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Shear-Alfve n waves in gyrokinetic plasmas
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It is found that the thermal fluctuation level of the shear-Atfwgaves in a gyrokinetic plasma is
dependent on plasnm(zcﬁlvf\), wherec, is the ion acoustic speed ang is the Alfven velocity.

This unique thermodynamic property based on the fluctuation—dissipation theorem is verified in this
paper using a new gyrokinetic particle simulation scheme, which splits the particle distribution
function into the equilibrium part as well as the adiabatic and nonadiabatic parts. The numerical
implication of this property is discussed. @001 American Institute of Physics.
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I. INTRODUCTION dF, oF, . _OF,
Gyrokinetic particle simulatior? was developed for the dt ot +ub J —VoXDby IX

purpose of reducing the temporal and spatial disparities in

the simulation plasma when one is only interested in the +sp2 a_‘ﬂ aFa: 1)

long-wavelength and low-frequency modes in magnetically “ ‘“ﬁx” v

confined plasmas. Another benefit of the gyrokinetic ap- h T T q 092 —m / 2_q
proach is the reduction of the numerical noise in the'/"€r€7=Te/Ti, a denotes species,.=m;/Me, vi=1/7,

simulation?® With the introduction of the perturbativest) — Se™»Si=— T

particle simulation schenfenumerical noise is no longer an o B B, .

issue, because we can always make it arbitrarily small.  b=bg+ o= —=+VA Xb,, )
e ) o7 . By, Bo

However, in this paper, we will show that the noise issue is

still relevant for perturbative gyrokinetic particle simulation A

when finite3 effects associated with shear-Alfvephysics Et=-V¢, E[= e 3

are important. Both analytic and numerical results will be
presented. The former is based on the usual fluctuationand the superscripts(ongitudina) and T(ransversgdenote
dissipation theorem and the latter uses a new simulatiothe decomposition relative to the direction of wave propaga-

scheme which is the finitg- extension of the split-weight tion. The effective potential in Eq1) is defined as
perturbative gyrokinetic particle simulation scheme in the

electrostatic approximatich. Specifically, the new split- %=—(EL+ET6 )b= ﬁ+ 19_AH

weight scheme breaks up the distribution function into an  gx; P07 ax + ot
equilibrium part,F,, as well as an adiabatic part and a nona- ~

diabatic part. The adiabatic part is associated with the prodand d/dx=b,-V. The gyrokinetic Poisson’s equation for
uct of F, and the effective potential of y=¢ K2 pf<1 can be simplified as

+[dAlcatdx;, and the nonadiabatic part is followed dy-

namically. Here,¢ is the electrostatic potentiafy is the Vi(p:f (Fe—Fpdy, (5)
vector potential, and is the spatial coordinate along the

field line. As we will discuss, without the use gf numerical  \yhere the electrostatic potentidlis normalized byT /e and
noise can interfere with the formation of shear-Aliveor- [Foy dvj=1. Ampere’s law then becomes

mal modes. The present paper is organized as follows. In

Sec. I, the basic finitgg gyrokinetic formulation based on 5

the generalized Ohm's law is described. The theoretical ViAH:'BJ vj(Fe=Fidyy, ©)
properties in terms of the effective potentigl,are discussed o .

in Sec. Ill. The finiteg split-weight scheme and its use for Where the vector potentid is normalized bycTe/ecs, 8

_ 2 2 . . ’ .
the verification of the numerical properties are given in Secs— cs/va, va=CAplps is the Alfven spe_ed, andp s the
IV and V, respectively. electron Debye length[Note that the ion acoustic speed

cs(=ps();) is unity in the gyrokinetic unii. Equations(1)—

Il. FINITE-B GYROKINETICS AND THE GENERALIZED (6) are the so-calledelectromagnetic Darwin model, in

OHM'S LAW which the transverse induction electric curreaE'/at, is

In the gyrokinetic units ofp(=+/7p;) and Qi’l for  neglected in Ampere’s law. The approximation ‘ﬂlf”‘]\\
length and time, respectively, the governing gyrokinetic Vla-valid for k <k, is also used here. To expedite the calculation
sov equation for a finitgg plasma in slab geometry in the of dy/dx of Eq. (4), a generalized Ohm’s law in shearless

limit of k?p?<1 can be written ds slab geometry, by combining Egd)—(6), can be written as

4
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Vf—ﬁ(%f Fede+f Fidv> —

19XH

_:8_

7 f vf(Fi—Fe)du— BV ¢

“ J
Xbo'va(Fi—Fe)dv—o_'—X”f (Fi—Fe)dU”. (7)

The present paper represents the first attempt to study t

properties of the generalized potentigl,in both theory and
simulation based on Ed7). The use of this equation for
shear-Alfvan physics was first suggested in Ref. 8.

Ill. THEORETICAL PROPERTIES OF FINITE-B8
GYROKINETIC PLASMAS

Starting from Eq.(1) and usingF,=F,+ 6f, and
IF 0/ 9t +v Do+ dF o,/ x=0, we obtain

dﬁfa _ dFo, Y

dt dt _S“v”a_xHFOC“’ ®

whered/dt is defined in Eq(1) and the zeroth-order inho-
mogeneity is ignored. The generalized Ohm’s law, EA,
should then be changed accordingly as

9y
5XH

m

vi-p -

d
BO”XH f UH(5f 5fe)dv||

f (5f,— 8t e)duy, (9)

6’XH
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1) kv
. 7

V1t whdek® 1+ e wh

where c/wpo(=psyMme/m;B) is the electron skin depth.
In the electrostatic limit of w5/c?k?—0, it recovers
the shear-Alfve modes in the electrostatic limit, i.e.,
oy[=(k /K ) vm;/mg;] as discussed in Ref. 2. Equation
(13), valid for B<m./m;, shows that the magnitude of the
@ear—Alfv’en frequencies becomes lower for high&s. For
the warm electron response @f<kjvc, the oscillation fre-
quencies from Eq(12) become

(13

a)=ik”UA\/l+k , (14)
and the corresponding damping rate is

Y 1 \/; w |(2 1

0)_ ZkHUte 1+k ( 5)

wherev ,=/1/8 is the Alfven velocity. These are the usual
kinetic shear-Alfve waves for3>m,/m; and both the mag-
nitude of the frequency and the damping rate continue to
decrease for highe#'s. For =1, the normal modes ar@
ZikHCS\/l-H(J_.

The total thermal fluctuation level in a finif@-gyroki-
netic plasma is the consequence of integrating over the
whole w spectra of the fluctuation-theorehi.e.,

T 1 1 T. A2

2 2 e D
VKW (k)[?/8m= (D(w =) D(w=0)] " 2 p2’
(16)

for 7=1, whereV = [ dw, D is given by Eq(12), andV is
the volume of the system. The corresponding fluctuation po-
tential becomes

where the higher order nonlinear terms have been dropped.

The theoretical and numerical properties of the shear-Alfve
waves can be studied as follows. The linearized version of

Eq. (8),
a6f, aof, A . 10
P +U”_axH _S“U”a_xH Oar (10
with the ansatz of exji{x—iwt) gives
5f = 1+—)saF0a¢. (12)
Kjpj—w

Substituting it into Eq(9), we obtain the dispersion relation
as

2

)[T(1+X )+ (1+Xo)]|=0,
(12

kA3

whereD is the dielectric constant fd@®A\3<1 and

w

\/ikHUta .

w
X, = z(
\/ikHUta

For the cold response @b>kjv,, Eq.(12) gives the nor-
mal modes as

el

Te

1
\/Nkps,

whereN is the number of simulation particles in the waves
with the wave numbek. These levels resemble those in
terms of E- or ¢ obtained earlier for finitgd plasma$'® as
well as those for the electrostatic cadéslhus, there is no
reduction in the total noise level due to finigeeffects. The
troublesome aspect of this result is that the noise level is
greatly enhanced for long wavelength modes wkifh<<1.
However, as we will show, the fraction of this noise that
resides in the shear-Alfwenormal modes actually decreases
with B. To proceed, let us again ugein Eqg. (9). Starting
from the fluctuation—dissipation theoréime can express
the thermal fluctuation level for the normal modes of interest
as

17

1

% |w(9DR/(9(U|n’ (18)

V2| (k)| 2187 = 7‘9
whereDp, is the real part of the dielectric constant, E&)2),
and(} is the normal mode. For the cold electron response of
0>k and from Eq.(13), we obtain

Te N3 1
VI (k)| 2187 = —

2 71—i-a) e/C (19
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and, correspondingly, IV. THE SPLIT-WEIGHT SCHEME FOR FINITE-8
PLASMAS
e_:,b _ 1 1 (20) To prove this point numerically, we have devised a new
Tel  UNkps 1+ wf)e/czk2 simulation scheme, which is the extension of the split-weight

5f schemé to finite-8 plasmas. Briefly, the scheme divides
Apparently, there is reduction in the noise level as shown irthe perturbed electron distribution into the adiabatic and
Eq. (20) due to finiteB effects. Equation$19) and (20) are  honadiabatic parts, i.e.,
valid for B<mg/m;. In the limit of =0 (/— ¢), we re- fo= YF oot SN
cover the level ofe¢/T|=1/\Nkps as given by Refs. 2 and € Oe 7 “le-
3. For the warm electron response @t <k, Eq. (18)  From d¢///dt=az///at+vHB-az,///&x—V¢><Bo-az,b/&x and Eq.

gives (1), and dropping the nonlinear terms, we obtain
2 2/q —7=— —Fqe- (23
V| y(k) |8 = THie,2 (21) dt at
Defining
by using Eq.(14) and, in turn, the noise level becomes
Y 9 Ba14 wNA=sh, /F,,
ey 1 1 22 the weight equation can then be written as
Tel YN V1+K%pZ dw' 1 dsh,  1-wMay
o dt  F, dt  1+¢ at° (24
Thus, Egs.(21) and (22) indicate that, for8>m./m,, the
noise level is much reduced and is nearly constankfgrz ~ The corresponding equations of motion are
<1. For =0 with warm electrons and cold ions, Ed.2) dx
gives the normal mode ob= *kcs/v1+ kzpsz, which is ——U||bo V(p— v”A”)Xbo, (25)
the gyrokinetic version of the ion acoustic waves and its dt
thermal energy and noise level are the same as those given in do, oy
Egs. (21) and (22) with ¢ replaced byg. For k?p2<1, we =502 —, (26)
recover the noise Ievel for the usual ion acoustic waves. dt ‘7XH
favorable trend for the numerical noise. Specifically, compar-
ing them with Eqs(16) and (17), it is evident that most of (VZ— )_lﬂ_ _J’ 2(5f.— sh.)d
the numerical noise resides outside the normal modes for x| _’GaxH Yl S
finite-B plasmas fork, ps<<1, while all the noise is in the
normal modes fo§=(_). As we WI|| show, the _ellmlnatlop of f (8f,— She)dvy, (27)
the unwanted noise is essential for simulating shear-Alfve <9X|

\r/]valvc:sl Ofkip S<1” afndthmoreovir'g fman (_erfrf]ects are e\tlﬁ nt where the perturbed ion distribution can be calculated by the
elpful numerically for the case &f p5~ ereasonsthat . - ist cchemd with

the total noise remains unchanged and that more noise re-
sides outside the normal modes for higlsgplasmas are due N
to the fact that, in gyrokinetic plasmas, the electrostatic nor-  8fi= >, W;8(x—x;)8(vj—vy;)
mal modes* wy, which can interact with the noise gener- =1
ated by the fast particles, change into shear-Alfveaves and the nonadiabatic electron contribution is given by
with phase velocities less than the electron thermal velocity
for B>m¢/m;. As such, there is no mechanism to damp out
the noise generated by the fast particles and the total noise
level remains the same regardlessBof

The interest in utilizing the desirable numerical proper-Taking d/4t of Egs.(9) and(27) and using Eqs(8) and(23),
ties of shear-Alfva waves for simulation purposes was first We arrive at
mentioned in Ref. 8. However, a simple application of the ml} (w

N
5he:j21 WJNA5(X—XJ-)5(UH— U”j).

perturbativesf schemé&to solve Eqs(8) and(9) was limited

to low B plasmas, i.e.8<m./m;.° The subsequent wotk
using the canonical momentum as a phase space vdriable 9
had to use a totdl code to produce shear-Alfaevaves. We + ﬂf v|(6f; = She)dy . (28)
believe that, in both cases, numerical noise causes the prob- ”

lem, i.e., the interference of the nonadiabatic responses of tHequations(24)—(28) form the basic set for finitg split-
fast electrons with the collective oscillations of shear-Affve weight particle simulation. We should remark here that the
waves is the culprit. dispersion relation, Eq12), which is the basis for the theo-

vi-p ,8 vj(8f;—she)d)

&X|
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FIG. 1. (a) Damping rate and noise
level, and (b) frequencies for the
shear-Alfven waves for8=0.0%.
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retical properties presented in Sec. lll, can easily be recovshown in Fig. 1, wherd);At=0.2 is the time step used in
ered by using Eq923) and(28) together with the necessary the simulation for resolving these modes. These are the well-
equations for the ion response.

V. FINITE-B GYROKINETIC PARTICLE SIMULATION

RESULTS

known wy modes, which have first been studied in detail and
well understood in Ref. 2. The noise level@f/T.=3% is
reached af);t=60. However, the noise fluctuates wildly in
the ensuing simulation and reaches as high as 20% at times.

The simulation has been carried out with a one-These high amplitude oscillations are mainly due to the lack

dimensional simulation with quiet start cods10.*° In the
code, bothx andz are ignorable coordinateg= ¢x;, and
0<1 is the angle between the extermafield and thez axis.
This is a linear simulation in which Eq&24)—(26) are sim-

plified t

(0}

dXH/dIZUH ,

and

dU”/dt:O,

dwNA/dt=— gyl at,

respectively.

of simulation particles at the Maxwellian tail of/k
~2.%4. The simulation frequencies of/Q;==*=0.51
shown in Fig. 1 are higher than the theoretical values of
wl/Q;=*+0.43 given by Eq(13) again due to the enhanced
noise as well as the high damping rate which tends to
broaden the frequency spectrum. These discrepancies in am-
plitude and frequency can, of course, be improved with more
particles. But, as we will show, they can also be improved
with the finite8 effects without using more particles. For
example, for the case ¢gf=0.01% with the same number of
particles and the same time step, the measured frequencies

The simulation uses a 64 grid system with 6765 particlehecome +=0.32 compared favorably with the theoretical

and includes only the modes wikps~ +0.4. The other pa-
rameters arem;/m,=1837, =1, #=0.01, anda (particle

value of +0.3 from Eq.(13). As shown in Fig. 2 for the case
of B=0.1% where again the same number of particles are

size) =0. In all the simulations reported here, we initialized used, but with a larger time step 6f At=2, both the linear

the system withw; <1 for the ions andv}*<1 for the elec-
trons. The properties of the resulting = (t)/(t=0)] in
terms of the fluctuatiorinoise level, damping rate, and fre-
qguency (based on the whole time histornfor =0 are

0

33l

ey /Te

-10.0

184

8.7

0

1000

2000
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P(w)

frequenciegbased on the whole time histgrgnd the damp-
ing rate of @+iy)/Q;=*+0.13-10.011 are in excellent
agreement with the theoretical predictions of0.14

—i0.011 from Egs.(14) and (15). In the steady state, the

) ]

FIG. 2. (a) Damping rate and noise
level, and (b) frequencies for the
shear-Alfven waves for3=0.1%.
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FIG. 3. Comparisons of fluctuation levels between simulations and theoret- 0 250 500

ical predictions.
Q;t

X — i i FIG. 5. Shear-Alfva oscillations for8=10.0% including non-normal mode
noise level reaches)/T.=1.0%, without any numerical en- pgise.
hancement. To compare these fluctuation levels to the theo-
retical predictions by Hu and Krommedet us renormalize
the steady-state values fgrin Figs. 1 and 2 by the average —i0.00010 predicted by theory. However, the fluctuation
particle weight ofw= /S (wys)%/N/2 in the corresponding amplitude of 5% at the end of the simulation is considerably
steady state. We then obtaief/T,)/w~8.0% and 1.0% for higher than the theoretical prediction. The difficulty here is
B=0 and 0.1%, respectively. The corresponding fluctuatiorthat the damping rate is more than 100 times smaller than the
levels are 3.0% and 1.2%, calculated, respectively, from Eqgeal frequencies. As such, we have to use a very large num-
(20) and(22). The former is in the cold electron limit and the ber of time steps to reach the steady state. A very large num-
noise enhancement due to lack of particles is evident. Thier of time steps in a linearized collisionless simulation such
latter is already in the warm electron limit for a nominal ~ as this means that we have to use sufficient number of par-
and the agreement is excellent. We have also studied tHécles to carry all the necessary phase space history informa-
cases 0f3=0.004%, 0.01%, 0.02%, 1.0%, and 3%, and theirtion for all these time steps. Thus, we need more particles
linear properties in terms of frequencies and growth rate&nd more time steps to have a converged solution. Since we
agree well with the theoretical values. Their time-averagedrefer to keep the same number of particles for all the cases
fluctuations in the steady state are also in excellent agregresented here for comparison purposes, we will defer fur-
ment with theory based on Eq&0) or (22) as shown in Fig. ther discussions of these higheases to a later time. Never-
3, whereey/ T, is normalized tov. Note that the total fluc- theless, the simulation data in Fig. 3 cover the relevant range
tuation level for the simulation should be about 3% as preof g's for the tokamaks and serve the purpose of this paper as
dicted by Eq.(17) for these cases and it is 2.5 times higherwell.
than the noise residing in the shear-Alfvevaves for the For comparison with thg8=10% case in Fig. 4, we
warm electrons wittkp,=0.4 as given by Eq22). Thus, the have carried out a similar simulation by using #fescheme
split-weight scheme correctly keeps the noise associated withased on Eqs(8) and (9)* with the same parameters. It is
the normal modes while, effectively, eliminating the noisefound that the simulation is numerically unstable. However,
outside of them. Fop=10% andQ;At=2, the frequencies the stability is restored by usingt=0.2. This is shown in
and the damping rate ofa(+i7y)/Q;==+0.014-i0.00011, Fig. 5. The excessive noise related to the tail distribution of
as given by Fig. 4, are in excellent agreement with.014  the Maxwellian is evident, and the linear properties of the
shear-Alfvan waves are substantially modified.
As for the time step for the warm electron cases, it is
o L T T T T T T restricted by the parallel transit time requirement of
: KjoeAt< 1.2 This complication is caused by the presence of
the skin term,8m;/m,, on the left-hand side of Eq28),
which needs to be canceled by the leading term from;ﬁ”ue
moment on the right-hand side to produce the correct re-
sponse forw/kjve<1. However, foro/kp>1, the skin
term becomes dominant, e.g., near the rational surfaces, re-
gardless of the plasm@. Therefore, it is an important term.
Because of the absence of high frequency normal modes for
a sufficiently highg plasma, one may use the adiabatic push-
P R ing schemé? in which one pushes electrons more often, to
o 1500 3000 4500 6000 improve the situation. Specifically, by depositing the velocity
moments for the electrons at every small time step, and
push ions and solve field equations with a large time step,
FIG. 4. Shear-Alfva oscillations for3=10.0%. AT, one can use less electrons and, in turn, can effectively
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ey /Te
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Q;t
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