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The nonlinear co-existence of —induced Alfvén eigenmode (BAE) and fi—induced Alfvén-acoustic
eigenmode (BAAE) is found in simulations using the gyrokinetic toroidal code, which provides a
new mechanism responsible for BAAE excitation in tokamaks. Here, the normalized pressure f3 is
the ratio between plasma thermal pressure and magnetic pressure. The nonlinear simulation results
show that the BAAE branch emerges after the BAE branch is saturated. The mode structure’s evo-
lution shows that existence of BAAE will change the original BAE mode structure. The perturbed
distribution functions in the velocity phase space show that a new resonance region manifesting the
wave-particle resonance in the BAAE branch appears during the nonlinear co-existence stage.
Published by AIP Publishing. https://doi.org/10.1063/1.5004676

I. INTRODUCTION

Energetic particles, including fast ions and fast electrons
produced by the fusion reaction and auxiliary heating, can
excite various Alfvén instabilities in magnetic confinement
fusion plasma such as toroidicity-induced Alfvén eigenmode
(TAE)," p—induced Alfvén eigenmode (BAE),*? reversed
shear Alfvén eigenmode (RASE),*” and f-induced Alfvén-
acoustic eigenmode (BAAE),*’ which may induce significant
transport and degrade the overall plasma confinement.*'°
Here, the normalized pressure f is the ratio between plasma
thermal pressure and magnetic pressure. The BAE is formed
by finite compressibility induced by the geodesic curvature of
equilibrium magnetic field and plasma pressure.'"™"® The
weakly-damped BAE has been widely observed in DIII-D,?
TFTR,14 FT U,15 HL—2A,16 and Tore-Supra,17 and has been
investigated by simulations using various codes, such as the
gyrokinetic toroidal code (GTC),'"® the MHD-gyrokinetic
hybrid code (XHMGC)'" and the particle/MHD hybrid code
(M3D).?° The Alfvén instabilities related to fast electrons
were widely observed, such as the internal kink mode and
fishbone in DIII-D,*' BAE and fishbone in HL-2A.*>** The
fast-electron driven BAE was identified for the first time both
in Ohmic and electron cyclotron resonance heating plasma
in HL-2A%*?** and has been verified in linear simulations®
using GTC. The BAAE is formed through the coupling of the
shear Alfvén continuum and the acoustic continuum in the
toroidal geometry, which was first formulated based on the
magneto-hydrodynamics (MHD) approach.®’ BAAE is then
derived through kinetic theory.?® Recently, the formulation of
BAAE? is retained by solving the radial envelope equation
in the balloning mode theory taking into account kinetic
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effects of thermal plasmas. BAAE has then been observed in
various tokamaks such as DIII-D,*® JET,”’ NSTX,* and
ASDEX? tokamak, and LHD,*® HSX,?! and H1°? stellators.
And BAAE in toroidal plasmas is verified and studied by
gyrokinetic particle simulations.>*~**

The frequency of BAAE is lower than the frequency of
BAE, since the BAAE spectral gap is below the BAE spectral
gap in the Alfvén continuum. Due to BAAE’s low frequency,
it is heavily damped by ion kinetic effects,>>" especially
when ion temperature (7;) and electron temperature (7,) are
comparable, which has been verified by simulations.*® With a
strong drive of fast particles, the non-perturbative effect’®°
of fast particles should be considered, which will modify
radially local dispersion relation®® and thus build up a new
wave-particle energy exchange channel. On the other hand, a
strong drive will possibly excite multiple Alfvén modes at the
same time. Meanwhile, multiple mode co-existence will lead
to mode-mode coupling and mode overlap, which may gener-
ate cascaded transport that enhances the cross field transport
of particle, momentum and energy, therefore degrading the
overall system performance. Accordingly, the phenomenon
of the co-existence of BAE and BAAE is found at ASDEX*’
and NSTX,28 where BAE and BAAE have similar mode
numbers and radial location. Especially at NSTX, large
particle losses emerge during the co-existence of multiple
low frequency Aflvén eigenmodes (AEs), BAE, and BAAE.
Besides, recent GTC simulations®* show that dominant mode
changes from BAAE in larger tokamak to BAE in small toka-
mak, due to dependence of wave-particle resonance condition
on tokamak size. Considerably, increased fast particle losses
due to coupling with RASE and TAE'® have already been
established. Thus, the co-existence of BAE and BAAE will
not only provide a new possibility for BAAE excitation,
but also provide a typical case to investigate the nonlinear
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physics of mode-mode coupling and mode overlap and its
impact to particle, moment, and energy transport, which is
potentially very important in the future larger tokamak, such
as ITER* and DEMO.

In the current work, the co-existence of BAE and BAAE
is found in GTC nonlinear simulations, when the pressure gra-
dient of fast electron is big enough. GTC*'™* has been suc-
cessfully applied to the simulation of microturbulence,***>
pressure-driven Alfvén eigenmdoes (AEs),'®*® current-driven
instabilities,*”*® and radio frequency waves***° in fusion plas-
mas. The wavelet analysis shows that BAAE begins to be
observed after BAE is saturated. The mode structure in the lin-
ear stage behaves as pure BAE; in the nonlinear stage, the
mode structure changes due to overlap of two modes. The
phase space structure of the perturbed distribution function of
fast electrons shows that the wave-particle resonance region
for the BAAE mode appears after BAE saturation and inten-
sity becomes stronger in the later nonlinear time. All these
results show that the BAAE and BAE instabilities co-exist in
the nonlinear simulations, which provides a new mechanism
for BAAE excitation in tokamaks.

This paper is organized as follows: Physical model is
presented in Sec. II. Parameters and equilibrium in the simu-
lations are presented in Sec. III. The analysis of the simula-
tion results is in Sec. IV. Section V is the discussion and
summary.

Il. PHYSICAL MODEL

The gyrokinetic equations' are used to describe the
plasma of toroidal systems in five-dimensional phase space
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where gyro-center position X, magnetic moment y, and par-
allel velocity v are selected as a complete set of indepen-
dent variables, and the index a«=1i, e, fe represents the
particle species of thermal ion, thermal electron, and fast
electron, respectively. Z, is the particle charge, m, is the
particle mass, C, is the collisional operator, ¢» and A|| are the
electrostatic potential and the vector potential parallel to B,
respectively. Here, By = Boby is the equilibrium magnetic
field, B =B( + 0B, B* = BS + 0B, B, = By + (B()UH/QO,)V
xbg, Q, is the cyclotron frequency of species «. The com-
pressional component of the magnetic field perturbation is
excluded by assuming 0B = 0, so that the magnetic field
perturbation can be prescribed as 0B =V x (Aby). The
E x B drift vz, magnetic curvature drift v., and grad- B drift
v, are given by
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Since the Larmor radii of electrons are much smaller com-
pared with the characteristic spatial scale of BAE which is of
the same order of the thermal ion Larmor radius, the drift-
kinetic limit is used for electrons® for simplicity while the
finite Larmor effect is retained for the thermal ion.

For thermal electrons, the transit frequency and bounce
frequency are much higher than the BAE frequency, since
the mess of electrons is very small. On the other hand, their
precession frequency is much lower than the BAE frequency,
since their energy is smaller compared with fast electrons.
Due to the lack of effective resonance resources, the thermal
electrons provide the little kinetic effect to the fast-electron
driven BAE mode. For the low frequency mode o < kv,
the thermal electron is further simplified to the fluid-kinetic
hybrid model,**? which consists of a lowest-order adiabatic
part and a high-order non-adiabatic part with linear and non-
linear kinetic terms.

In the lowest order of the fluid-kinetic hybrid model, by
integrating Eq. (1) in the velocity space and keeping the
first-order terms, the fluid continuity equation of thermal
electrons can be described by

don, 10e0U |, Noe
or + B()b() . V(B—O +B()VE . V(B—O)

VBo _y
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— nge(Ve + Vi) -
where v, =hbg X V(0P| +0P,1)/(noemeQ,), 0P, = J"dvmvﬁ
fs, 0P = [dVuBOf.. on, = [dvdf, is the perturbed thermal
electron density, ng,ouj, = [dvv|df, is the perturbed electron
parallel velocity, ng, = J"dvfog, Joe 1s the equilibrium distribu-
tion function of the thermal electron, and of,=f, — fy. is the
perturbed distribution function of the thermal electron. Note
that [dv= [ du "> dv,2nBy/m.

The perturbed parallel velocity of the thermal electron
in the above equation is calculated by inverting the parallel
Ampere’s law

&
en0€(5u”e = EviAH + Zinoiéu“,» — enofeéum. (8)

The vector potential A in the above equation is obtained by
using Faraday’s law

1A
ET;H = =bo -V —0E| =by-V(pyy — ¢), ()

where an effective scalar potential ¢, is defined to represent
the parallel electric field,

10A
5EH = —bo‘V(f)—*iHi

¢ Ot ~bo - Véep-

In order to calculate the effective potential ¢4 Eq. (1) is
expanded in terms of d,, = w/(kjv,) for thermal electrons.
The leading order equation reads
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FIG. 1. Safety factor ¢ profile (a) and
fast electron density ny, profile (b) in
our simulations. The dashed lines cor-
respond to the values around the ratio-
nal surface ¢ =2.

OB, efoe
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The above Eq. (10) has a solution that can be written as
efOe 8fOe
of = 0 11
f Te ¢Eﬂ + 8!//0 o lﬁ, ( )

where /o and oy are the equilibrium and perturbed poloidal
flux, respectively. Equation (11) describes the adiabatic
response of thermal electrons, that is, thermal electrons are
isothermal along the perturbed magnetic field line, with the
Boltzmann response to scalar potential. In deriving Eq. (11),
we assume an equilibrium Maxwellian distribution for the
parallel velocity with no inhomogeneity along the field line
by - Vfo. = 0. The notation Vf |L,l means derivation taken at
v, = const instead of = const.
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FIG. 2. Alfvénic and acoustic continua for the most unstable toroidal mode
n=3 are calculated using an eigenvalue code ALCON with poloidal har-
monics m € [-20, 20]. The thick lines are the Alfvénic branches and the thin
ones are the acoustic branches. The BAE and BAAE spectral gaps are
marked.

Integrating Eq. (11) over the velocity space, ¢, can be
expressed as

5lp anOe

Npe al//0 '

The poloidal flux 90y /0t = —cO(Py — ¢)/Ono, where
oo =q(Yo)0 — { is the magnetic field line label in terms of the
poloidal angle 6 and toroidal angle { in the magnetic
coordinate.

In the lowest order, the pressure term in Eq. (7) is writ-
ten as

e¢eﬁ' o 6”8
Te Noe

12)

a(l’l()e Tg)
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The system can be closed with the gyro-kinetic Poisson’s
equation’”

0P, = 6P, = enge oy + . (13)

Ziznl- ~
Ti (d) - ¢) = Z Zoténcﬁ

o=e,ife

(14)

where ¢ = > ¢ Lo(k% p?) is the second gyro-phase-aver-
aged electrostatic potential.>*

lll. PARAMETERS AND EQUILIBRIUM

In this work, an equilibrium with a concentric cross-
section has been used for simplicity. The safety factor profile
[Fig. 1(a)] is ¢ = 1.797 + 0.8(y/y,,) — 0.2(/,,)°, where
Y is the poloidal flux, ¥y =0 is on the magnetic axis, and
Y =1, is at the plasma boundary. The inverse aspect ratio is
€ = a/Ry=0.333 in terms of tokamak minor radius a at wall
and on-axis major radius R,. The g=2 rational surface is
located at the local minor radius = 0.5a. The thermal electron
density ng, is uniform and the fast electron density [Fig. 1(b)]
is 1z, = 0.05n0,(1.0 + 0.25(tanh((0.2 — y/4,,)/0.1) — 1.0)),

FIG. 3. Time history (a) and frequency
spectrum (b). In panel (a), the black
line is the real part and the red line
is the imaginary part of electrostatic
potential. In panel (b), the red line rep-
resents @y, and the blue line represents
0.2wg, which is around the BAAE
frequency.
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FIG. 4. Time evolution of (a) amplitude of electrostatic potential |e¢/T,|
and dominant frequency @ (black) of wavelet analysis, and (b) frequency
power spectrum. The left axis of panel (a) and (b) is w/wy. The right axis of
panel (a) is in the arbitrary unit. The unit of the power intensity in panel (b)
is arbitrary.

so the fast electron density gradient reaches its maximum with
Ro/L,r. =10 near the g=2 surface, where L, is the density
gradient scale length of fast electron. The thermal ion density
ng; is obtained by the quasi-neutral condition Zng; = ng. -+ 1y,
where the thermal ion’s charge number is Z; = 1. The thermal
plasma temperature is uniform with 7;=T,. The fast electrons

Phys. Plasmas 24, 092516 (2017)

are loaded as a local Maxwellian distribution for simplicity
with uniform temperature Ty, = 25T,. The thermal plasma’s
on-axis beta is B = 4nng, (T, + T;)/B3 = 0.01436 with B,
being the on-axis magnetic field. In the nonlinear simulations,
a toroidal mode filter is used to select the most unstable mode
n=73, which has kyp;=0.125 at the ¢=2 rational surface.
Here, ko= ng/r is the poloidal wave-vector, p; = \/m;T;/eBg
is the thermal ion gyro-radius, a=477p,, and m; is the ion
mass. The parallel wave number is defined as k| = (ng —m)/
gR in terms of major radius R, and it is almost zero at the ratio-
nal surface. Given all these plasma equilibrium profiles, the
frequency of the upper accumulation point of the BAE gap is
oy = \/11T;/2m;R} ~ 2.34v; /R, with the ion thermal veloc-
ity v; = /T;/m; and it can correspond to the continuum spec-
trum (Fig. 2) of the n=3 toroidal mode, which is obtained
using an eigenvalue code called ALCON> that solves the
Alfvén continua with acoustic coupling.

IV. RESULTS AND ANALYSIS
A. History and spectrum

The nonlinear simulation here is an initial value problem
and starts with small amplitude random noise. The BAE insta-
bility is built-up around the ¢ =2 rational surface, and its
amplitude oscillates with a real frequency wgar = 0.85w¢ and
grows with a rate y=0.11wq or y/wgar = 13%, which means
that this is a quite strongly driven case. Figure 3(a) shows the
time evolution of the (n, m) = (3, 6) mode at the mode rational
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FIG. 5. Poloidal mode structures (a)—(c) and radial profiles (d)—(f) of electrostatic potential e¢/T, at three selected typical time points. The dotted circle in
panel (a)—(c) is the ¢ =2 rational surface. The x axis in panel (a)—(c) is the major radius R/R, and the y axis is the vertical distance from the midplane. Time
steps for each column from left to right are, respectively, labeled as A—C in Fig. 4.
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FIG. 6. The evolution of the mode structure. The time point A
sponds to 200Ro/v;, 310Ro/v;, 375R/v; in the video, respectively
view: http://doi.org/10.1063/1.5004676.1

surface. The mode reaches a non-regular oscillation state after
saturation with its amplitude being |e¢/T,| = 0.075. The
Fourier analysis of the electrostatic potential ¢ in Fig. 3(b)
shows that a new branch is found around w~0.2m in the
BAAE spectral gap besides the BAE frequency branch. In Fig.
2, the BAAE spectral gap resides in a frequency range which
is lower than the BAE spectral gap, and these two modes may
locate in the same neighboring region of the rational surface
with the same dominant mode number. The wavelet analysis
in Fig. 4 shows that there are two frequency regions. The
lower region falls in the BAAE spectral gap and the higher
region falls in the BAE spectral gap. The BAAE frequency
branch is clearly evident right after the BAE instability is satu-
rated. This indicates that BAE and BAAE co-exist in the non-
linear stage of our simulations.

B. Poloidal mode structure

Then, we choose mode structures at three typical time
points for further investigation. In the linear stage (point A
in Fig. 4), the mode structure has the same poloidal polariza-
tion [Fig. 5(d)] as the pure e-BAE.* In the nonlinear stage
(point B in Fig. 4) when BAE’s amplitude is nearly mini-
mum in the oscillation process, a new mode branch emerges
on the larger radius side of original BAE and it has lower
rotation velocity in the 0 direction than the BAE branch dur-
ing the evolution of mode structure (Fig. 6). Therefore, we

NOfAN E)

0000 2813 s625 8438 1125 1406 1688 1969 2250 0000 1556 3113 4669

150

150

2520\, B)
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can infer that this new branch corresponds to BAAE. In the
nonlinear stage (point C in Fig. 4) where BAE’s amplitude is
predominant again, the mode structure behaves like BAE
again.

C. 6fand #°fin (E, 1) space

Generally, the wave-particle resonance condition®® for
low-frequency waves is w — kjv — pw, = 0 for purely pass-
ing particles, and w — nw,,., — pw,=0 for deeply trapped
particles, where p is an integer number, and w,, wp, and @,,.,
are the guiding center transit, bounce, and procession fre-
quency, respectively. The relative strength of resonances can
be inferred from the square of the perturbed distribution
function of the fast electron df7, in the phase space.”’8 b
is a function of the equilibrium constants of motion (E, 1),
where E is the guiding center kinetic energy and /= uBo/E
is a measurement of pitch angle. In the linear stage, only the
wave-particle resonance for BAE instability is visible in the
of (Fig. 7(a)] and of [Fig. 8(a)] plots. In the early nonlinear
stage, Jf [Fig. 8(b)] does not show BAAE frequency, but Jf*
[Fig. 7(b)] begins to show up the BAAE frequency. In the
late nonlinear stage, the resonance region of BAAE is very
clear for both 9f* [Fig. 7(c)]and df [Fig. 8(c)]. The evolution
of the phase space corresponds to wavelet analysis results—
the co-existence of BAE and BAAE is found in the nonlinear
stage.

V. DISCUSSION AND CONCLUSIONS

In this work, the co-existence phenomenon of BAE and
BAAE is found in the nonlinear simulations by using GTC,
which provides a new mechanism for BAAE excitation in
the presence of strong damping for BAAE in tokamak. In
our simulations, the Fourier analysis and wavelet analysis
show that after the saturation of BAE, a new frequency
branch in the BAAE spectral gap is observed. Next, the
poloidal mode structures are investigated. It is found that in
the nonlinear stage, a new mode branch emerges on the
larger radius side of the original BAE, and this new mode
branch has a lower rotation speed in the 0 direction than the
BAE branch during the evolution of mode structure, which is
consistent with the frequency analysis. And the phase space
structures of the fast electron perturbed distribution function
show that a new resonance region corresponding to BAAE
frequency appears after saturation of BAE. Therefore, all the
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FIG. 7. Phase space (E, ) structures of b]ﬁ Dot lines are the wave-particle resonance lines for trapped particles processional frequency wgap = ;= nwpy,.
Dotted-dashed lines are the resonance lines for trapped particles processional frequency wgaar = 0= nwy,.. Time steps (a)—(c) are labeled as A—C in Fig. 4.
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FIG. 8. Phase space (E, /) structures of dfy. Dot lines are the wave-particle resonance lines for trapped particles processional frequency wgap = @y = 1w,
Dotted-dashed lines are resonance lines for trapped particles processional frequency wpaag = g = nwy,.. Time steps (a)—(c) are labeled as A-C in Fig. 4.

above related aspects suggest that the new mode emerging in
our nonlinear simulations is a BAAE branch, nonlinearly co-
existing with the BAE branch.

In addition, we change the profiles and successfully
repeat the co-existence phenomenon, which indicates that
there should be a certain physical mechanism. One possible
intuitive idea is that the free energy excites BAAE instability
after BAE absorbing enough free energy and being saturated.
The latter is dominant at the beginning. Furthermore, the co-
existence phenomenon is also found in the fast ion driven
cases, which is not discussed in this paper. The co-existence
of BAE and BAAE has been discussed and investigated
through mode structures and phase space structures. This
work has setup a useful case that can be used to investigate
the nonlinear physics of the mode-mode coupling and mode
overlap, which may lead to enhancement of particle, moment,
and energy transport and will be presented in the near future.
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