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The fast-electron driven beta-induced Alfv�en eigenmode (e-BAE) in toroidal plasmas is investi-

gated for the first time using global gyrokinetic particle simulations, where the fast electron is

described by the drift kinetic equation. The simulation shows that the e-BAE propagates in the fast

electron diamagnetic direction and its polarization is close to an ideal MHD mode. The phase space

structure shows that only the fast electron processional resonance is responsible for the e-BAE

excitations while fast-ion driven BAE can be excited through all the channels, including transit,

bounce, and processional resonance. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4948487]

I. INTRODUCTION

The Alfv�en waves, which were predicted by Alfv�en in

1942,1 are low frequency waves commonly observed in the

space and laboratory plasma environment. In the magnetic

confinement fusion plasma, energetic particles, including

fast ions and fast electrons produced by the fusion reaction

and auxiliary heating, can excite various Alfv�en instabilities,

which may induce significant transport2–4 and degrade the

overall plasma confinement. The b-induced Alfv�en eigen-

mode (BAE) is formed by the finite compressibility induced

by the geodesic curvature of the equilibrium magnetic field

and the plasma pressure.5–7 Its frequency falls in the so-

called b-induced Alfv�en frequency gap,5,8 where the normal-

ized pressure b is the ratio between plasma pressure and

magnetic pressure. The frequency of BAE is of the order of

thermal ion transit frequency,6 which makes the BAE subject

to the strong interaction with the thermal ions.9 The weakly

damped BAE excited by pressure gradients of fast ions

or fast electrons was first observed with the beam ion in

DIII-D10 and TFTR.11,12 Subsequently, BAE were also

observed during the tearing mode activities in FTU,13,14

TEXTOR,15 and HL-2A.16 Additionally, BAE was observed

during the ion cyclotron heating in Tore-Supra.17 The Alfv�en

instabilities related to fast electrons were observed, such as

internal kink mode and fishbone in DIII-D18 and BAE and

fishbone in HL-2A.19,20 The fast-electron driven b-induced

Alfv�en eigenmode (e-BAE) was identified for the first time

both in the Ohmic and electron cyclotron resonance heating

(ECRH) plasma in HL-2A.20,21 Meanwhile, the BAE excita-

tion has different explanations by several theories, such as

the discrete shear Alfv�en eigenmode (AE),8 the kinetic bal-

looning mode (KBM),22 the energetic particle mode,23–25 the

hybrid mode between Alfv�enic and KBM branches, or

between Alfv�enic and ion acoustic branches.26

The BAE driven by the fast ion (i-BAE) has been

extensively investigated through experimental, simulation,

and theoretical studies. By contrast, e-BAE has been much

less explored. In this paper, an electromagnetic gyrokinetic

toroidal code (GTC)27,28 is used to simulate the e-BAE,

where fast electrons are described by the drift kinetic

model. GTC has been successfully applied to the simulation

of microturbulence,29–31 pressure-driven Alfv�en eigenmo-

des (AEs),32–37,42–45 current-driven instabilities,46,47 and ra-

dio frequency waves48,49 in fusion plasmas. GTC

simulation of antenna-excited BAE, linear,43 and nonlinear

i-BAE44,45 has been carried out by Zhang. Meanwhile, by

using an MHD-gyrokinetic hybrid code XHMGC,50,51 the

simulation of the discrete kinetic BAE (KBAE)52 and non-

linear i-BAE53 has been performed by Wang. A particle/

MHD hybrid code, M3D,54 has been used to simulate BAEs

with NSTX parameters55 and found that the BAE is sensi-

tive to the thermal ion’s b.

In this work, the BAE is successfully excited by the fast

electron density gradient in GTC linear simulations. The

simulations show that e-BAE propagates in the fast electron

diamagnetic direction, as observed in the experiment in HL-

2A.20 The simulations show that the polarization of e-BAE

is closed to an ideal MHD mode. Its frequency changes

slightly as the fast electron temperature, density, or density

gradient changes. The growth rate increases slightly when

the amplitude of the fast electron temperature, density, or

density gradient increases. And the thermal plasma proper-

ties, such as aspect ratio and pressure, will influence the e-

BAE frequency and linear growth rate. According to the

phase space structure for the fast electron perturbed distribu-

tion function, only the processional resonance is responsible

for the e-BAE excitation.a)Electronic mail: wzhang@iphy.ac.cn
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This paper is organized as follows: physical model for

e-BAE simulation in GTC is presented in Sec. II. In Sec. III,

the gyrokinetic simulation results of e-BAE excited by fast

electrons are presented. Section IV is the summary.

II. PHYSICAL MODEL FOR e-BAE SIMULATION

The gyrokinetic equations56 are used to describe the

plasma of toroidal systems in five-dimensional phase space

d

dt
fa X; l; vk; t
� �

� @

@t
þ _X � r þ _vk

@

@vk
� Ca

" #
fa ¼ 0; (1)

_X ¼ vk
B

B0
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_vk ¼ �
1
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� lrB0 þ Zar/ð Þ � Za

mac

@Ak
@t
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where gyro-center position X, magnetic moment l, and paral-

lel velocity vk are selected as a set of complete independent

variables, and the index a ¼ i; e; fe stands for the particle spe-

cies of thermal ion, thermal electron, and fast electron, respec-

tively. Za is the particle charge, ma is the particle mass, and /
and Ak are the electrostatic potential and the vector potential

parallel to B0, respectively. Here, B0 � B0b0 is the equilib-

rium magnetic field, B ¼ B0 þ dB; B� ¼ B�0 þ dB, B�0 ¼
B0 þ ðB0vk=XaÞr � b0; Xa is the cyclotron frequency of

species a. In the lowest order, the perturbed magnetic field is

prescribed as dB ¼ r� ðAkb0Þ, so the compressional com-

ponent of the magnetic field perturbation is excluded by

assuming dBk ¼ 0. The E� B drift vE, magnetic curvature

drift vc, and grad-B drift vg are given by

vE ¼
cb0 � /

B0

; (4)

vc ¼
v2
k

Xa
r� b0; (5)

vg ¼ �
l

maXa
b0 �rB0: (6)

Since the Larmor radius of the fast electron is much smaller

than the spatial characteristic scale of BAE which is of the same

order of the thermal ion Larmor radius, the drift-kinetic limit is

taken for the fast electron while the thermal ion is simulated

with the finite Larmor effect. The fast electrons have much

higher velocity than the thermal ions, so in the simulation, a

technique of the time step, namely the sub-cycling method, is

used to save the computing time while maintaining the preci-

sion. Specifically, the method is to push electrons several times

for each time step of pushing ions and field updates. Meanwhile,

a larger particle number of fast electrons in PIC simulation is

needed to reduce the velocity space numeric noise.

When the Aflv�en instabilities are driven by fast electrons,

the fast electron processional resonance has a significant

effect and the non-adiabatic response of the fast electron can

not be treated as a high-order term compared with the adia-

batic response, so the fast electron is described in the drift ki-

netic model. On the other hand, for the fast-electron driven

Alfv�en instabilities, the kinetic effect of the thermal electron

is much smaller. Thus the thermal electron description can

be further simplified to the fluid-kinetic hybrid electron

model,28,36,58–60 which consists of a lowest-order adiabatic

part and a high-order non-adiabatic part with linear and non-

linear kinetic terms. This model has better efficiency and nu-

merical properties for low frequency (x� kkvk) modes.

In the lowest order of the fluid-kinetic hybrid model, the

adiabatic response of thermal electrons can be described by the

fluid continuity equation by integrating Eq. (1) in the velocity

space in the drift-kinetic limit and keeping the first-order terms

@dne

@t
þ B0b0 � r

n0eduke
B0

� �
þ B0vE � r

n0e

B0

� �

�n0e v� þ vEð Þ � rB0

B0

¼ 0; (7)

where v� ¼ b0 �rðdPek þ dPe?Þ=ðn0emeXeÞ; dPek ¼
Ð

dv

mv2
kdfe; dPe? ¼

Ð
dvlB0dfe. dne ¼

Ð
dvdfe is the perturbed

thermal electron density, n0eduek ¼
Ð

dvvkdfe is the perturbed

thermal electron current, n0e ¼
Ð

dvf0e; f0e is the equilibrium

distribution function of the thermal electron, dfe ¼ fe � f0e is

the perturbed distribution function of the thermal electron.

Note that
Ð

dv ¼
Ðþ1

0
dl
Ðþ1
�1 dvk2pB0=m.

The parallel fluid velocity of the thermal electron in the

above equation can be calculated by using the parallel

Ampère’s law

en0eduke ¼
c

4p
r2
?Ak þ Zin0iduki � en0fedukfe: (8)

Meanwhile, the vector potential Ak is obtained by using

the Faraday’s law

1

c

@Ak
@t
¼ �b0 � r/� dEk ¼ b0 � r /ef f � /

� �
: (9)

The effective potential /ef f is calculated by integrating

the leading order terms of x=ðkkvkÞ in the electron gyroki-

netic equation

e/ef f

Te
¼ dne

n0e
� dw

n0e

@n0e

@w0

; (10)

where w0 and dw are the equilibrium and perturbed poloidal

flux, respectively. And @dw=@t ¼ �c@ð/ef f � /Þ=@a0,

where a0 ¼ qðw0Þh� f is the magnetic field line label in

terms of the poloidal angle h and toroidal angle f in the mag-

netic coordinate.

In the lowest order, the pressure term in Eq. (7) can be

written

dPek ¼ dPe? ¼ en0e/ef f þ
@n0eTe

@w0

dw: (11)

The system is closed with the gyro-kinetic Poisson’s

equation61

Z2
i ni

Ti
/� ~/
� �

¼
X

a¼e;i;fe

Zadna; (12)
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where ~/ ¼
P

k/kC0ðk2
?q

2
i Þ is the second gyro-phase-aver-

aged electrostatic potential.62

Next, we show that the gyro-kinetic simulation model

can recover the ideal MHD results.43 We reduce our equa-

tions in the limit of long wavelength, no parallel electric field

dEk ¼ 0, and r� B0 � 0. Eq. (12) becomes

r? �
r?/
v2

A

� �
¼ � 4p

c2

X
a¼e;i;fe

Zadna; (13)

where vA ¼ B=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pnimi

p
is the Alfv�en velocity. By using Eq.

(7) for all species, Eq. (8) and charge neutralityP
aZan0a ¼ 0, we can get

@2

@t2
r? �

r?/
v2

A

� �� �
� @

@t

4p
c
r � b0

B0

�rdP

� �

�B0 � r
1

B0

r2 b0 � r/ð Þ
� �

¼ 0; (14)

with dP ¼ dPe þ dPi þ dPf e, assuming that all species are

isotropic. Eq. (14) is well known as the vorticity equa-

tion,22,63 simplified with the above assumptions that neglect

pressure gradient of thermal plasmas, finite Larmor radius

effect, kinetic effect and equilibrium current drive. The terms

in Eq. (14) are the inertial term, interchange term and field

line bending term, respectively. The Alfv�en accumulation

point frequency of BAE can be obtained from the balance of

the inertial and interchange terms.

Next, we derive the BAE linear relation by only consid-

ering the fluid electron pressure for simplicity. In toroidal ge-

ometry, the perturbed quantities with frequency x and mode

number (n, m) can be expressed as

/ðr; h; f; tÞ ¼ /̂ðrÞ exp½iðnf� mh� xtÞ	: (15)

The perturbed diamagnetic flow [the fourth term in Eq.

(7)] can be neglected since it is smaller in comparison with

the E�B convection [third term in Eq. (7)] by the factor

Ln=R0 � 1, where Ln is the thermal ion density gradient.

Meanwhile, the kk term is negligible in Eq. (7) since kk � 0

around the resonance surface for BAE. Then Eq. (7) is

reduced to

@dne

@t
¼ �n0er �

cr/� B0

B2
0

: (16)

For the uniform thermal electron, n0e and Te are independent

of the w0, so we can get dPe ¼ dneTe ¼ en0e/ef f . By using

dPe ¼ ddneTe and Eq. (16), the second term in Eq. (14)

becomes

� @

@t

4p
c
r � b0

B0

�rdPe

� �

¼ n0eTer r/ � r � B0

B2
0

� �
� r � B0

B2
0

: (17)

Ignoring the Oð�2=q2Þ term and performing flux average, Eq.

(14) becomes43
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Here, C2
s ¼ Te=mi and kk ¼ ðn� m=qÞ=R0, where mi is

the ion mass. When kk ¼ 0, the accumulation point fre-

quency is x2 ¼ 2C2
s=R2

0. More generally, the accumulation

point frequency6 including the pressure of the thermal

plasma is

xBAE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7

2
Ti þ 2Te

� �
= miR2

0

� �s
: (19)

III. GTC SIMULATION RESULTS OF e-BAE

In this work, an equilibrium with a concentric cross-

section has been used for simplicity. The safety factor profile

is q ¼ 1797þ 08ðw=wwÞ � 02ðw=wwÞ
2
, where w is the poloi-

dal flux, ranging from w¼ 0 on axis to w ¼ ww at the plasma

boundary. The inverse aspect ratio is � � a=R0 ¼ 0:333 in

terms of tokamak minor radius a at wall and on-axis major ra-

dius R0. The q¼ 2 rational surface is located at minor radius

r ¼ 0:5a (r is the local minor radius). The thermal electron

density n0e is uniform and the fast electron density profile is

nf e ¼ 005n0ð10þ 020ðtanhðð026� w=wwÞ=006Þ � 10ÞÞ, so

the fast electron density gradient reaches its maximum with

R0=Ln ¼ 17:2 near q¼ 2 surface, where Ln is the density gra-

dient scale length of fast electron. The thermal ion density n0i

is obtained by the quasi-neutral condition Zin0i ¼ n0e þ nf e,

where the thermal ion’s charge number Zi¼ 1. The thermal

plasma temperature is uniform with Ti¼Te. The fast electrons

are loaded as a local Maxwellian distribution for simplicity

with uniform temperature Tf e ¼ 25Te. The thermal plasmas

on-axis beta is b ¼ 4pn0ðTe þ TiÞ=B2
0 ¼ 0:00718 with B0

being the on-axis magnetic field. The simulations are linear,

and a toroidal mode filter is used to select only the toroidally

most unstable mode n¼ 3, which has khqi ¼ 0:047 at the

q¼ 2 rational surface with a ¼ 179qi. kh ¼ nq=r is the

FIG. 1. Alfv�en and sound continua solved for n¼ 3, m 2 ½�20; 20	 by an

eigenvalue code ALCON. The thick lines are the Alfv�en branches and the

thin ones are the sound branches.
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poloidal wave-vector and qi ¼
ffiffiffiffiffiffiffiffiffi
miTi

p
=eB0 is the thermal ion

gyro-radius, where mi is the ion mass. In this work, 64 grid

points per poloidal wavelength, 40 particles per grid cell, and

0:01R0=vi per time step are used for a typical simulation. For

the BAE, the parallel wave number is defined in terms of

kk ¼ ðnq� mÞ=qR � 0, where R is the major radius at the

rational surface. Considering the background plasma profile,

according to Eq. (19), the accumulation point frequency is

xBAE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11Ti=2miR2

0

p
� 2:34vi=R0 with the ion thermal ve-

locity vi ¼
ffiffiffiffiffiffiffiffiffiffiffi
Ti=mi

p
and it can correspond to the continuum

spectrum (Fig. 1) of the n¼ 3 toroidal harmonic, which is

obtained using an eigenvalue code called ALCON,37 which

solves the Alfv�en continua with acoustic coupling.

Meanwhile, only the m¼ 5, 6, 7 is kept by a poloidal filter to

retain the sideband couplings.

For the BAE, the continuum spectrum around the same

rational surface is almost the same for the different toroidal

mode number. The dominant resonance is the precession fre-

quency which is proportional to the toroidal mode number,

which means that larger number of fast electrons satisfy the

resonance condition for the high n mode, when the fast elec-

trons have the Maxwell particle distribution. Meanwhile, the

FIG. 2. The time history (a), frequency

spectrum (b), poloidal mode structure

(c), (e), and (g), and radial profiles (d),

(f), and (h) of the electrostatic potential

/, the vector potential Ak, and the

effective potential /ef f , for harmonics

m¼ 5 (black), 6 (blue), and 7 (green).

In panel (a), the black line is the real

part and the red line is the imaginary

part of the electrostatic potential. In

panel (f), the solid line represents the

actual Ak measured in simulation and

the dotted line represents the Ak from

the actual / using the Faraday’s law in

the ideal MHD limit

@dAk=@t ¼ �cb0 � r/. In both panels

(d) and (h), the normalization is the

max / of m¼ 6 harmonics.
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fast electron’s precessional drive should overcome the intrin-

sic damping of the background plasma, such as ion Landau

damping,38 continuum damping,39,40 and radiative damp-

ing.41 The damping mechanism determines only a range of

toroidal mode number that is most unstable.8 As a result, it is

a balance that the n¼ 3 mode is most unstable, which has

been tested in the simulations, n¼ 2 mode’s growth rate is

about 66.6% of the n¼ 3 mode’s growth rate, and n¼ 4

mode’s growth rate is about 95.7% of the n¼ 3 mode’s

growth rate.

FIG. 3. Parameter scan of e-BAE frequency and linear growth rate: (a) fast electron density nfe with constant Tf e ¼ 25Te; (b) fast electron temperature Tfe with

constant nf e ¼ 0:05ne; (c) fast electron density gradient R0=Ln with constant nf e ¼ 0:05ne and Tf e ¼ 25Te; (d) aspect ratio a=R0; (e) thermal plasma normalized

pressure b; and (f) number of particle per cell Np.
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As shown in Figs. 2(a) and 2(b), e-BAE grows exponen-

tially with a frequency of x ¼ 1:155xBAE and a linear

growth rate of c ¼ 0:0640xBAE. The real part of the mode is

p=2 leading the imaginary part in phase, which means that

this wave is a traveling wave and propagates in the fast elec-

tron diamagnetic direction. Meanwhile, the poloidal mode

structure of e-BAE in Fig. 2(c) shows an opposite direction

(the triangular poloidal mode structure direction along the

rational surface), compared with the fast-ion driven b-

induced Aflv�en (i-BAE) in Fig. 1(e) of Ref. 43. The reason is

the different propagation direction of the i-BAE and e-BAE.

The radial profiles for different harmonics in Fig. 2(d) shows

that the sideband is about 1/5 of the dominant harmonics.

The sideband can enhance the excitation of the e-BAE.

When only m¼ 6 harmonics is kept in the simulation, the e-

BAE will have a much lower growth rate. As show in Fig.

2(f), the m¼ 6 harmonics of dAk is smaller compared with

the sideband m¼ 5 and m¼ 7, since the kk operator (i.e.,

b0 � r) is relatively small (kk ’ 0) for the m¼ 6 harmonics.

Consistent with Ak profiles, the m¼ 6 harmonics is also

much smaller in the effective potential /ef f , compared with

the adjacent sideband. Figs. 2(d) and 2(h) show that the

effective potential is small, and Fig. 2(f) shows that the

polarization of the excited BAE is close to an ideal MHD

mode.

As an eigenmode, the e-BAE frequency changes slightly

and locates around the accumulation point frequency when

the fast electron density, temperature, or density gradient

change (Figs. 3(a), 3(b), and 3(c)). Increasing nfe, Tfe, or

R0=Ln will enhance the driven strength for e-BAE, leading to

increase of the growth rate. The minimum square fitting of

the points in Fig. 3(a) shows a nearly linear dependence on

the mode real frequency and growth rate to the density ratio

of fast electron to thermal electron. When the growth rate

approaches zero, the fast electron density threshold can be

estimated to be roughly 2% of thermal electron density. The

background damping rate can be measured by the intercept

point of the extrapolating line on the vertical axis, which is

about 0:06xBAE. In Fig. 3(d), the frequency and linear

growth rate decrease with increasing the aspect ratio a=R0,

since the finite orbit width effect (FOW) is related to the as-

pect ratio, for example, the banana width of trapped ions is

inversely proportional to the root of a=R0. Meanwhile, in

Fig. 3(e), when b increases, the frequency decreases but the

linear growth rate increases, as BAE has strong interaction

with the thermal plasmas.9 As shown in Fig. 4(e), simula-

tions with different number of particles per cell Np shows

that the number of particles is adequate in the simulation.

Generally speaking, the wave-particle resonance condi-

tion64 of low-frequency waves is x� kkvk � pxt ¼ 0 for

purely passing particles, and x� nxpre � pxb ¼ 0 for

deeply trapped particles, where p is an integer number, xt,

xb, and xpre, are the guiding center transit, bounce, and pre-

cession frequencies, respectively. The relative strength of

resonances can be inferred from the square of the perturbed

distribution function of the fast electron45,57 df 2
f e in the phase

space. df 2
f e is a function of the equilibrium constants of

motion (E, k), where E is the guiding center kinetic energy

and k ¼ lB0=E is a measurement of pitch angle. Fig. 4

shows that only the precessional resonance (x ¼ xd

� nxpre) of the trapped fast electron is identified. The

bounce averaged precession frequency xd for the trapped

electron (j2 ¼ 2ðr=R0Þk=ð1� ð1� r=R0Þk), 1� r=R0 < k
< 1þ r=R0; j2 > 1)66–68 is obtained by the following

equation:

xd ¼
nE

eBtR0

q

r

"
2E 1=jð Þ
K 1=jð Þ � 1þ 4s

E 1=jð Þ
K 1=jð Þ þ

1

j2
� 1

� �

� a
2q2
� 4a

3
1� 1=j2 þ 2=j2 � 1

� �E 1=jð Þ
K 1=jð Þ

� �#
;

(20)

where s ¼ rq0=q is the magnetic shear factor and a ¼
�R0q2db=dr is the pressure gradient in the ðs; aÞ model toka-

mak equilibrium,65 K and E stand for the complete elliptic

integral of the first and second kind, respectively, and Bt is

the toroidal field.

IV. SUMMARY

In this work, the fast-electron driven b-induced Alfv�en

eigenmodes (e-BAE) in toroidal plasmas is successfully veri-

fied in the gyrokinetic particle simulation by GTC. In our

simulation, e-BAE is driven by the fast electron density gra-

dient. The result shows that e-BAE propagates in the fast

electron diamagnetic direction, and its polarization is close

to an ideal MHD mode. The frequency of e-BAE changes

slightly when the fast electron temperature, density, or den-

sity gradient changes. The growth rate increases slightly

when the fast electron temperature, density, or density gradi-

ent increases. We find that the e-BAE frequency and linear

growth rate are also sensitive to the thermal plasma’s proper-

ties, such as aspect ratio a=R0 and thermal plasma pressure

b. The phase space structure shows that only the fast electron

deeply trapped particle precession contributes to the reso-

nance source.

FIG. 4. Phase space ðE; kÞ structures of df 2
f e. Solid line is resonance for

trapped particles precessional frequency x ¼ xd ¼ nxpre corresponding to

e-BAE.
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In this work, the fast electrons are loaded as a local

Maxwellian distribution for simplicity to demonstrate the

code capability of e-BAE through linear verifications. Using

the realistic equilibrium and profiles from experiment dis-

charges, for example, the HL-2A experiments with ECRH

heating, is our ongoing work and will be published in a

future paper.
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