT pressure. For all cases considered the q profile is kept
constant by modifying accordingly the current profile used as
input in CHEASE equilibrium reconstruction. This is done to
vary as few significant parameters as possible, since the internal kink growth rate is very sensitive to the q profile shape.
When only scanning the pressure profile, it is expected that
the growth rate will monotonically increase with increasing
pressure [1], the mode being unstable past a threshold beta
value.
The growth rates obtained from the beta scan are displayed
in figure 3. It can be observed qualitatively that for all codes,
the growth rates do increase monotonically with the on-axis
5
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Figure 4. Mode structure in the poloidal plane for the electrostatic potential φ from the different codes. The black lines correspond to the

flux surfaces from q = 1 to q = 4. The electrostatic potential mode structure agrees very well between all codes used in the benchmark.

δ = 0 in the cylindrical geometry and in the s − α model for
the high aspect-ratio tokamak with concentric circular crosssection [23, 25, 26], the component of the equilibrium current
associated with the δ term in equation (2) cannot be neglected
in general geometry. It corresponds to an essential toroidal correction associated with the radial component of the magnetic
field in the Boozer coordinates, crucial for valid toroidal equilibria. The term associated with δ in equation (2) represents the
poloidal variation of the equilibrium current, which maintains
the self-consistency between the pressure and current drives
for the MHD modes. We find that when this poloidal variation
is artificially suppressed in GTC simulations, the internal kink
growth rate increases by a factor of 4. The inclusion of the δ
term in the equilibrium current is therefore essential for the
code verification. In GTC, the δ term only appears in the equilibrium current, since this term is by definition removed from
the Hamiltonian formulation on which GTC is based, where

taken as input from MHD equilibrium codes such as EFIT and
CHEASE. However, the effects of the equilibrium current have
been neglected (i.e. no kink drive) in most of the gyrokinetic
codes, which typically only calculate perturbed current. For
instabilities not mainly driven by equilibrium current, such an
approximation is possible since only the perturbed fields are
evolved in gyrokinetic simulations. Recently, GTC gyrokinetic
simulations have incorporated effects of the equilibrium current in the simulations of the Alfvén eigenmodes [23], kink
[25] and tearing [26] modes. In GTC, the equilibrium current
is directly derived from the curl of the magnetic field provided
by EFIT or CHEASE, expressed in Boozer coordinates as


∂I
∂δ
∂g
∇ψ × ∇ζ +
−
∇ψ × ∇θ, (2)
∇ × B0 =
∂ψ
∂ψ ∂θ
where g, I, δ stand respectively for the covariant toroidal,
poloidal and radial components of the magnetic field. While
6
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Figure 5. Radial mode structure of the electrostatic potential φ obtained from the different codes for different m harmonics, as a function of

the normalized toroidal flux ρ. All harmonics are normalized by the maximum value of the m = 1 harmonic. The structure of the m = 1
harmonic agrees very well between all codes used in the benchmark. The dashed lines correspond to the flux surfaces from q = 1 to q = 4.

beta plasmas. This is a well-known aspect as the δB fluctuations are necessary for the minimization of the potential energy
in the energy principle.
To further underline the importance of δB fluctuations in
our simulations, the perturbed parallel and perpendicular magnetic fields are displayed in the poloidal plane in figure 6.
The mode structures of both perturbed quantities are found
to be similar between all codes, and more importantly, the
δB /max(δB⊥ ) ratio is found to be also the same, about 25%.

a specific change of variable to a new guiding center position
removes this term, without any approximation in the magnetic
geometry (see [57], section 3.2, P68, equation (3.16)).
The second essential physical element is the inclusion of the
compressible magnetic fluctuations δB , to recover the limit of
full MHD rather than reduced MHD which neglects δB . Both
GTC and M3D-C1 are able to operate with or without δB ,
but these fluctuations are intrinsically built in the other codes.
When δB is neglected, the internal kink mode is stable in both
GTC and M3D-C1 simulations, for all on-axis beta cases. For
this DIII-D experimental equilibrium, the on-axis beta is of
order 5%, which means that the δB effects can be very important even for this realistic β value that is often considered as a
low beta limit in many theory and simulations. In recent analytical work [44], the δB contribution is shown to be strongly
destabilizing for the internal kink instability in tokamak plasmas with finite beta, to the extent that internal kink modes
are unlikely to be excited in reduced MHD. The numerical
results obtained from this particular beta equilibrium in general geometry qualitatively agree with the analytical theory in
the limit of circular flux surfaces and large aspect ratio. Therefore, compressible magnetic fluctuations cannot be neglected
for the internal kink instability in general geometry for realistic

4. Linear validation of internal kink simulations in
MHD limit
Now that the code verification has been achieved, the simulation results obtained from XTOR-K and GTC are compared
with the ECE measurements obtained from the DIII-D experiment. Electron temperature fluctuations are measured by a 40
channel radiometer that detects the second harmonic emission
between 40–140 GHz [58].
As illustrated in figure 7, the simulated δT e /T e mode structures obtained from the original EFIT equilibrium agree qualitatively with the ECE measurement. δT e /T e relates closely to
the MHD displacement that can be expressed as ξ r = δT e /∂r T e
7
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Figure 6. Mode structure in the poloidal plane for shear magnetic perturbation |δB⊥ | (upper panels) and compressible magnetic perturbation
δB (lower panels) from the different codes. The black contours correspond to the flux surfaces from q = 1 to q = 4.

magnetic axis. Satellite higher m harmonics can also be
observed since the mode structure does not vanish after peaking near the q = 1 surface. However, a quantitative agreement
is not obtained between simulations and the experiment, since
the mode structure peaks at different locations.
Given that the overall simulated mode structure seems
to be only shifted compared to the experimental one, the
quantitative mismatch probably comes from the uncertainty
of the q = 1 position in the reconstructed EFIT equilibrium. The EFIT equilibrium is reconstructed using magnetics,
MSE, and kinetic pressure data. The original equilibrium is in
good agreement with the magnetics data (reduced chi-squared

during the linear phase of the internal kink instability. One
should note here that the eigenfunctions from linear simulations are compared with the the nonlinearly saturated experimental results. If fluid nonlinearities dominate the nonlinear
phase, the nonlinear mode structure can depart significantly
from the linear one. This will be the subject of a future work,
as nonlinear effects are beyond the scope of this exercise.
The profiles are normalised by their maximum value to
compare quantitatively the mode structures, without considering the saturation physics. A clear m = 1 harmonic is
present in each mode structure, with positive and negative perturbed electron temperature located asymmetrically across the
8
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Figure 7. Normalized perturbed electron temperature δT e /T e against the major radius R, obtained from GTC and XTOR-K MHD
simulations (blue and red lines), and from the ECE measurement of the 21 kHz n = 1 mode (black solid circle with error bar). Dotted lines
correspond to MHD simulations using the original EFIT equilibrium, and solid lines to the modified EFIT equilibrium with the q = 1
flux-surface shifted inward, see figure 8. The error bars are inferred from the random error in an ensemble of five Fourier transforms
centered at 1750 ms.

approximately unity), excellent agreement with the MSE data
(reduced chi-squared well below unity), and good agreement
with the pressure data. The computed flux surfaces have the
same electron temperature on both sides of the magnetic axis.
To obtain better agreement with the simulated mode structure,
a new equilibrium is computed by moving the q = 1 fluxsurface slightly (within experimental uncertainty) inward to
ρ = 0.16. This inward-shifted equilibrium is in better agreement with the magnetics data and equally good agreement with
the pressure and T e data but the fit to the MSE data is relatively poor (reduced chi-squared ∼ 2), so this reconstruction
strains the limits of plausibility. Nevertheless, a new MHD
equilibrium is created from CHEASE with this new q profile, keeping the last closed flux surface unchanged. However,
the total pressure had to be changed as well because the internal kink instability was not excited using the original EFIT
total pressure. With the original pressure profile and the modified q profile, the pressure gradient is almost flat in the entire
q = 1 volume, as displayed in figure 8(b), which is not favorable to trigger the internal kink in analytical theory [1]. The
pressure gradient therefore needs to be increased to excite the
kink.
As shown in figure 8(b), more than half of the total pressure comes from fast ions. Given that the experimental measurement errors on the fast ion pressure are non-negligible
at the core plasma, the on-axis total pressure profile may
have been underestimated in the original equilibrium reconstruction. Instead of the original EFIT pressure profile, the
TRANSP total pressure is used for the new MHD equilibrium,
which corresponds to the upper bound of the experimental
pressure, which represents the sum of the pressures from the
different plasma species. The new MHD equilibrium is then

another physical alternative to the original one, a certain range
of equilibria being plausible due to the non-negligible error
bars of the measurements at the core plasma.
Using the modified MHD equilibrium, a reasonable agreement is obtained between the simulated and the experimental
mode structures. On the high field side the agreement is excellent, while there is a slight mismatch for the mode peak on
the low field side, still acceptable considering the error bars
on the ECE measurement. Towards the plasma edge the mode
structure differs between the simulations and the experiment.
Finite mode structure near the edge is due to small but finite
higher m harmonics. A small structure also appears on the ECE
measurement at the magnetic axis, which is not recovered by
GTC and XTOR-K simulations. Given that the ECE measurement has a resolution length of 1.5 cm at the magnetic axis, this
small structure could be a measurement artefact. It could also
be attributed to the 1, 1 helicoidal shift of the magnetic axis
that arises nonlinearly for the internal kink instability. However, as we have not treated the nonlinear physics, we leave
this discussion for future work.
Both gyrokinetic and kinetic-MHD codes have therefore
been partially validated in the limit of ideal MHD against ECE
measurement from DIII-D. As expected from linear theory, the
internal kink is very sensitive to parameters such as the pressure and q profiles in the core. The experimental uncertainties
in this zone make the internal kink difficult to reproduce from a
traditional EFIT reconstruction. Kinetic-MHD and gyrokinetic
simulations can therefore also be used to provide a more precise localization of some key parameters for the internal kink
instability such as the position of the q = 1 flux-surface. A full
validation between simulations and experimental results will
require to include all ion kinetic effects and nonlinear physics
9
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Figure 8. Comparison of (a) the q profiles and (b) the total pressure profiles between the original and inward-shifted EFIT reconstructions.

The TRANSP total pressure is used with the inward-shifted q profile to excite the internal kink instability.

in gyrokinetic and kinetic-MHD simulations. This is beyond
the scope of the present study, and will be treated in a future
work.

effects are then incorporated in the higher order non-adiabatic
responses.
The physical models used between the gyrokinetic code and
kinetic-MHD codes with kinetic effects are therefore different,
which implies that results may qualitatively differ. Moreover,
out of simplicity, isotropic Maxwellian distribution functions
were used to describe kinetic species. While this is reasonable
for thermal ions and electrons, this is not the case for energetic
particles. The fast ion distribution in this DIII-D discharge was
obtained via co-passing beam injection; it then departs significantly from an isotropic one. As a result, kinetic effects of fast
ions have not been included in this study and are left for future
work.
Kinetic effects of bulk ions and electrons on the internal
kink instability are included one after the other in order to isolate their individual effects. XTOR-K treats kinetic ions with
a 6D phase-space dynamics, while M3D-C1 and GTC use a
5D guiding center model. Thermal ion density and temperature profiles are obtained from experimental measurements.
A thermal ion temperature scan for the internal kink growth
rate is performed, as displayed in figure 9(a), ranging from
T i = 0 up to the measured ion temperature. In each case, the
electron temperature is adjusted so that the total plasma pressure is kept unchanged. This allows to single out thermal ion
kinetic effects. Profiles for the ions and electrons are provided
in figure 9(b). The on-axis parameters for thermal ions and
electrons are ni,0 = ne,0 = 4.88 × 1019 m−3 , T i,0 = 2.8 keV,
T e,0 = 7.6 keV, Z eff = 1.48, mi = 2mp where mp is the proton
mass, the ion–ion collision frequency is ν ii = 9.7 × 102 s−1 .
For these parameters, the average bounce frequency of thermal ions can be estimated as ω b,i ∼ 4.0 × 104 s−1 . The thermal
ions therefore lie in the banana regime since ν ii  ω b . Since
electron temperature is higher than the ion temperature, the
electrons also lie in the banana regime. No collision effects
are taken into account in both gyrokinetic and kinetic-MHD
simulations. Toroidal plasma rotation is not retained in all

5. Kinetic effects of thermal plasmas on internal
kink instability
The V & V of kinetic-MHD and gyrokinetic codes in the ideal
MHD limit constitutes a necessary step before kinetic effects
can be studied in gyrokinetic simulations of macroscopic instabilities. So far, large scale kinetic-MHD instabilities such
as the fishbone mode have mostly been analysed numerically thanks to nonlinear codes relying on a MHD formalism
[59–61]. In these codes, some kinetic effects can be added by
including pressure/current moments in the MHD momentum
equation. A comparison with results obtained from a gyrokinetic formalism is therefore interesting since the kinetic-MHD
formalism does not include the kinetic Alfvén wave, parallel Landau damping and drift-wave physics when two-fluid
effects, and more specifically a finite parallel electric field, are
not retained in the MHD equations. It should however be noted
that the kinetic-MHD formalism can include this physics with
two-fluid effects, as shown in [62].
In this paper, comparisons between initial values kineticMHD codes (M3D-C1, XTOR-K) and gyrokinetic codes
(GTC) are presented. As mentioned above, two-fluid effects
and off-diagonal terms of the pressure/current tensor are
not considered in the kinetic-MHD codes, removing the
kinetic Alfvén wave, parallel Landau damping and drift-waves
physics. These effects are present by default in GTC simulations, where the ion gyrokinetic equation [18] is solved using
the particle method [19]. The electron drift kinetic equation
(DKE) is solved using the fluid-kinetic hybrid model [34, 63],
where the perturbed electron distribution function is expanded
order by order. In the lowest order, electron response is adiabatic and thus reduced to the massless fluid. Electron kinetic
10
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Figure 9. (a) Thermal ion temperature scan for the internal kink growth rate obtained from M3D-C1, XTOR-K and GTC. (b) Pressure

profiles for thermal electrons and ions. The thermal ion pressure is taken from TRANSP simulations, the electron pressure profile is defined
such that the sum of electron and ion pressures adds up to the total pressure obtained from original EFIT pressure.

simulations, since the equilibrium shearing rate is four times
lower than the internal kink growth rate in the ideal MHD
limit. In these gyrokinetic/kinetic-MHD simulations, the internal kink has a finite mode frequency for all cases, but it
is in most cases much smaller than the growth rate, and
therefore too low to be measured precisely with these initial value codes in reasonable simulation time. For the case
T i = T i,transp , the mode frequency obtained by GTC is of order
ω ∼ 4 × 104 rad s−1 , somewhat higher than the ion diamagnetic frequency ω ∗,i = 2.41 × 104 rad s−1 .
As illustrated in figure 9(a), kinetic thermal ions have
stabilizing effects on the internal kink instability in kineticMHD simulations. M3D-C1 and XTOR-K agree both qualitatively and quantitatively on the kink growth rate. This stabilizing effect is probably due to trapped thermal ions that
are known to provide a stabilizing contribution to the energy
principle through both the δW k term [10] and the ion inertial enhancement [5] (or neoclassical polarization [11]). Diamagnetic effects from thermal ions only contribute weakly to
2
2
/4  γMHD
, where γ MHD is the interthe stabilization, as ω∗,i
nal kink growth rate in the ideal MHD limit. If δW k , the
thermal ions kinetic contribution
 is considered negligible, the

ion temperature is displayed in figure 9(a). It can be seen that
with a flat ion temperature profile, gyrokinetic thermal ions
have a stabilizing effect on the internal kink, which is similar
to the results obtained in kinetic-MHD simulations. A quantitative agreement cannot be achieved because with the flat
ion temperature profile, the dominant stabilising contribution
from the δW k term decreases, as the |∇pi | is now smaller. Yet
this kinetic stabilization is not fully suppressed, as it would
have been the case if the stabilization would have been mostly
brought by the ion diamagnetic rotation, since for this case
∇pi ≈ ni ∇T i . This probably explains why the stabilization
is lower in GTC simulations with ∇T i = 0. The thermal ion
pressure could not be kept constant by imposing ∇T i = 0
as a change in T i cannot be compensated by a change in ni
since the ion density profile is required to be the same as the
electron density profile to preserve quasi-neutrality. Yet, the
qualitative agreement between gyrokinetic and kinetic-MHD
simulations indicates that the same physical mechanisms, leading to kink stabilization, are present in both formalisms. In
the energy/pitch-angle diagram (E, λ = μB0 /E), considering
all Pϕ , resonant phase space structures can be observed for
trapped particles in both kinetic-MHD and gyrokinetic simulations, confirming the kinetic nature of the kink stabilization. Even with this flat temperature profile and in the limit
of T i → 0, the kink growth rate from the gyrokinetic simulation is slightly larger than that from the ideal MHD simulation,
which is due to the finite parallel electric field (i.e. kinetic
shear Alfvén wave). These results show that the inclusion of
drift-wave and kinetic shear Alfvén wave physics is necessary
to capture all kinetic effects in the dynamics of macroscopic
instabilities.
The mode structure of the internal kink instability obtained
from GTC and M3D-C1 simulations with kinetic thermal ions
is shown in figure 10. The simulation domain used for gyrokinetic simulations with GTC is slightly smaller than for fluid
simulations, with ψ edge = 0.8ψlcfs where ψ edge is the edge
flux surface of the simulation domain. The kink growth rate

2
2
− ω∗,i
/4 [64]. On the
kink growth rate yields γ = γMHD
other hand, gyrokinetic simulations find that kinetic thermal
ions have a destabilizing effect with increasing temperature.
A possible explanation could be that the thermal ion gradient
brings an additional drive to the internal kink mode, as it does
for the drift-wave instabilities. This effect is only present in
the gyrokinetic formalism incorporating driftwave and kinetic
shear Alfvén wave physics associated with finite parallel electric field. It can also be noted that finite Larmor radius (FLR)
effects provide a finite destabilization effect with increasing
ion temperature.
To verify this additional instability drive by the ion temperature gradient, GTC simulations with flat thermal ion
temperature are therefore performed, while keeping the total
pressure profile unchanged. A temperature scan with uniform
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Figure 10. (a) and (b) Electrostatic potential of the internal kink in the poloidal plane and (c) and (d) poloidal harmonics of the n = 1
electrostatic potential with gyrokinetic ions.

6. Conclusion and perspectives

decreases slightly due to the smaller edge flux surface, which
is chosen to avoid numerical instabilities at the edge plasma.
The internal kink mode structure in both GTC and M3D-C1
simulations with kinetic thermal ions is similar to the one
obtained in the ideal MHD limit. The overall mode structure
in the poloidal plane is the same as in figures 4(b) and (c).
The m = 1 harmonic of the electrostatic potential is however slightly broadened with kinetic thermal ions in GTC
simulations according to figure 10(c).
The thermal ion temperature scan in figure 9(a) was performed with and without the inclusion of trapped electron
kinetic effects in GTC simulations. Trapped electrons were
found to have no effects on the internal kink growth rate and
frequency, nor on its mode structure. It can therefore be concluded that trapped electrons do not play a role in the internal
kink linear dynamics.

The DIII-D discharge #141216 is used in this paper to carry out
a verification and linear validation study on the internal kink
instability for gyrokinetic and kinetic-MHD codes. The EFIT
reconstruction of the experimental discharge is reprocessed
through the equilibrium solver CHEASE in order to provide
an identical input for all codes, which is crucial for a precise
benchmark. An excellent quantitative agreement is obtained
between all codes for the internal growth rate in the ideal
MHD limit. The mode structures between all codes also agree
very well, with a dominant n = m = 1 harmonic emerging
in all cases. Several physical elements are identified as essential to obtain a quantitative agreement between gyrokinetic and
kinetic-MHD codes. The equilibrium current used in gyrokinetic codes needs to be calculated precisely by including δ,

12

Nucl. Fusion 62 (2022) 036021

G. Brochard et al

the radial covariant component of the magnetic field, the
poloidal variations of the equilibrium current being often
discarded in gyrokinetic codes, even though they have an
important effect on low-n MHD modes. The second essential
physical element is the inclusion of compressible magnetic
fluctuations δB . The internal kink is found stable in both GTC
and M3D-C1 simulations when δB is artificially suppressed.
This result is consistent with recent analytical work [44] showing that neglecting the δB contribution has a strong stabilizing
effect on the internal kink instability, to the extent that kink
modes are unlikely to be recovered in the reduced MHD limit.
Linear simulation results obtained from GTC and XTOR-K
in the limit of ideal MHD are then compared against experimental measurements. The simulated δT e /T e mode structures
are found to be in reasonable agreement with the ECE measurements after adjustment of the q = 1 position in the equilibrium reconstruction. This constitutes a partial validation in
the linear limit, that will need to generalised in a future study
by including kinetic effects for all ion species and nonlinear
effects. The equilibrium reconstruction being subject to uncertainties, especially at the core plasma where experimental
measurements are the most challenging, gyrokinetic/kineticMHD simulations can therefore be used to constrain some key
parameters such as the q = 1 position.
After the verification and linear validation of internal kink
simulations in the ideal MHD limit, the kinetic effects of thermal ions and electrons are investigated using the initial value
codes GTC, M3D-C1 and XTOR-K. Kinetic thermal ions are
found to have stabilizing effects in kinetic-MHD simulations,
where growth rates obtained between M3D-C1 and XTOR-K
quantitatively agree with each other. Kinetic thermal ions are
however destabilizing in gyrokinetic GTC simulations, due to
an additional drive brought by the thermal ion temperature gradient and the finite parallel electric field. Trapped electrons are
not observed to have any effects on the internal kink mode.
Future work focused on the fishbone instability in ITER
scenarios and related DIII-D discharges will be conducted with
realistic fast ion distributions. Both the present kink V & V
and the future fishbone V & V studies constitute essential steps
towards comprehensive GTC simulations describing realistically all channels for plasma confinement properties and
energetic particle transport in burning plasmas. Such simulations will be able to accurately predict alpha particle transport,
critical for ITER experiments.
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Appendix A. Simulations models and setups
A.1. Gyrokinetic model
A.1.1. GTC. GTC [24, 34, 47] is a global nonlinear gyroki-

netic code employing a PIC module to describe gyrokinetic
ions and electrons with both δ f and full- f methods. Ion
species are described with gyrokinetic equations, while the
electron dynamics is obtained from the DKE. The DKE can
either be solved with a conservative scheme preserving the
tearing parity [65], or with a fluid-kinetic formulation [34]
removing the tearing parity by expanding the perturbed electron distribution function into the adiabatic contribution at the
lowest order, and non-adiabatic effects at the higher orders.
The MHD limit can be recovered by neglecting ion kinetic
effects and only considering adiabatic electrons. The perturbed
electromagnetic field is obtained from the gyrokinetic Poisson
equation and Ampère’s law. The compressional component
of magnetic perturbation δB has been implemented in GTC
using gyrokinetic perpendicular Ampere’s law [29], which
reduces to the perpendicular force balance in the long wavelength limit. The δB effect can be important for kink instability since it cancels out the stabilizing ‘drift-reversal’ effects
of the guiding center grad-B drifts associated with the perpendicular diamagnetic current in finite-β plasmas. An artificial stabilizing effect can be introduced when δB is turned
off in the simulation since the perpendicular force balance is
not enforced anymore. GTC has been originally used to study
microturbulence in tokamak plasmas [24] before being applied
to Alfvén type meso-scales instabilities [45, 46, 66] and more
recently large scale kinetic-MHD instabilities [25–28]. In this
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paper, the fluid–electron model is used to solve the electron
DKE. At lowest order, with only adiabatic electrons, the limit
of ideal full MHD is obtained in section 3. Higher orders are
then retained in section 5 to recover kinetic effects of trapped
electrons. Kinetic thermal ions are also included in section 5.
All kinetic species are described using isotropic Maxwellian
distributions without equilibrium rotation. The whole simulation domain is used for ideal MHD simulations, while simulations with kinetic species use ρ ∈ [0, 0.8] to avoid numerical instabilities. Dirichlet boundary conditions are applied at
the center of the poloidal mesh and at the plasma boundary.
The time step size is t = 0.045τ A , where τ A = V A /R0 is the
Alfvén time, with V A the Alfvén speed and R0 the major radius.
GTC uses Boozer coordinates and global field-aligned mesh
[47, 67] for the kink simulations. The radial and poloidal
grid size spacings are respectively Δr/ρi ∼ 3.8, rΔθρi ∼ 7.5,
where ρi is thermal ion Larmor radius, and 24 grid points are
used in the parallel direction. For each kinetic species, 200
marker particles are used per cell.

finite-elements on an unstructured mesh with Cartesian coordinates. At the edge plasma, a no-slip boundary is used for
the MHD velocity, and a Dirichlet boundary condition for the
magnetic field. No boundary condition are required at the center of the poloidal mesh, due to the Cartesian nature of M3DC1 coordinate system. The particles are advanced following
drift-kinetic equations using a slow manifold Boris algorithm
[68], which has been tested to show good long-time conservation property. The coupling with the MHD equation is conducted using either pressure coupling [59] or current coupling
[69], where the pressure or current is calculated by integrating
the moments of particles with the δ f method. A gyrokinetic
model including the FLR effect is also developed. In M3DC1, δBϕ can be artificially set to zero to approach the reduced
MHD model, which gives results consistent with linear theory
and GTC results.
In the benchmark results presented in this paper, a 2D
mesh with 16 000 elements and a spectral representation in the
toroidal direction are used for the MHD calculation. 4 × 106
particles are used for the kinetic simulation. The mesh has a
high density near q = 1 flux surface in order to resolve the
mode structure of ideal kink instability. Kinetic particles are
initialized with isotropic Maxwellian distribution functions.

A.2. Kinetic-MHD hybrid models
A.2.1. GAM-solver. General Alfvénic Mode solver (GAMsolver) is a newly developed eigenvalue code for solving the
dispersion relation of various drift-Alfvénic modes in experimental geometry. The perturbed fields in GAM-solver are
represented using Fourier series expansion in poloidal and
toroidal directions, and the finite difference method in the
radial direction and spectral method in poloidal and toroidal
directions are applied to construct the operator matrices. In
current progress, the MHD module in GAM-solver builds on
the reduced ideal MHD model using slow sound approximation [41] and the drift and resistive MHD model with full
plasma compressibility [41], which have been verified with
Alfvén eigenmode, kink mode and kinetic ballooning mode
physics [41]. The gyrokinetic module in GAM-solver is based
on well-circulating and deeply trapped approximations, which
has been successfully applied to explain the energetic electron
excitation of Alfvén eigenmodes observed in EAST experiments recently [40]. For the simulation results of ideal kink
mode in present work, the fully ideal MHD model in GAMsolver is used to be consistent with other codes on ideal kink
mode physics, which includes the MHD vorticity equation
with geodesic compressibility [39], and the parallel sound
wave compressibility effect [41], while the diamagnetic and
resistive effects are removed. The radial grid number is 500,
and the poloidal Fourier harmonic number is 21 in the range
from m = −10 to m = 10. Dirichlet boundary conditions are
applied at the center of the poloidal mesh and at the plasma
boundary.

A.2.3. NOVA-K. NOVA-K [42, 43] is a kinetic extension of

the ideal MHD code NOVA [70, 71]. The NOVA code has
been successfully applied earlier to m/n = 1/1 ideal kink destabilization by bulk plasma pressure [71] where the code was
benchmarked against several other ideal MHD codes. The perturbative approach to the ideal mode stabilization by energetic
ions with the plasma rotation was considered in applications to
JET NBI sawtooth stabilization [43, 72]. In NOVA-K approach
to this problem the perturbative distribution function response
to flat top kink mode plasma displacement allows to include the
fast ion contribution through real part of their potential energy.
Stabilizing effects on 1/1 internal kink mode by NBI hot ions
was demonstrated for JET DT experiments with NBI heating in high performance discharges for beam ions and fusion
alphas [43]. It was found that the plasma sheared rotation in
JET reduced the stabilizing effect of NBI ions on the growth
rate of 1/1 internal mode.
In the benchmark exercise of this paper 151 and 128 number
of points were used in radial and poloidal directions respectively. The number of poloidal harmonics was 24. A Dirichlet boundary condition is applied at the edge plasma, and
ξ m = 0 for m2 = 1 and ∂ψ ξ m = 0 for m2 = 1 at the center of
the poloidal mesh, ξ being the MHD displacement [71]. An
equal-arc coordinate system is used in these simulations.
A.2.4. XTOR-K. XTOR-K [16, 37, 38] is a nonlinear kinetic-

MHD code originally developed for the study of macroscopic
fluid instabilities in tokamak plasmas. It was notably applied
for the simulation of the internal kink mode [6, 73], tearing
modes [7], sawtooth cycling [8, 74] and NTMs [75]. In the
code, the bulk plasma is described by a set of nonlinear resistive two-fluid MHD equations, solved implicitly with a Newton–Krylov algorithm using flux surface coordinates (ψ, θ, ϕ).
At the edge plasma, XTOR-K uses a free-slip boundary condition for the MHD velocity, while no boundary conditions are

A.2.2. M3D-C1. M3D-C1 is a kinetic-MHD simulation code

which can be used to study the interaction between MHD
activities and kinetic effects brought by energetic particles. In this model, the bulk plasma is described using the
MHD equations, and EPs are modeled following kinetic
equations and described by markers. The MHD calculation
is based on the finite-element MHD code M3D-C1 [17, 35,
36], which solves extended-MHD equations using high-order
14
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required for the magnetic field. At the center of the poloidal
mesh, the boundary conditions are imposed using the same
method as in CHEASE [53].
XTOR-K was later extended to include kinetic effects of
multiple ion species with a kinetic PIC module. Kinetic macroparticles are described in 6D to retain wave-particle resonances with ions’ gyrofrequency and to incorporate exactly
ion FLR effects. A full- f method is used in XTOR-K to capture the kinetic-MHD dynamics over long nonlinear hybrid
simulations. Kinetic ions are pushed on the electromagnetic field computed from XTOR-K fluid module, with a
Boris–Buneman scheme. The particle moments are projected
on a orthogonal grid (R, ϕ, Z). The particle advance is performed self-consistently with the MHD advance by injecting
pressure and current kinetic moments Pk , Jk into the MHD
perpendicular momentum equation. The kinetic-MHD version
of XTOR-K was recently used to study the alpha fishbone
instability in ITER plasmas [16, 61].
In the benchmark results presented in this paper, a (201,
64, 12) flux grid is used for the MHD module and a (401,
12, 401) Cartesian grid for the kinetic module. A few hundred millions of macro-particles are employed to describe
thermal ions. Kinetic particles are initialized with isotropic
Maxwellian distribution functions.
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