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Abstract. It is shown that the ITG-ETG symmetry is nonlinearly broken due to the different response of respec-
tively electrons and ions to Zonal Flows (ZF). ITG is dominated by ITG-ZF nonlinear interactions and turbulence
spreading, resulting in size-scaling of the associated turbulent transport. Meanwhile, nonlinear toroidal mode
coupling dominates ETG saturation and ETG-ZF interactions enter on the longest nonlinear time scale only. The
ETG turbulent transport level is smaller than values of experimental relevance.

1. Introduction and Background

The present work demonstrates that the crucial difference in nonlinear dynamic behaviors be-
tween ion temperature gradient (ITG) instabilities and electron temperature gradient (ETG)
modes stands in the particle response to zonal flows (ZF). On one hand, for ITG, massless
electron response imposes that the lowest order zonal density fluctuation vanishes; on the other
hand, for ETG, the ion response is adiabatic, due tg > 1, even forn = m = 0 [see Eq. (1)
below]. The main consequence of these different behaviors is that the specular symmetry be-
tween ITG and ETG, which holds linearly, is nonlinearly broken. This results into two main
facts,i.e., that the ZF polarizability is much lower for ITG [1] than for ETG [2,3] and that the
dominant Drift Wave - Zonal Flow (DW-ZF) interaction is dueHox B nonlinearity for ITG,

while ETG are characterized by the usual Hasegawa-Mima nonlinear coupling [4] (Section II).
Based on these facts, the paradigm model for ITG, presented here, assumes that different DW
interactions on the shortest non-linear time scale are mediated by ZF, which is spontaneously
generated by ITG via modulational instability [5]. The resulting coherent model demonstrates
turbulence spreading [6—11] to be the cause of transport scaling with system size [6—-10] (Sec-
tion Ill). The non-linear saturated state can be either coherent, with limit cycles, or chaotic,
depending on proximity to marginal stability [9,10]. Meanwhile, ZF spontaneous generation is
the weakest nonlinear dynamics for ETG, which saturate via nonlinear toroidal couplings that
transfer energy successively from unstable modes to damped modes preferably with longer
poloidal wavelengths [2,3] (Section 1V). The ETG turbulence is dominated by nonlinearly gen-
erated radial streamers, but both fluctuation intensity and transport level are independent of
the streamer size [2,3]. Nonlinear Gyrokinetic particle simulations indicate that typical ETG
transports are smaller than those of experimental relevance [2,3].

In the following, we assume electrostatic DWs, whose linear mode structures are represented
in the ballooning space [12] as

0p = ei”QA(r) Ze‘imﬂ /OO e_i(”q_m)gq)(@; r)df Q)
where ( is the ignorable periodic (toroidal) angle and, for convenience, we assume field-

aligned flux coordinateér, ¥, ¢), with r the radial (flux) variabley the poloidal angle and
q(r) = B - V(/B - Vd. The moderadial envelopeA(r) is characterized by a spatial scale
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Ly, such thatl, > L4 > 1/|n¢'|, 1/|nq¢/| being the characteristic radial scale length of the
single poloidal harmonics and, the plasma inhomogeneity scale length. Furthermb(e, )
describes th@arallel mode structur@along the extended poloidal anglg12], while transla-

tional invariance is implicit in Eg. (1) when considering thadependencies it (¢; r) reflect

slow radial equilibrium variations on the scalg only. Consistently with Eq. (1), the linear

DW mode structures can be described with three degrees of freedom [2,3]: the toroidal mode
numbern, the parallel mode structure reflecting the radial width of a single poloidal harmonic
m, and radial mode envelop&(r) = expi [ 0xd(nq). Correspondingly, nonlinear interactions

can take the following three forms: mode coupling betweenstspdistortion of the parallel

mode structure, and modulation of the radial envelope. Radial envelope modulation via gener-
ation of zonal flows dominates in ITG turbulence [5]. ETG turbulence, meanwhile, is regulated
by nonlinear toroidal mode couplings [2,3].

2. Dynamics of Drift Wave - Zonal Flow interactions: ITG - ETG broken symmetry

The non-linear equations describing the dynamics of DW-ZF interactions can be systematically
derived from the non-linear gyrokinetic equation [13]:

(00 + vy + iwa) SHy, = i (e/m) QFyJo(7)56k — (¢/B) b - (K x K1) Jo(v)dwdHyr
QFy = wi (0Fy/0v*/2) + (k/we) - b x VFy )

where, as usual, the fluctuating particle distribution function has been separated into adiabatic
and non-adiabatic respongéy:

SF — e5¢a 2/2F0+Zexp (—ik, -v X b/w.)0H}, . (3)

In Egs. (2) and (3)9; = b -V, b = B/B, wy is the magnetic drift frequency;; is the
particle equilibrium distribution functiony = k, v, /w., w. is the cyclotron frequency], is

the Bessel function of zero ordét,= k’ + k” and the other notation is standard. In Eq. (2),
the linear response () F, and theE x B nonlinearity are readily recognized on the right hand
side (RHS). Assuming a plasma equilibrium with one ion species and densiyn. = nq,

the non-linear equations for the DW-ZF system are finally obtained in the form of the quasi-
neutrality conditions

noe” (1/T; + 1/T.) 66y = (eJo(3)5Hi ), — (eJo(ve)dHe), - 4)

Further progress with the £ 0 Egs. (4) can be made by formally separating linear from non-
Ilnear particle responses a# = sH" + 50" and explicitly solving for elthe6H
5He in the fluid limit for the ITG or ETG cases, respectively. In this way we obtaln.

(noe®/T3) (1 + T3/ T2) 65 — (eJo(1i)5H, )+ {eo(7e)5H, ) =

— (i/wr) <<€C/B)b (K x K ) 0w Jo(7! 5Hek~> < o(7e)0H, >
— (i) ((ee/ BY b - (€ x ) L) o) — Jo(ot )] 66u3 ) (5)
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for the ITG case [5,8,9], where all non-linear couplings have been isolated on the RHS. Mean-
while, following the same procedure as that described in Ref. [9], for ETG we obtain:

(noe?/T.) (1+ T./T) 66y — (eJo()H; )+ (eo(7e)6H, ) =
+ (i) ((ec/B) b - (i} x K,) 66w Jo (v )0Hur ), + (eJo()0H; "),
+ (i/wi) ((ec/B) b - (K] x K1) [Jo(ve) Jo(1) = Jo(3!)] S0 Hepr ), - (6)

Equations (4) to (6) clearly reflect the well-known symmetry of ITG and ETG dynamics
when electron and ions are exchanged. However, while this symmetry is well preserved in
the linear limit, it is broken nonlinearly due to the different ZF response of electrons and
ions, respectively. In fact, the # 0 electron response to ITG isi€arly) adiabatic, due to

their vanishingly small inertia. Similarlyp # 0 ion response to ETG iméarly) adiabatic

as well, this time because of their large Larmor orbit compared to the perpendicular wave-
length,i.e. kip; o< (m;/m.)"/? > 1. For the same reasons, the# 0 nonlinear electron

and ion responses, respectively, can be neglected for ITG and ETG. In this way, and assum-
ingv; < 1forITG andy, < 1 for ETG, only the last nonlinear term survives in Eqgs. (5)
and (6),i.e. the Hasegawa-Mima nonlinearity [4], along with tRex B nonlinearity terms

o< (b- (K| x K')) 0w Jo(v2 ) 0H e nr), With k" = e, k. = —ie,d,, k. being the ZF wave vector.

The modulation interaction model [5] considers a coherent linearly unstable DW (pump), in-
teracting with collisionally damped ZF [1] in the presence of damped sidebands due to DW-ZF
nonlinear interactions. In the case of ITG, the density perturbation caused by ZF is identi-
cally zero, due to massless electron response. Thids, = —(e¢/T.)Fy.0¢. and Eq. (5) is
dominated by th& x B nonlinearity fory; < 1. In the local limit [5], Eq. (5) gives

Ay = —i(¢/B) (w0l Dri) " (w: + A +ing) ™ (T1/T) kok- Ao A, (7)

for the A, sideband amplitude, witla, the ITG real frequencyl; the Hermitian part of the
ITG dielectric functionw, the ZF frequencyA the ITG frequency shift due to finite radial
envelope width;, the sideband damping rate, adgland A, the ITG and ZF amplitudes. The
complex conjugate sideband amplitude satisfiesA_ = A7 . FurthermoreDpg; is computed
with an integral over the ballooning space [9]

_ /_ :X’ o [(1+T,/T2) @ — (Ti/noe) {Jo(3)3HL ) /Ao db @)

having chosen to normalize the ballooning linear eigenfunctigof the pumpITG such that
[ ®2do = 1. Meanwhile, rewriting Eq. (5) for the = 0 ZF component, and defining the
ZF collisional dissipation as. ~ (1.5ev;;) ™! [14], € = r/ Ry, it is readily shown that [5,8,9]

(wz + Z,}/Z) XZZAZ = (C/B) kek azkzpz (A-i-AEk) - AOA—) ) (9)

wherea; = 0P, ;/(engd¢) + 1 [5] and ;. ~ 1.6¢%e/2k2p? is the ITG ZF polarizability [1].
With Egs. (7) and (9) and assuming = :I",, the ZF modulational instability growth rate [5]
is readily shown to scale linearly witht,| well above its onset thresholide. I', = ~,, with

2 2 2
2 C (Tz‘/Te> Kk pi 2
= [ =kpk, A ) 10
T (B 0 > wo0uy Dri Xis Aol (10)
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In the case of ETG, the ion response to ZF is still adiabatic dggte 1. Thus, there is a finite
density perturbation caused by Z/#/;. = 0 and Eq. (6) is dominated by the Hasegawa-Mima
nonlinearity ¢. < 1) [4]. In the local limit [5], Eq. (6) gives

Ay = i (e/B) (D)™ e At i) 0 (((2)) — £2) ok AgA. . (11)

wherea, = 6P,./(enyd¢) — 1 [2,3] and ((k%)) = [T ®2k?dh. Meanwhile, Dy, is de-
fined as [2,3Dg. = <§[(1 +T./T;) + (T./nge) <J0(%)ﬁf> /5(;5} >> in analogy with Eq. (8).
Note that, because of the difference in ZF response and the vanishiihg @ nonlinearities,

Eqg. (11) gives a~ ((k*)) p? weaker sideband excitation for ETG than Eq. (7) for ITG. Simi-
larly, ZF excitation rate is also weaker for ETG than for ITG since the ZF ETG polarizability
is xe. ~ (T./T;) [2,3], i.e. larger thany;., and the ZF evolution equation in the ETG case is
obtained from Eq. (9) by substituting. — .., ; — . andp; — p.. Therefore, the ZF
modulational instability growth rate [5] well above its onset threshold.is- v;, with

= (o) ool pietar (((12)) — ) stlaof (12)

A direct comparison of Egs. (10) and (12) demonstrates that ETG-ZF dynamics occurs on a

~ (/K2 ((k*))p?)~! longer (normalized) time scale with respect to that of ITG-ZF [2,3]. For
this reason, ZF are fairly ineffective in altering ETG turbulence structures [2,3], while they are
crucial for regulating ITG turbulence level and the associated transport [6,15].

3. ITG nonlinear dynamics and size scaling of turbulent transport

For ITG, the Hasegawa-Mima nonlinearitye. the nonlinear coupling between differeris
(Section 1), is an orde® (k2 p?) smaller than th& x B nonlinearity, dominated by ZF [5,8,9].
Meanwhile, nonlinear distortions of the parallel mode structure are subdominant as well since
®(9;r) is formed on a w; ' time scalej.e. much shorter than the that of nonlinear processes
L. All nonlinear interactions reflect on the radial envelope only, for which one can system-
atically derive nonlinear equations under the assumption that there exists a hierarchy among
nonlinear wave-wave interactions, where thg ~ ;' is set by ITG-ZF interactions [8,9]

LpP = 280,7
LsS = —Po,Z
L£,7 = 2Re|P*d,S — S0,P*] . (13)

Here,P, S andZ stand for the suitably normalized [8,9] ITGdebandwhich appear as com-
plex conjugate pairs) and ZF amplitudes, while the linear oper&tpr& s, £, are defined as
Lps = 0; —ps — 26Y20, +iT(A+ &) +i0% andL = (O, + 7.). Furthermore, we have ex-
tracted ax exp(—iwpt) time dependence from ITG and sideband envelopes, time is normalized
ast = |y p(z = xy)lt, i.e, to the “pump” ITG growth rate at a reference radial positign
and[yp.s,7.] = [vrrs,V:l/|7L p(x = xx)|. The normalized radial coordinateand the other
guantities to be defined are given By= wy/|v. p(z = zy)|, 6Y/2 = (E0V/2)/(2A\1/2), € =
(Qk()@DR/(?@ko - 9,%082DR/89,%0)/(wOE)DR/(?wO), A= (€£0/2)(82DR/8920)/(WO6DR/8000),

0, = (A2 /(Oron(dq/dr))0,, with the dispersion functiodD = Dy + iD;, 7 =
—D;/(0Dg/0wy) andbyo(r) implicitly defined viaDg(r, wy, Oxo) = 0[8,9]. This form oflin-

ear propagatords consistent with the present Mode Structure Decomposition approach [16],
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based on both time and spatial scale separation of the mode structures, and includes the wave
dispersive properties of the radial envelope to the leading orderfinite group velocity and
focusing/de-focusing of the wave packet, which reflect the crucial importance of equilibrium
geometry (toroidal) on the ITG intensity propagation via their dependenciég o1 [8,9].

As discussed in Section I, ZFs are generated by ITG turbulence via modulational instability [5]
and, inturn, act both as nonlinear damping as well as anti-potential well on the ITG pump [8,9].
This nonlinear interaction causes ITG to spread radially and eventually reach the linearly stable
region [7-9,11,17]. In our model, turbulent transport is a local diffusive process due to the
local turbulence level, that may eventually depend on the system size only via dependencies
of the turbulence intensity on the global plasma equilibrium properties. For sufficiently strong
growth rate, the mode grows at the local growth rate and nonlinearly saturates before any linear
radial mode structure can form. The same happens for a sufficiently large system as well,
when nonlinear interactions become important before the ITG traveling radial wave-packets
sample regions of varying equilibrium, either because of the linear wave dispersive properties
or of nonlinearly induced wave spreading. Under these circumstances, the system behaves
as an infinite and uniform medium and turbulent transport is gyro-Bohm: in fact, fixed point
solutions of Egs. (13) for largg, give [10]

Y (Vg + 27 or'1/2
[27(_7d+_7po) <2+ . ) 7
Y4 — Fpol 5¥poLy

(14)

for the turbulence intensity = (|P|> + 2|S|?) dependence on the system size. Here, angular
brackets denote spatial averaging, which we typically take ta /leof the linear unstable
domain for the ITG pumg [8,9]. Furthermore, we have assumed a mddgl= w/wy — 1 +

07 +V(x), V(z) = 1 —exp(—2?/L2), L, = |ndq/dr|L,/T"?, 3p = qpo — (1 + Ypo)V (z)

and constantly damped sidebands, = —7, [8-10]. In the opposite caseg. for either
sufficiently small system or weak growth rate, the ITG traveling radial wave-packets sample
regions of varying equilibrium and turbulent transport is Bohm-like: it can be shown that, for
L,ypol'/? ~ 1, the turbulence intensity is

 %Taly 2 - AT

I~ o <1+%F1/2Lp> <1+7§L§> : (15)
which scales with the system size. From the discussion above, it is not surprising that the
control parameter from Bohm-like to gyro-Bohm transitionZigyp,I''/2, which is also the
number of linearly unstable radial eigenmodes of the pump ITG [8-10].
Despite the coherence of the underlying nonlinear dynamics, the dynamic system of Egs. (13)
exhibits both fixed point and limit cycle attractors as well as chaotic behavior, depending on
the system size and proximity to marginal stability [9,10]. However, even for the unstable fixed
points, the turbulence intensity oscillates around the fixed point values, which provide a good
estimate for the turbulence level and, thus, of turbulent transport [10]. Equations (14) and (15)
provide an excellent fit to numerical solutions for the whole range of explbyethdyp, [10].

4. ETG saturation via nonlinear toroidal coupling

The theoretical analysis of Section Il demonstrates that nonlinear ETG-ZF dynamics is of neg-
ligible importance for ETG saturation and for setting the level of turbulent transport. The main
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reason is the ionnarly) adiabatic response, which annihilates #iex B nonlinearity and
makes the Hasegawa-Mima term the dominant interaction. The weak coupling between ETG
and ZF is confirmed bglobal gyrokinetic simulations, which demonstrate the fairly ineffective
role of ZFs in altering ETG turbulence structures [2,3,18,19]. However, there remain open dis-
cussions on the actual ETG saturation mechanism and on the corresponding level of turbulent
transport [2,3,18-21].

Within our paradigm for treating nonlinear interactions (Section I) and given the analysis of
Section Il, ETG saturation can be set only by distortions of the parallel mode structures or
by nonlinear coupling between differems. This situation was recently studied by dedicated
numerical simulations [2,3]. First of all, analyses of the nonlinear evolution of a singlES,
demonstrated that saturation occurs via the generation gfiag +1,n = 0) = (m,n)* x
(m=£1,n) mode, which broadens the radial width of poloidal harmonies,increasesk| and
enhances Landau damping. Tllhg| increase corresponds to a strengthening of the ballooning
character ofP(¢; r) due to the modification of théspace potential well by thet1, 0) mode.

The elongated ETG eddies at saturatisttgamer$are not appreciably altered with respect to
the linear growth phase, suggesting weak ZF effects on ETG and excluding the mode saturation
via excitation of a slab-like secondary Kelvin-Helmholtz (KH) instability [20,21]. Similar
analyses, carried out with multiple-ETG, show a much lower saturation level than in the
singles case, indicating that the nonlinear coupling between two differ&sns the dominant
process in the ETG saturation. It is readily recognized that this coupling is a truly toroidal
process, since the Hasegawa-Mima ternxib - k', x k'/. Itis the localized radial structure

of the single poloidal harmonics orsal/|nq’| scale that makes the coupling of two elongated
streamers wittk!., k” ~ 0 possible, which otherwise could not effectively interact. Efficient
nonlinear coupling between two differems, sayn, andn;, imposes that poloidal harmonics

be localized near the same radial positibe, that we consider a low order rational surface

rs, Wheremg/ng ~ my/ny ~ q(rs) = my/n;. Assuming the typical ETG unstable spectrum,

an optimal ordering is found for; ~ n[l)/Q. Furthermore, we take; = ny — n; to satisfy
mode number matching conditions. The lembeat waves arquasi modesince they do not
satisfy three-wave resonant conditions dué to (v.o/wo) ~ (yo1/w1) ~ kipe ~ n51/4 >

lwo — wi|/wy ~ n&m [2,3]. Due to toroidal geometry and their nonlinear nature, quasi modes
are characterized by highly localized radial structures as well as long parallel wavelgngth,
1/(n(1)/2qR0) (not ballooning). Starting from the quasineutrality conditions#gr, n, modes

in the form of Eq. (6), it is possible to systematically calculate the parallel mode structure of
the quasi modes, and then derive the evolution equations for the normalized ampljf(tdes
ai(t) anda,(t), wherea = eA/T, and A is the local mode amplitude defined by Eg. (1). Given

s the magnetic shear, we have [2,3]:

(at - ’YLo)ao = —7YNL11q] , (&t - ’YL1)G1 = ’YNLoaoaf ) Oy = ’YNLlCLoOGk ) (16)

whereswron = (ko)) /WP kg asetelweel T3/ Te)ps vavna = (2m/mo)kifscee|weel(T;/ T2 )
and, definingd, = 6 + 2/,

k1 2 2 2ritng [ 2,9 9 9 09T
i = e [ e (12 ()] [1+ 0] 0 00000 . (7)

Note that, from Egs. (16), the spectral transfer is toward longer poloidal wavelengths. Since
ng ~ np > n;, we can generalize Egs. (16) to the multipleease in the continuum limit.
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Introducing/,, = |a,|?/2 andv,, = —yyzn|a;|, we finally have
(O —2v2n) L+ 00,1, = 0, (O +7)|a| = 4O‘e|wce|(Ti/Te)péq/ / kgn]ndn , (18)

where we have introduceg as the damping rate of the forcegmode viak; v, Landau damp-

ing. Sincev, < 0, Egs. (18) indicate that ETG energy is gradually transferred to longer
poloidal wavelengths via scattering off the lowguasi modes, till saturation takes place due

to enhanced damping and/or decreased drive. The corresponding turbulent transport level is
smaller than values of experimental relevance, as demonstrated in global gyrokinetic simula-
tions [2,3]. The crucial role of low: quasi modes amediatorsof the nonlocal spectral energy
transfer [2,3] makes it necessary to properly treat the dynamics of these low mode numbers,
which are characterized by highly localized radial structures and are very extended along the
field lines,k; ~ 1/(né/2qRo). Underestimating the quasi mode amplitude or occupation num-
ber implies underestimating,, resulting in a larger ETG saturation level and turbulent trans-
port. This point could help resolving the discrepancy between flux tube and global gyrokinetic
particle simulation results [2,3,18-21].
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