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Abstract

A nonlinear gyrokinetic simulation model incorporating equilibrium current has been formulated for studying kinetic
magnetohydrodynamic processes in magnetized plasmas. This complete formulation enables gyrokinetic simulation
of both pressure-gradient-driven and current-driven instabilities as well as their nonlinear interactions in multi-
scale simulations. The gyrokinetic simulation model recovers the ideal magnetohydrodynamic theory in the linear
long wavelength regime including ideal and kinetic ballooning modes, kink modes and shear Alfvén waves. The
implementation of this model in the global gyrokinetic particle code has been verified for the simulation of the

effects of equilibrium current on the reversed shear Alfvén eigenmode in tokamaks.

1. Introduction

Gyrokinetic simulation is useful for studying drift wave
instabilities and kinetic magnetohydrodynamic (MHD) modes,
such as interchange modes, kink modes and shear Alfvén
waves excited by energetic particles, where kinetic effects
are important.  With a recent electromagnetic upgrade
[1], the global gyrokinetic toroidal code (GTC) [2] has
been successfully applied to the simulations of various
Alfvén eigenmodes in tokamaks including toroidal Alfvén
eigenmodes (TAEs) [3], reversed shear Alfvén eigenmodes
(RSAESs) [4] and beta-induced Alfvén eigenmodes (BAEs)
[5]. Previous gyrokinetic simulations treat only pressure-
driven instabilities. In this work we further extend the
formulation of the gyrokinetic simulation model in GTC
to include equilibrium current, which affects the existence
condition of RSAE [4,6] and excites current-driven modes
such as the kink mode [7]. Nonlinear electron effects are also
added in the electron continuity equation [1], which enables
fully nonlinear electromagnetic simulations. In the linear and
long wavelength limit, this gyrokinetic formulation is shown
to reduce to the ideal MHD theory. The implementation of
the equilibrium current is verified in RSAE simulations by
comparing with the analytic theory.

This paper first presents the nonlinear gyrokinetic
formulation with equilibrium current in section 2. Then the
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formulation in the linear long wavelength limit is shown to
reduce to the ideal MHD theory in section 3. The verification
of the implementation of the equilibrium current in RSAE
simulations is shown in section 4. The conclusions are given
in section 5.

2. Nonlinear gyrokinetic formulation with
equilibrium current

In this gyrokinetic formulation used in GTC, the ions are
described by the gyrokinetic equation [8]. Although GTC
can do both §f and full-f simulations, in this work only
8f simulation is considered. With quantities decomposed
into equilibrium and perturbed components, and the parallel
perturbed magnetic field B ignored for low-f plasmas, the
gyrokinetic equation reads

G +X-V+ V3 ) [fo (X, w, v +8f (X, w, vy, )] =0,
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where fy and éf denote the equilibrium and the perturbed
distribution function, respectively; X, vy, u, m, Z and Q
denote the gyro-centre position, the parallel velocity, the
magnetic moment, the mass, the electric charge and the
cyclotron angular frequency, respectively; By, 6B, ¢ and
A denote the equilibrium and the perturbed magnetic field,
the electrostatic potential and the parallel vector potential,
respectively; by = By/Bo; v, v, and v, denote the E x B
drift velocity, the curvature drift velocity and the grad-B drift
velocity, respectively; ¢ and ¢ denote the light speed and the
time, respectively;

dd.
<'>c =

—x) “

denotes gyro-averaging with ¥, « and p being the gyro-phase
angle, the particle position and the gyro-radius vector. Here
zero equilibrium electric field (¢9 = 0) and time-independent
equilibrium magnetic field (9; Ao = 0) are assumed, so ¢ and
A are used to denote the perturbed potentials including the
zonal and nonzonal components:

¢ = oo + 59,

where ¢gg and A go are zonal components, and §¢ and § A are
nonzonal components.

The electromagnetic field is described by the gyrokinetic
Poisson equation [9] and Ampere’s law [1]:

A” = A||00+5AH, (5)
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where for the ion species [10],

~ 1
Sp(z, 1) = ;/ dv fi(X, w, vy, 1){8¢)c (X, 1), ()
1J/X—>ax
Sni(wv t) = / d’U(Sfl(X, M, Yy, t)7 (9)
X—x

SJHi(w,[) :/ d’inUH afi(X,,LL,U”,[).
X—x

Here the integral symbol represents the integral over the gyro-
centre velocity space and the transformation between the gyro-
centre and the particle coordinates:

2 B() dﬁc
dv = du dy
X—x 2

For electrons, the particle position and the gyro-centre
position are not distinguished because of their small gyro-radii
(k1pe < 1,wherek, = |V_|)inthe drift-kinetic limit, so their
density and current are simply just (Z, = —e):
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GC

(SJHe = —e/ d’UU” Sfe,
GC

(10)

—x).

an

(12)

13)

the electrons are simulated using a fluid-kinetic hybrid model
[1,11] in GTC. In section 2.1, the electron continuity equation
is extended to include the equilibrium current and nonlinear
effects.

GTC solves the ion gyrokinetic equation and the kinetic
part of the electron hybrid model using the particle-in-cell
method. The perturbed distribution function is carried by the
marker particle weight w. Forions, w; = §f;/fi. Forelectrons,
we = She/ fe, where k. is the nonadiabatic part of the electron
perturbed distribution function. In section 2.2, the weight
evolution equations are extended to include the equilibrium
current.

2.1. Electron continuity equation

Since electron’s gyro-radius is much smaller than ion’s, we
take the drift-kinetic limit of (1) for electrons by removing
the gyro-averaging operator (-).. Integrating (1) in the drift-
kinetic limit over the guiding centre velocity space fGC dv, we
get an equilibrium equation and a perturbed equation. The
equilibrium continuity equation writes:

V x b P
B, - v [ Zo4lo L X% (2o
By Z By

Cb() X VB() PL() cV x bo . VB()
+———— V| = ———P1y=0,
Z ( B? ) 7B 0
(15)
where
no :/ d’l]f(), (16)
GC
1

Ujo = nf() o d’UU“fo, (17)
P = / domvy fo. (18)

GC
Pio= [ doubof. (19)

GC

The neoclassical equilibrium flow o in (15) is determined
by the neoclassical theory [12]. The perturbed continuity
equation is
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is the perturbed diamagnetic drift velocity. Apply (20) and
(21) to the electrons (Z, = —e):
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The first four terms in (28) are identical to the electron
continuity equation (10) in [1]. The fifth and the sixth terms
are introduced by the parallel equilibrium flow u o, and finite

V x By. The last four terms are nonlinear terms. The parallel

nOevd)]

(28)

equilibrium flow and current terms are verified in RSAE
simulations shown in section 4. The nonlinear terms will be
verified in future nonlinear Alfvén eigenmode simulations.

2.2. Particle weight evolution equations

We assume that the equilibrium distribution is a shifted
Maxwellian for all particle species:

2B,
p Now —(v) — joe)* — 2
= eXx
= 2nvz )2 P 22
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where wujo, is the parallel equilibrium flow velocity, and
Vih,« = «/Tw/Mg is the thermal velocity. The weight evolution
equation for ions reads [1]:

dwi 6B Ujoi B
=(l—wi) — |\ V- tVE 'I{i+77-v30
dr By T, By

Z; 1
— —(vH — M”()i) bo . V¢ + *8,A”
T; c

—é[v +(1—””°i>v]-v¢
Ll v ) '

The weight evolution equation for electrons reads [1]
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where § fe(o) is the adiabatic component of the electron
perturbed distribution function, § £ is the nonzonal component
of the parallel electric field. In (30) and (31), k,, is given by
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_ + 4 Mell T Hi0a) 2
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The curvature drift operator in (30) and (31) reads
m“CUﬁB VB,V Mactj V x By-V. (33)
. = X sV + X © V.
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In previous implementation, the second term on the right-
hand side in (33) is dropped because it is on the order of
ky / k. compared with the first term. Here this term is retained
for consistency as all the V x By terms are retained in this
formulation. Also implemented is the parallel Ampere law

c

by-V x B
4710 0

Zinoiujoi — engel|joc = (34)
being enforced on the equilibrium flows of all species for a

given By from equilibrium solver such as EFIT.
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3. Reduction of gyrokinetic formulation to linear
ideal MHD

In this section, we prove that in the linear and long wavelength
limit, the gyrokinetic formulation described in section 2
reduces to the ideal MHD eigenmode equation (A.9) in
appendix A.

3.1. Reduction of gyrokinetic Poisson’s equation and
Ampere’s law

The integral f x5 dv in (8) has two parts as can be seen in
(11). The first part, which is over the gyro-centre velocity
space, is the same as fGC dv defined in (14). The second part
of the integral, which is the transformation between the gyro-
centre coordinates and the particle coordinates, gives rise to
an operator Jo(kLp), where Jo() is the Bessel function. In
GTC, this Jo(k,p) is implemented accurately in the charge
scattering from each particle’s gyro-centre to its gyro-orbit
when collecting charges from the particles [9]. Note that the
gyro-averaging on the perturbed field quantities also gives rise
to an operator Jo(k1 p) [13]:

(8p)e = Jo(k1p) 8¢. (35)
In the long wavelength limit of k| p; < 1, for comparison with
ideal MHD theory, we can expand the J% operator and keep
terms up to O (k3 p?):
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In the ideal MHD limit, the parallel electric field is zero,
SE| =0, and as a result:
0,64

= —cby - V 6. (40)

We combine (38), (7) and (40), and take the linear normal
mode theory substitutions 9, — —iw and by - V — ik to get
a reduced equation:

2 V3 (k)8
Y250 +iBO-v[7i( ! d’)}
UA B()
+i 4”2('25 +V.8J1,) =0 41)
iw— —iwZy 8ny -8Jje) = 0.
A !
3.2. Reduction of ion gyrokinetic equation

To obtain an equation describing én; and §Jy; for the ion
species, we operate [, dv on the gyrokinetic equation (1).
Similar to (35), the gyro-averaging gives rise to a Jo(k. p;i)
operator:

(6B). = JolkLp) 6B,

(Ae = JotkLp) Ay

We integrate the gyrokinetic equation in the linear limit,
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This equation can be separated into the equilibrium continuity
equation:
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and the linear continuity equation:
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These two equations are the same as those of the electrons
(15) and (20) in the linear limit except for the last three terms
in (46), which are introduced by the ion finite Larmor radius
(FLR) effects. In the k; Lp, ~ ki Ro > 1 limit (but still
ki p; < 1), the term {ii} becomes:

micng cby x V Py;

{ii} ~ -VV2 8¢
ZiBg ZiBonQi +
2
mic-noj 2

= — vy - VVI 80, 47
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where b VP

cby x ;
vy = €Y * v 1Ioi (48)
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This term is responsible for producing the kinetic ballooning
mode [14]. We compare the ordering of this term with the
other two FLR terms:

{ii}\ Lp,
0 (ﬁ) In’ @
) Lp, ) ) (50)

0 (ﬂ) _ kyuyoi (1 L Ln
{11} w thu(n LB[)

where L, 1/|VIn(-)| denotes the characteristic gradient
length. Inthe caseof Lp, < L, Lpy S Luy, and kyjuyoi < o,

~

the terms {i} and {iii} are not important and can be dropped.
For typical tokamak scalings, L, ~ Ro, Lp, ~ a, Ly, 2 a

Ui ~
and uy; < va ~ w/ky, so Lp, < Lp,, Lp; S Ly, and

~

kju o < w are usually satisfied. Keeping term {ii} as the only
FLR effect, the ion continuity equation becomes
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3.3. Reduction to linear ideal MHD

The electron continuity equation (27) in the linear limit is
enge Su |
By

J
= —sB-v (2% 4 Byw, - v (L%
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Plugging (52) and (51) into (41), and considering (39), quasi-
neutrality ), Zono, = 0 and Ampere’s law for equilibrium
Za J\I()a = ﬁbo -V x By, we obtain:
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where 5P” = Za SPHa, 8P = Za 8P, and
Wyp = —i'U*i -V (54)

is the ion diamagnetic frequency. Note that w,p only operates
on perturbed quantities.

Now the first three terms of (53) match those of the ideal
MHD eigenmode equation (A.9) in appendix A. The last
term of (53), i.e. the pressure term, looks different from the
corresponding term of (A.9). In appendices B and C, we show
that the difference is negligible. Therefore, the gyrokinetic
formulation reduces to the ideal MHD theory in the linear and
long wavelength limit.

The first term in (53) is the inertial term, with the
w,p term responsible for the kinetic ballooning mode. The
second term is the field line bending term responsible for
the shear Alfvén wave. The third term is the current
driving term. Most previous gyrokinetic simulations drop this
current driving term. Retaining this term in this formulation
gives the capability to simulate current-driven modes such
as the kink mode. The last term is the pressure gradient
term responsible for pressure-driven instabilities such as
the interchange instability and the ideal ballooning mode.
Equation (53) shows that gyrokinetic simulation can be used to
study kinetic MHD modes including interchange modes, kink
modes and shear Alfvén waves excited by energetic particles,
where kinetic effects are important.

4. Parallel equilibrium current effects on RSAE

The gyrokinetic simulation model with equilibrium current
and nonlinear terms has been implemented in GTC. The
implementation details are given in appendices D and E. In
this section, we verify the simulation model by demonstrating
the effects of equilibrium current on RSAE as predicted by
theory.

4.1. Analytic calculation

In a reversed shear tokamak with concentric-circular flux
surfaces, in a uniform plasma and zero-g limit, (53) for one
n and m harmonic §¢(r, 6, ¢) = (SqAb(r) expli(n¢ — m#O)] near
the gmin surface becomes [4]

1d

rdr

d . 2 . D .
rA—sp) =" Ash— Zsd =0, (55
dr r2 r
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Figure 1. (a) Safety factor g-profile. (b) Alfvén continua of
n=4,m==6andn =4, m =7 in the ideal MHD limit and without
linear toroidal coupling; RSAE*: frequency of m = 6 RSAE without
equilibrium current (0.448 vag/ Ro).

where )
A= -k

VA
and D represents contributions from fast ion pressure [6],
background plasma pressure gradient [15], toroidal coupling
[16], magnetic shear, etc. The first two terms of (55) give
the Alfvén continuum. The last term determines whether an
eigenmode exists near the Alfvén continuum extremum. Here
we only consider the magnetic shear effect to examine the
effects of the parallel equilibrium current by - V x By. When

the parallel equilibrium current is ignored,

(56)

D = k”kl/l + I‘kuk‘,{. (57)
The prime symbol (') in this section denotes the derivative with
respect to r. At the gmin surface, noting that k\/l = 0 and
kl/l/ # 0, D is nonzero and an RSAE exists as can be shown
by numerically solving (55). With the inclusion of parallel
equilibrium current [6],

D = —Zka‘/‘, (58)

which is zero at the gui, surface and thus eigenmode does
not exist. Note that other effects contributing to D mentioned
above can also form an eigenmode.

4.2. Verification in simulation

To verify the implementation of the equilibrium current, we
simulate a tokamak case with concentric-circular flux surfaces.
The parameters are taken from [4]. The g-profile is shown
in figure 1(a), whose corresponding Alfvén continua of n =
4, m = 6 and n = 4, m = 7 without linear toroidal coupling
are shown in figure 1(b). The n = 4, m = 6 mode is studied

here to avoid complication by the toroidal coupling effect,
because the toroidal coupling effect cannot make an RSAE
below the continuum minimum [16]. In the ideal MHD limit,
RSAE exists when the equilibrium current is not taken into
account.

The differences between the simulations without and with
the equilibrium current can be seen in the contour plots of ¢
in the radial-time space in figure 2. Figure 2(a) corresponds
to the case without the equilibrium current. An eigenmode
exists and the mode structures are horizontal, indicating that §¢
at different radial locations oscillates at the same eigenmode
frequency. For the case with the equilibrium current shown
in figure 2(b), where no eigenmode exists, ¢ at every radial
location oscillates at the local continuum frequency, leading
to the bending of the mode structures or the so-called phase
mixing. The fast damping of the mode amplitude due to the
phase mixing in figure 2(b) also indicates that there is no
eigenmode in this case. Therefore, the simulation results are
consistent with the analytic calculation in section 4.1.

5. Conclusion

A nonlinear gyrokinetic simulation model incorporating
equilibrium current has been formulated for studying kinetic
magnetohydrodynamic processes in magnetized plasmas. This
complete formulation enables gyrokinetic simulation of both
pressure-gradient-driven and current-driven instabilities as
well as their nonlinear interactions in multi-scale simulations.
The gyrokinetic simulation model recovers the ideal
magnetohydrodynamic theory in the linear long wavelength
regime including ideal and kinetic ballooning modes, kink
modes and shear Alfvén waves. The implementation of this
model in the global gyrokinetic particle code has been verified
for the simulation of the effects of equilibrium current on the
reversed shear Alfvén eigenmode in tokamaks.
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Appendix A. Linear ideal MHD theory with
equilibrium current

We begin with the single-fluid linearized momentum equation
of the ideal MHD theory [17].

1
noimi(0;+vo-V)dv+V-§P = —(§J . x Bo+Jyx§B), (A.l)
C

where the leading order of the equilibrium velocity is the ion
diamagnetic velocity:

(A.2)

Vo = Uy,
with v,; defined in (48). The leading order of the perturbed
velocity is the E x B drift:

Cbo x V 8¢
By '

v, = (A.3)
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Figure 2. Contour plots of \/(8¢?) in the radial-time space in RSAE simulations, where (-)g indicates flux surface averaging: (a) without
equilibrium current; (b) with the inclusion of equilibrium current. The time is normalized to Ry/vag, Where v, is the on-axis Alfvén

velocity.

In (A.1), the v - Vo, term is dropped due to being higher order

compared with vy - V §v.
In the following derivation,
substitutions (3, — —iw, by - V — ik;) will be applied. By

taking By x (A.1) and considering (A.3), we obtain:

linear normal mode

. _ 2 b
=0’y sht CB—O X V- 8P

8J, =
+ 4y 0

bo
— — X (J”()b() X SBL)
By

i(w— 2 b J]
S MomonCy 55 v sps R
4mvy 0 By
(A4)

In the § E} = 0 and § B = 0 limit, we have (40) and

(SBJ_ =V x (8A||b0) ~ V(SA” X bo. (AS)
By plugging the parallel Ampere law:
8]y = ——by-V x 8B, (A.6)
4

(A7)

J”() = ib() -V x B(),
4
and (A.4) into the quasi-neutrality and charge conservation
equation, we obtain:
0=v'8J=V~8JJ_+V'(SJ”

i(w — w.p)c? 1 b
_i@-onc g <_2m¢) vy <_o x v.g]p)
4 vi By

J 57
+V- (£83L> +V- (—”Bo)
Bo By

i(w— 2 1 b
— Mv. <_2VL3¢)+cv. <_0 > v.g]p)
4 vi By

J J
+6B, -V () + 0y spT
By) By
vy v (20) Oy gy
0 B, B, 0

@@~ @.p) V2 5¢ +iBy - V [

i(w— 2 1 b

—MV~<—2VL3¢>+CV~(—OXV~5P>

4n vi By
2 by-V x B

+ C_v(k” 8¢) x by - V S0V X Bo

drw Bo

c? [M} . (A.8)

- —By-V
drw By

In the L,, > Ls, limit, rewrite (A.8) to get the ideal MHD
equation with equilibrium current:

Vi (ky 39)
By

bo-V x B

—iV(k; 8¢) x by - V (O—XO>

By
4 b
—i0ly. <—° x v-s]P) —o.
C B()

In section 3, we showed that in the long wavelength limit, the
gyrokinetic formulation used in GTC reduces to this equation.

2
Ua

(A9)

Appendix B. The pressure term mismatch between
gyrokinetic and MHD theory is negligible

For comparison, we write down the pressure terms (with
the —iwdm/c coefficients removed) from the two different

approaches of MHD and gyrokinetic:

b
PTMHD=V~(—O><V~8P),
By
5P” §P,
PTgk =V xby-V|— | +by x VBy-V 7
B B2

0
VXbo-VB()
Bj
bo x VB V x B
=202 "0 ysP +5P) + = 0

2
BO 0

V x B()~VBO
B

(B.1)

8P

V5P

(8P, —8P)). (B.2)
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Assuming SP is diagonal, which can be justified in the long 0((2)) ~ Bk, N 2—s k) 8Py B.7)
wavelength limit (k; p; < 1): 2Lp, q Ro By :
8P = §Pyboby + 5P, (I — P
8 Pjbobo + 8 P (I — bobo) 03] ~ B LI (B.8)
= (SPJ_H+(5P“ — 8P1)byby, (B3) 2LP0R0 By
. 2 Ry 2-sk
we have: 0] <u> ~ PR + $A L 1, (B.9)
V x By +by x VB by x VB, {1} 2Lp, g ko
PTmup = 5 V8P| + ——— VP
B B 3 BRy 1
0 0 ol — )~ ~ O(e). (B.10)
(VX By (8P =38P {1})  2Lp kiRo
+ By ) By The terms {1} and {2} are the leading order terms. Next we only
SP, — 8P, (V x By), V x By - VB, need to compare the mismatch with one of the leading order
+ B {V . |: B ] - B2 } . terms {1}. Using (C.5) and (C.6) in appendix C, we obtain
0 0 0
2—s
(B.4) 04 ~ —— ki 8P, (B.11)
From a first glance, (B.4) seems to differ from (B.2). We 4Bofo
i : SP
calculate the mismatch: o({5) ~ 0({6)) ~ B 1 (B.12)
bo Lp,Ry By
PTMHD—PTGK:V' — x V.45P
B() {4} 2 — 8 k”
ol—)~ — ~ O(e), (B.13)
|: bo x VB V(3P SP ) {1} q kJ_
- A el 5 6 Ro/L
By 0 <Q> ~0 <Q> ~ERIEN o). B
o {1} {1} ki Ro
Hence, the mismatch is not important even in the presence
+V ><230 V8P _,_w((g P, —5P) of anisotropic perturbed pressure. Therefore, the gyrokinetic
B; B; model reduces to the ideal MHD model in the long wavelength
2 RS and linear limit.
V x BO (V X Bo)” SPH
= B2 VP, — Bo "V By Appendix C. Estimation of some magnetic field
arameters in a tokamak
B (302 P
By By This appendix is to provide the derivation of the estimation of
8P (V x By) 1 V x By - VBy some quantities used in appendix B.
+Bio v By o B2 Noting that the safety factor g ~ r B, /(RyBy) = € B; / By,
5P, (V x By, where € = r/ Ry, the equilibrium magnetic field reads
_?Ov Bo B():Bgé+B§&
V x B €A
( s i gsp, —spy) =B (*0+C>,
B; q

{4}
V x B - VB
+2( x Bp) 1 0

SP, — 8P
B bPL "

(8P| —8Py). (B.5)

(6}

It can be immediately seen that if §P, = 6P, e.g. in the
isotropic or adiabatic limit, the mismatch vanishes. In the case
of P, # 8Py, assuming OBP ) ~ OP) ~ OBP. +
8 Py), the mismatch is shown below to be small compared with
the pressure term as follows.

Here we use the scalings of O (k/k.) ~ O[1/(k1Ro)] ~
O(a/Ro) ~ O(€), O(BRo/Lp,) ~ 1 and O[(2 —5)/q] ~ 1.
We first estimate the order of the terms of {1}, {2} and {3} to
find out the leading order of the pressure term.

Ry By

o1} ~ , (B.6)

where By and B, are the poloidal and toroidal components,

respectively, while 6 and & are the unit vectors in the poloidal
and toroidal directions, respectively. The toroidal vacuum field

writes
_ Ba R() _ Ba

B, = = :
R 1+€cosf
This can be used to estimate the parallel component of V x By:

¢ €
(V x By) ~ = [a, <r734)]
r q

(C.1)

A BO
~C—-(2-3), (C2)
qRo
where
r dg
[ — (C.3)
q dr

is the magnetic shear. For the perpendicular component of
V x By, the force balance equation is used:

1
VP(] = *J() X B()
c

1
= 7(V X Bo) X B(). (C4)
4
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Take by x (C.4) to obtain:

4
(V x By) = by x VP, (C.5)
By
Meanwhile,
bo
V.- [(Vx By, ]=4nV - B x VP
0
4
= ?(v x By +2b0 X VB()) -VPF,. (C6)
0
It is also straightforward to estimate these quantities:
BaRO . BaRO A A
VBy~ — R R~ — R (rcosf —@sin0), (C.7)
B, R A ~ €
by x VBy ~ ;20 [—1‘ sinf — @ cosb +(— 0059:| (C.8)
q

Appendix D. Implementation of the equilibrium
current terms

In this appendix, we first apply the parallel Ampere law
constraint to the electron parallel equilibrium flow, then write
the equilibrium current terms in magnetic coordinates, and
finally normalize them so that they can be straightforwardly
implemented into GTC.

D.1. Electron equilibrium flow constrained by Ampere’s law

Using the parallel Ampere law (34), (28) becomes:

5
0:8Jm+ByV(ﬂiﬁE)+&mpV<@ﬂ
Bo Bo

VB,
— N0e(0V4e + VE) - ——
By

Z(X o o
+8B-V Z Moaljox € by -V x By

povn eBy 4meB

+chBO'_V8me_®Rm—5ﬁJV%+

\Y%
Bg e eBy n0e Ve
———
I {11}
1) 1)
+5B-v (100te ) | iy, . v (2
By By
céne céne
+ 2b0><VB0~Vq>+ >V X By - V. (D.1)
B; B;

Term {II} compared with term {1} is of order 1/(k; Ry) < 1,
so it can be dropped.
D.2. Equilibrium current terms in magnetic coordinates

The magnetic coordinates [1, 18] are used in GTC, so the
equilibrium magnetic field is expressed as

By =gV +1(y)VO+5(Y, 0)Vy
=gV x VO — V¢ x V.

(D.2)
(D.3)

The Jacobian is

- Bj
T '=Vy VO x Vi =—2_

. D4)
8q+1
The curl of the magnetic field then reads
V x By=g'V{y x VC +(I' — 38)Vy x V0, D.5)

where the prime symbol (') denotes the derivative with respect
to ¢. The parallel component writes

I'—3,8) — Ig'
Bog( p6) 8

bo-VXB():
gqg+1

(D.6)

The fifth term of (D.1) can be expanded into two
components:

ZO( o (3
Zogp. vy (M)
e B()

Z
e B()
-1

J 0o U |0
= — 09 SAy — 10, 6A))0 _—
Be [(g h 8 A ; SA|) w( B,

Noa U || 0o
+(88; SAH — ga,,, SAH)BQ <7B )
0

HJ%SAH—S%SAMQ<ﬂ%%%>},

by-VxB
_L(SB.V<07XO>
By

(D.7)

I' —098) — Ig'
%—LVSA” Xbo.v[w]
4me

gq+1
¢ J!

= ——| —g(04S5)(9y5A
dme Bo|: 8(0y8) (09 6A))

292

325
& % (a¢,5A|)},
gq+1

8028
+<18wS+ 8%%
gq+1

) (0; 6A)) —

(D.8)

where
I —38) — Ig'
%S:%[ﬁ ) g]
gq+1
_ g([” - 8w89(3) — g/898 — Ig”
B gq+1

8" —050) — 18'1(g'q + 89" +1")
(g +1)? '

The sixth term of (D.1) becomes the summation of these
two terms:

(D.9)

CVXB()
XD vspy
eB;
c !/ i
e [—g'9 8P+ (I' — 3,8)3; 5Pe]. (D.10
e(gq+I)[ 80P+ ( 98)0; S Pje]. ( )
NVXBo Gspo M oa sk (I — 3,8)0, 6]
noe Bg _gq+l 8 09 90)0¢ .

(D.11)
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The last term of (D.1) reads g(I' — 3p8) —Ig'
9,8 =0, | — 2 2
gq+1
e G By Vg = 2 (a4 (I — 0,8)0 " / "
+Big X Dy - ¢—gq+1[_g o + (I" — 098)0; P]. :g(l —3w805)—8305_18
(D.12) gq+1
The V x By term in (33) becomes 18U —398) — 1g'1(g'q + gq' + 1") (D.19)
) , (g +D)? ’ '
PG % By~ V = U 71 gy + (I’ = 308)0,]. V x By 1 , :
Z, By Zy B} - 57— V8P = ————[—g 0 8 Pje+(I'—8p8); 6 Pjcl,
B, gq+1
(D.13) 0 (D20)
noer B0 Gy = M b (I'—308)0, 8], (D21)
D.3. Normalization of the equilibrium current terms Oe B2 T gg+1 &% 92/% D '
The normalization units and symbols in [1] are used. Sne Sne , ,
Normalize (D.1) to be 3 VxBo-Vo = I [—8 3¢+ (1" —35)d:4]. (D.22)
B? 89 +
)
0= 8t8ne+B0-V<M> +BOUE.V<@>
By By Appendix E. Magnetic field model with finite

VB V X By

- nOe(&U*e + UE) : Bio

0wl 00 In this appendix we keep the normalized quantities. All
+ Z ZydB -V (7) quantities in this appendix are equilibrium quantities, so the
ae 0 equilibrium subscript O for the magnetic field is omitted. The
2 p? bo-V x By equilibrium geometry in GTC can either be taken from EFIT
2 fasp.v( 2279 . . .
Ba R(Q) By [19] as numerical accurate representation [20], or specified as
V x By (8PLc — 5P)V By Fhe analytic approx1mat.e model. A SIIT.IPIC analytic equilibrium
- VP — 3 +nge - V¢p| in GTC for the magnetic field model is
0 0
8 8 B=1-ecost+ O0(e), E.l
+83-V(Le ””e>+BovE-v( "e> S ED
0 0
sn. sn. 1 =0+0(), (E2)
+—by X VBy-V¢p+ —V x By -V, D.14
Bg 0 0 ¢ Bg 0 ¢ ( ) g= 1+ 0(62), (E3)
where §=0+0(e), (E4)
_ 8mn,T, D15
fo= g (D.15) 6 =6+ 0(e), (E.5)
T ¢ =g+ 0, (E.6)
=5 (D.16)

Mpsip where € = r/ Ry is the normalized radial coordinate, 6 and &
with 7, being the electron on-axis temperature. Normalize ~are the geometric poloidal and toroidal angles, and 6 and ¢ are
(D.7)—~(D.12) to obtain: the corresponding magnetic coordinates. Such a field model

e makes all the derivatives of g and / in (D.2) zero, thus leading
Z,8B -V (m> to zero equilibrium current. Here we extend this simple field
0 model to a higher order one to recover the equilibrium current.
-1 o U110 We assume concentric circular magnetic surfaces.
= j|:(g89 8A|| —185 (SAH)av, <M> g
0 0 , d ded gd
106U |0a Tdy  dyde  ede’ (E.7)
+(80; A — gdy 8A)) 0y (To)

In the large-aspect-ratio limit, we expand the field related

+(I9y 8A) — 890 84, (nwzéi)\\%) i|7 (D.17) quantities with respect to €:
B=1—¢ccosOy+€*By+€Bs+---, (E.8)

2 p? (bo -V x Bo>
_“hsp.v(2——_~7 — 2 3 ..
lga R(% By Il =€e¢L+e’lz+ s (E9)
2 p2 7! g=l+gp+gt -, (E.10)
= ——5——| — 80y 3A)) )

IBaRO By 0 =60y+eb +€O0y+---, (Ell)
8028 2928 =lot+el e+ e, E.12
+<18¢,S+ k] )(a; sA) — 2% 3, 84 |, E=hrearen E12)
8q +1 8q +1 where g; and I; (i =2, 3, ...) are functions of the safety factor

(D.18) g;and B;,6; and ¢; (i = 1,2, ...) are periodic functions of 6.

10
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We want the field model to satisfy these conditions.

e The Jacobian satisfies 7~! = Vi - VO x V¢ = B%/(gq +
I) sothat [ is a function of only ¥ (equivalently €, because
of concentric-circular flux surfaces).

The radial component of the field is zero because of
concentric-circular flux surfaces: B, = €6/q + 9.0 +
895 =0.

The field magnitude expression is consistent with the
covariant representation: B = [6Vy + IVO + gV {|.

The field line is straight in the (6, ¢) space, so B-V¢/(B-
Vo) q () with g being the safety factor which is
independent of 6 and ¢.

By plugging the expansions (E.8)—(E.12) into the above
conditions, and solving them up to the O (¢) order, we obtain

B=1—ccosby+ O(?), (E.13)
8§ =esinby+ O(e?) = esinb + O(e?), (E.14)
2

I = %+O(e4), (E.15)
I'=2—s+0(?), (E.16)
g=1+0(), (E.17)
g =0, (E.18)
0 =6y — esinby + O(e?), (E.19)
0y =0 +esind + O(e?), (E.20)
¢ =g+ 0(e), (E:21)
VxB=0(E"Vy x V¢

+(2 —5) —ecosb + O(€®)|Vy x VO, (E.22)

-1

b-VxB= %[(2—s)—ec0590+0(e)]. (E.23)

Although it is straightforward to solve the equations up to the
O (€?) order, such a model would not be very useful because
other effects come into play at the order of O (¢?) or even lower,
such as the Shafranov shift and the finite pressure gradient
effect. All of those effects are retained in the numerical
equilibrium using EFIT solution. The field model of order
O (e),i.e. (E.13)—(E.21), is good enough to recover the parallel
current and is therefore implemented. This first-order set of
equilibrium s similar to an earlier GTC electrostatic simulation
using analytic equilibrium [21]. It is straightforward to
show that in (D.17)-(D.22) the terms containing the non-
orthogonality factor § are one order smaller than the leading
order, and hence are dropped in the implementation for
simplicity.
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