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Simulations of toroidal angular momentum transport have been carried out using global toroidal
gyrokinetic particle-in-cell code. The significant redistribution of toroidal momentum is observed,
driven by the ion temperature gradient turbulence with adiabatic electrons, resulting in a peaked
momentum profile in the central region of the radial domain. Cases with rigid and sheared plasma
rotation are considered. Diffusive and off-diagonal �pinchlike� fluxes are identified. Toroidal
momentum diffusivity is calculated by subtracting pinch contribution from the total momentum flux,
and compared to quasilinear estimates. It is found that the ratio of momentum to heat conductivity
is smaller than unity even after subtracting pinch contribution when wave-particle resonance energy
is larger than thermal energy. © 2008 American Institute of Physics. �DOI: 10.1063/1.2977769�

I. INTRODUCTION

Plasma rotation plays important role in turbulence
stabilization1,2 and in suppression of resistive wall modes,3

therefore affecting tokamak performance. In present day ma-
chines, rotation is usually driven by external sources, such as
neutral beam injection; however, it might be unavailable in a
future devices such as ITER, due to the large machine size
and high densities. Possible solution of this problem could be
generation of spontaneous �intrinsic� rotation and on-axis
peaking of momentum profile by inward pinchlike flux.
Thus, it becomes crucial to understand the nature of intrinsic
rotation phenomena, together with momentum transport
mechanisms.

Substantial spontaneous rotation has been observed on
many devices, such as JET,4 Alcator C-Mod,5 Tore Supra,6

DIII-D,7 TCV,8,9 and JT-60U.10 These and other experimental
results are summarized and discussed in Ref. 11. Another
important observation is the requirement of inward radial
flow �pinch� of toroidal momentum in order to explain the
experimental profile structure.12 Toroidal momentum trans-
port has been characterized by the momentum conductivity
��. The ratio of �� to the ion heat conductivity �i, called the
Prandtl number �Pr=�� /�i�, has been theoretically predicted
to be close to unity.13,14 This conclusion is consistent with
the fact that momentum confinement time is often compa-
rable to the energy confinement time,15,16 however, recent
experiments report smaller values of Pr.17,18

There are several theoretical works attempting to de-
scribe the complicated nature of momentum transport.19–26

The existence of nondiffusive �off-diagonal� contribution to
the momentum flux is anticipated as the result of toroidal
symmetry breaking. Simplified description, using quasilinear
theory and mixing length estimates, is applied to describe
momentum transport in fluid models.27,28 The Prandtl num-
ber is found to be between 0.1 and 1, which is in approxi-
mate agreement with experiment, while off-diagonal contri-
bution is not always treated correctly.

There have been recent works on gyrokinetic simula-

tions of toroidal momentum transport driven by ion tempera-
ture gradient �ITG� mode.14,29 In linear simulations by
Peeters and Angioni14 the Prandtl number is found to be
close to 1 and weakly dependent on plasma parameters. In
the nonlinear flux tube simulations using GYRO code,29 the
ratio of momentum to heat conductivity Pr�0.8 has been
reported and an off-diagonal part of momentum transport has
been observed.

In this paper we present the global nonlinear gyrokinetic
simulations using gyrokinetic toroidal code �GTC�.30 Toroidal
momentum transport is driven by ITG turbulence assuming
no poloidal rotation. As the result of simulation we obtain
flux surface averaged radial profiles of toroidal momentum
and momentum flux, as well as time evolution of these quan-
tities. Diffusive and pinch fluxes are identified for the wide
range of simulation parameters. Prandtl number is found be-
tween 0.2 and 0.7, compared to a quasilinear estimate of
Pr�0.7 based on obtained fluctuation spectra. This is in
agreement with general conclusion that the Prandtl number is
smaller than unity when the wave-particle resonance energy
is larger than the thermal energy.

II. MODEL DESCRIPTION

In GTC, particle equations of motion are solved together
with nonlinear gyrokinetic equation for the perturbed distri-
bution function. For simulations of ITG turbulence electro-
static description is used, assuming Boltzmann distribution
for electrons. The ions are treated kinetically.

The equilibrium ion distribution function F0 is chosen to
be the local Maxwellian shifted in parallel velocity,

FLM��,�,�� =
n���

�2�T���/m�3/2

�exp�−
2�B − m�v� − u����2

2T��� � , �1�

wherea�Electronic mail: iholod@uci.edu.
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v� = �	 2

m
�� − �B − e	�

is the velocity parallel to the equilibrium magnetic field

B=Bb̂, �= 
1 is the velocity sign, � is the particle energy,
	 is the equilibrium electrostatic potential, and � is the po-
loidal magnetic flux.

For a high aspect ratio tokamak, assuming large and
purely toroidal rotation �neglecting diamagnetic flow�, the
radial force balance takes a form

− �	 +
1

c
uê� � B = 0. �2�

Writing a general axisymmetric magnetic field as

B = I � � + �� � ��

and substituting u=R��, we obtain from Eq. �2�,

c	���� = − ����� . �3�

Representing the ion distribution function as the sum of
equilibrium F0 and perturbed part �f , the gyrokinetic equa-
tion can be written as

1

F0
� �

�t
+ �v�b̂ + vE + vd� · �

− e�v�b̂ + vE + vd� · ���
�

��
��f

= − ṽE ·
�F0

F0
+ e�v�b̂ + v̄E + vd� · ���

1

F0

�F0

��
, �4�

where E�B drift velocity vE=vE+ ṽE, vE=c /Bb̂��	,

ṽE=c /Bb̂����, and magnetic drift velocity vd= ��B /m

+v�
2�b̂��B /
B.
Taking into account the form of equilibrium distribution

function �1�, the spatial inhomogeneity drive is

�F0

F0
= � ln n + � m

2T
�v�

2 + �v� − u�2� −
3

2
� � ln T

−
u

v�

1

T
� � B +

e

T

1 −

u

v�
� � 	 +

m

T
�v� − u� � u .

For a high aspect ratio tokamak B�1 /R, so we can
write

�u = R � �� + �� � R = R � �� − u
�B

B

and thus,

�F0

F0
= � ln n + � m

2T
�v�

2 + �v� − u�2� −
3

2
� � ln T

+
m

T
�v� − u�R � �� −

m

T
u��v� − u� +

�B

m

1

v�
��B

B

+
e

T

1 −

u

v�
� � 	 . �5�

The derivative with respect to energy is

1

F0

�F0

��
= −

1

T

1

v�

�v� − u� . �6�

Substituting Eqs. �5� and �6� into Eq. �4�, we get the
gyrokinetic equation for the perturbed part of ion’s distribu-
tion function

1

F0
� �

�t
+ �v�b̂ + vE + vd� · �

+ e�v�b̂ + vE + vd� · ���
�

��
��f

= − � · ṽE −
e

T
�v� − u�b̂ · ���

+
1

T
��B + m�v� + u��v� − u���B

B
· ṽE, �7�

where

� �
�n

n
+ � 1

T

�B +

m

2
�v� − u�2� −

3

2
��T

T

+
m

T
�v� − u�R � ��

is the equilibrium density, temperature, and toroidal angular
velocity gradients. The last term in � would be vanishing in
case of rigid rotation with ��=const. The parallel nonlinear-
ity term is not included in current simulations.
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FIG. 1. �Color online� Ion heat conductivity �top panel� and toroidal
momentum flux �bottom panel� evolution at different radial locations
���=0.2vi /R0�.
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III. RESULTS AND DISCUSSION

In our simulations, toroidal momentum transport is
driven by ITG turbulence with the following parameters:
R0 /LT=9, R0 /Ln=3, R0 /�i=700, R0 /a=3, and Te /Ti=1,
where R0 and a are the tokamak major and minor radii, re-
spectively; LT and Ln are the equilibrium temperature and
density inhomogeneity scale lengths, respectively; Te and Ti

are the electron and ion temperatures respectively; and �i is
the ion gyro radius.

As the result of simulations we produce the evolution of
perturbed toroidal angular momentum 
�L���
Rv��f� and
dominant29 toroidal momentum flux ���
�L��vr�. Here,
�vr is the radial component of the perturbed E�B drift ve-
locity, and 
¯� denotes the flux surface averaging.

We have started by considering the cases of rigid plasma
rotation, i.e. setting constant mean angular velocity. The evo-
lution of ITG turbulence is shown in the Fig. 1 �top panel�,

where we plot the ion heat conductivity versus time for dif-
ferent radial locations. The corresponding time evolution of
toroidal momentum flux is plotted in Fig. 1 �bottom panel�.
The initial and resulting radial profile of toroidal momentum
together with time averaged momentum flux is shown in Fig.
2. As we can see, the significant redistribution of momentum
is observed at quasi-steady state after nonlinear saturation.
This redistribution has a pinchlike character with the mo-
mentum flux directed towards the center of tokamak. Similar
situation is observed for the case of rigid rotation in the
opposite direction in Fig. 3, where we also see the spinning
up of a plasma in the central region caused by the inverse
flux of �negative� momentum, which leads to the conclusion
that pinch-like momentum flux is independent of rotation
direction. The result of parameter scan with different values
of rotation velocity is shown in Fig. 4. As we can see, the
momentum flux increases with rotation velocity, reaching
saturation at ���0.25vi /R0. The flux maximum is slightly
shifted towards larger r /a for the negative rotation case. The
breaking of the symmetry in the sign of �0 may arise from
the buildup of a net toroidal rotation in the case with no
background rotation.

The diffusive flux was studied by simulating plasma
with the sheared toroidal angular velocity, taken in the form
��= ��0+�1r /a�vi /R0. The results of simulations for differ-
ent values of rotation shear are summarized in Table I.
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FIG. 2. Toroidal momentum and momentum flux profiles for ��
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FIG. 3. Toroidal momentum and momentum flux profiles for ��

=−0.2vi /R0.
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FIG. 4. �Color online� Off-diagonal part of the momentum flux �angular
velocity �0 is normalized by vi /R0 and momentum flux is normalized by
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TABLE I. Simulation results for sheared rotation cases.

�0 �1 ���R0vi
2��10−5 ��

diff��ivi��10−3 ��
eff��ivi��10−3 ��

diff /�i

0.2 −0.4 0.52 4.1 2.9 0.41

0.15 −0.3 0.60 6.2 4.5 0.62

0.1 −0.2 0.32 6.4 3.6 0.6

−0.1 0.2 −0.37 2.3 4.2 0.23

−0.15 0.3 −0.63 3.6 4.7 0.36

−0.2 0.4 −0.58 2.4 3.3 0.24
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The effective momentum conductivity is defined as
��

eff�−�� /�L�, where �� is the total toroidal momentum
flux, averaged in time and space. The diagonal part of mo-
mentum conductivity, i.e., the momentum diffusivity ��

diff, is
calculated by subtracting the off-diagonal �pinchlike� contri-
bution from the total flux. This off-diagonal flux is calculated
by interpolating data from the rigid rotation cases �Fig. 4�. To
illustrate the result of such subtraction, we plot in Fig. 5 the
radial profiles of total and diffusive fluxes for the typical case
with �0=0.2 and �1=−0.4. In this figure we clearly observe
the redistribution of momentum resulting in profile flatten-
ing. The diffusive part of momentum flux turns out to be
larger than the total flux in the region r /a�0.5, since diffu-
sive and pinch fluxes have opposite directions in this region.
The situation is inverse for r /a�0.5.

As we can see from Table I, the pinchlike and diagonal
contributions can be comparable, especially in the low shear
cases. The Prandtl number Pr=��

diff /�i is calculated based on
the diagonal part of momentum conductivity. It is found to
be in the range of Pr�0.2−0.7, as shown in Table I.

Alternative calculations of momentum and heat conduc-
tivities can be done using quasilinear theory and fluctuation
spectra obtained directly from simulations. Some discussions
about validity and application of quasilinear theory for toroi-
dal drift-wave turbulence can be found in Refs. 31–34. In
particular, phase space islands overlapping is a necessary
condition for stochastic diffusive process which should be
satisfied.32 Additional evidence of diffusiveness are the linear
time dependence of the mean-square particle displacement

�r2� and near-Gaussian probability density function for

�r� �Refs. 33 and 35�.

Following the transition probability formalism, the
simple quasilinear expression for the mean-square radial dis-
placement of the test particle’s guiding center under the in-
fluence of the fluctuating electrostatic field can be derived,34


�x2�
�

=
2�c2

B2V
�
k
�

−�

� d�

2�

���2���,kky

2J0
2�k��i���k�v� − �� .

�8�

Here, 
���2 � ��,k is the fluctuation spectral density, ky is the
poloidal wavevenumber, J0 is the Bessel function of zeroth
order, � is the Dirac delta function, and V is the system’s
volume. The argument of �-function represents parallel
wave-particle resonance, the dominant decorrelation
mechanism.31

Integrating the Fokker–Planck collision operator with
corresponding weight, toroidal momentum and heat diffu-
sivities can be found,

��
QL =

1

n � �Rv��
� dvRv�D�v� � f�v� ,

�9�

�i
QL =

1

n � T
� dv

mv2

2
D�v� � f�v� ,

with the general radial diffusivity

D�v� =
1

2


�x2�
�

. �10�

The ratio of two diffusivities �Eq. �9�� is determined by
the velocity dependence of general diffusivity D�v�, which
itself is defined by the frequency dependence of fluctuation
spectra in Eq. �8�. The last one is found to be peaked at drift
frequency ���d���, corresponding to the energy � /T�3
and v� /vi�2.

We have found quasilinear diffusivity using fluctuation
spectra obtained from simulations. After integration over per-
pendicular velocity, the parallel velocity dependence D�v�� is
shown in Fig. 6 �upper panel�. It has a peak at v� /vi�2
which can be interpreted as the result of translation �by par-
allel wave-particle decorrelation32� of turbulence drive at �
=�d.

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

−0.05

0

0.05

initial and perturbed momentum profile at t=1000L
T
/v

i
R

0v i

final
initial

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
−1

0

1

2
x 10

−5 time averaged momentum flux (t=[500,1000] L
T
/v

i
)

r/a

R
0v i2

diffusive

total

FIG. 5. Toroidal momentum and momentum flux profiles for ��= �0.2
−0.4r /a�vi /R0.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

D
(a

.u
.)

Parallel velocity dependence of QL diffusivities

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

v
z
/v

i

χ φ,χ
i(a

.u
.)

momentum

energy

FIG. 6. Parallel velocity dependence of general �upper panel� and momen-
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In typical tokamak experiments, the resonant energy is
indeed larger than the thermal energy. Therefore, the thermal
diffusivity �i

QL is larger than the momentum diffusivity ��
QL

for a shifted Maxwellian velocity distribution defined by Eq.
�1� since �i

QL is weighted more than ��
QL by higher particle

energy. To confirm that, we plot the parallel velocity depen-
dencies �Fig. 6, lower panel�, which shows that quasilinear
diffusivities are dominant at v� /vi�1. The direct measure-
ments from simulation also show similar picture �Fig. 7�,
although, there is negative nondiffusive contribution to mo-
mentum flux �discussed earlier in this section� which has not
been captured by quasilinear estimates. The difference in
heat conductivity dependence at small v� can possibly be
explained by use of simplified resonance condition in Eq.
�8�, which does not include perpendicular particle motion.

From the obtained quasilinear diffusivity �10�, using ex-
pressions �8� and �9�, we have found ��

QL /�i
QL�0.7 in quali-

tative agreement with simulation results.

IV. SUMMARY

Global gyrokinetic simulations of toroidal momentum
transport driven by ITG turbulence are performed, using the
nonlinear gyrokinetic particle-in-cell code GTC. The equilib-
rium plasma rotation is described by a shifted Maxwellian
parallel velocity distribution for ions. Cases with constant
�rigid rotation� and radially sheared toroidal angular velocity
are considered.

The temporal evolution together with the radial profiles
of flux surface averaged toroidal momentum and momentum
flux are obtained from the simulation. We observe a signifi-
cant redistribution of toroidal momentum during the ITG in-
stability development and after the nonlinear saturation. The
general trend of spinning up of plasma towards the center of
tokamak is observed for the rigid rotation cases, which is the
manifestation of the off-diagonal �pinchlike� inward flux. For
the sheared rotation cases, the competition between diffusive
and off-diagonal fluxes takes place.

The obtained Prandtl number is found to be in the range
from 0.2 to 0.7, which is in agreement with quasilinear esti-
mate of Pr�0.7. It is smaller than unity since the resonant
energy is usually larger than thermal energy.

In the future we are planning to study the effect of ki-
netic electrons by simulating momentum transport in a pres-
ence of trapped electron mode turbulence.
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