INSTITUTE OF PHYSICS PUBLISHING PLASMA PHYSICS AND CONTROLLED FUSION

Plasma Phys. Control. Fusion 47 (2005) B71-B81 doi:10.1088/0741-3335/47/12B/S06

Nonlinear toroidal mode coupling: a new paradigm for
drift wave turbulence in toroidal plasmas

L Chen 2, F Zonca® and Z Lin'

1 Department of Physics and Astronomy, University of California, Irvine, CA 92697-4575, USA
2 Department of Physics, Zhejiang University, Hangzhou, People’s Republic of China
3 ENEA C. R. Frascati, C.P. 65, 00044 Frascati, Rome, Italy

Received 1 July 2005
Published 2 November 2005
Online at stacks.iop.org/PPCF/47/B71

Abstract

Global gyrokinetic particle simulations and nonlinear gyrokinetic theory
indicate that electron temperature gradient (ETG) instability saturates via
nonlinear toroidal coupling. In such nonlinear interactions, the wave energy
at the unstable high toroidal-mode number domain cascades towards the more
stable lower toroidal-mode number domain via scatterings off the driven low-
mode number quasi-modes. During the saturation process, there is little
zonal flow generation and the radial fluctuation envelopes maintain extended
structures. The nonlinear coupling process depends critically on the toroidal
geometry and, as such, represents a new paradigm for the spectral cascade of
drift wave turbulence in toroidal systems.

1. Introduction

Recent numerical simulations have demonstrated that nonlinear saturation of the electron
temperature gradient (ETG) instability is due to nonlinear toroidal couplings [1,2]. Unlike
in the case of ion temperature gradient (ITG) modes [3-6], there is little zonal flow (ZF)
generation [7] during the saturation process and the radial fluctuation envelopes maintain
extended structures [1, 2], known as streamers. Simulation results also indicate that the
dominant nonlinear interaction is due to couplings of fluctuations with different toroidal mode
numbers, n. In fact, the saturation level of a single n» mode is significantly higher than that of
two ns. Furthermore, the nonlinear ETG fluctuation spectrum is characterized by a nonlocal
inverse cascade process, where the longest wavelengths are generated first [1,2].
Understanding these results and providing a theoretical framework to explain these
peculiar ETG dynamics is the main motivation of the present work. In section 2, we derive
the spectral transfer equations for ETG turbulence in a framework that is sufficiently general
so that it may be readily extended to the corresponding dynamics of the ITG case. These
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equations demonstrate the existence and the truly toroidal nature of the nonlocal inverse
spectral cascade process via drift wave turbulence scattering off the driven low-mode number
quasi-modes, which have the role of mediators [1,2]. Despite its general character, this process
dominates the nonlinear ETG dynamics since it occurs on a typically much shorter time scale
than that of spontaneous ZF generation, as shown in section 3; however, the same process
becomes subdominant for ITG dynamics with respect to ZF-ITG nonlinear interactions. This
nonlinear ETG-ITG symmetry breaking [8,9] is due to the different ion and electron dynamic
responses to ZFs (see section 3).

The qualitative features of the saturated ETG spectrum, as expected from the nonlinear
toroidal coupling paradigm, are discussed in section 4, and concluding remarks are given in
section 5.

2. Nonlinear toroidal coupling and ETG spectral transfer equations

Assume a right-handed toroidal flux coordinate system (r, ¥}, ¢) with straight field lines such
that (B - V¢)/(B - Vi©#) = q(r). Consider also a long wavelength linear ETG unstable
spectrum, characterized by high toroidal mode numbers, n > 1 and ky p. = O(n~'/#), and by
typical wave-vector spectral width Aky /ky = O(n~'/?). Here, ky stands for the ETG poloidal
wave-vector, while p. indicates the electron Larmor radius. Since the ETG frequency has
an approximately linear dependence on the mode number, the typical frequency mismatch is
Aw/w = O(n~'/?). It has been shown in [1,2], with the present wavelength and frequency
ordering and assuming proximity to marginal stability, that the normalized linear growth rate is
(y/w) = O(kyp.) = O(n~'"/*). The nonlinear electron gyrokinetic equation [10] can then be
solved in the fluid limit and the ETG quasi-neutrality condition can be cast into the following
form,

8 LSy = %aepg N b (K xK,) (K2 —K2) Suder, )
k+k"=k
where the ion response is taken to be adiabatic [1,2], Ly is the linear ETG wave-operator,
oe = 1+t (1+ne)/[Br—1)L,/R+1/2][4), 7 = T,/ T;,ne = (3InT./dInne), L, = —0, Inn,
and R is the torus major radius. More precisely, L, is given by

Ly = 1+ 1+ (To/ene)dey  (Jo(k v Jwre)8gias™), 2)

where angular brackets indicate velocity space integration, Jy is the Bessel function, wg. is
the electron cyclotron frequency and Sgll(‘é‘e” is the linearized nonadiabatic electron response
to ETG fluctuations, having separated, as usual, the adiabatic part in the fluctuating electron

distribution function:
S Fye = (edpi/ Tz) Foe + CXP(—ikl cU X b/wce)Sgke' 3)

Note that assuming |Aw/w| ~ |Aky/ky| < |y /w| is equivalent to considering the spectrum
of modes for which the linear growth rate is not significantly degraded from its maximum
value, consistent with the initial value approach of nonlinear gyrokinetic codes.

The nonlinear toroidal coupling paradigm is based on the interaction of two different
ETG toroidal modes and generating preferentially a low frequency, low toroidal mode number
quasi-mode with n, = O(n'/?) [1,2]. The reason for this ordering is that the typical linear
wave-vector spectral width is Aky /ky = O(n~'/?). The generation of the high frequency, high
toroidal mode number wave is less efficient due to the higher intrinsic inertia [1,2]. Three-
wave resonant coupling is also inefficient, since the ETG frequency has an approximately
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linear dependence on the mode number; thus, the frequency mismatch Aw/w = O(n~'/?) is
much smaller than (y /w) = O(kype) = O(n~"/ 4) and the low frequency, low toroidal mode
number wave behaves as a quasi-mode [1,2]. In summary, the ETG fluctuations are composed
of two plasmon distributions: one of the high-n (n = O(10?)) unstable or weakly damped
ETG modes and one of the low-n, forced meso-scale quasi-modes. While n, = O(n'/?) [1,2]
gives the typical wavelength ordering of the quasi-mode spectrum, the maximum value of
ng, i.e. ng < ngm, is set by the forced nature of the quasi-modes. Thus, using w & n, ny
is set by the condition y 2 w;, >~ (n,/n)w, yielding nyy, >~ (y/w)n = Om**). Note
that numerical simulations show that the lower end of the linear ETG unstable spectrum
is at kyp. ~ 107! = O(m~1/?) [1,2], i.e. that ETG are marginally stable at n < nys, with
nms = Om3*) 2 nyy. Insection 4, we demonstrate that this point has important consequences
for the shape of the saturated ETG spectrum. Efficient nonlinear mode coupling requires that
the localized radial mode structures of two ETG modes, typical of toroidal drift waves, have
significant overlap about the same rational surface. This requirement is equivalent to a selection
rule for nonlinear toroidal coupling. In fact, considering two ETG modes with mode numbers
(mo, no) and (m,n;) = (mg — my, ng — ny), they are characterized by significant radial
overlap if and only if mg/ng = (mg — me)/(ng — ne) + O(ng'ny") = me/ng + O(ng),
i.e. if the ETG modes are localized near a low order rational surface, ry, where the safety
factor g(rg) = qo = q¢ + O(n, l). When this condition is satisfied, all modes with
(mo + jmg,ng + jng) and j = 0,£1,£2,...but |j| K€ ny = O(n(])/z) are characterized
by significant radial overlap. Thus, the selection rule for efficient nonlinear toroidal mode
coupling is equivalent to the coarse graining of the g-profile and imposes a lower bound for
ngatng, = O(n(l)/ 2), essentially set by the value of g(. Furthermore, given ny, the quasi-mode
can be conceived as the incoherent superposition of the resulting action of the various relevant
ETG toroidal mode pairs, since the combined effect of, say, (mq, ng) x (mg — my, ng — ng)*
and (mg + 2my, ng + 2ny) x (mo + my, no + ng)* tends to rapidly phase mix in the nonlinear
stage. Meanwhile, given two ETG modes with toroidal number ny and n;, characterized by
significant overlap at r = ro due to the condition mg/ng = (mg —mg)/(no —ne) +O(ny'n; "),
all ~ n(])/ : poloidal harmonics of the toroidal modes will also overlap across the radial region
where the modes are localized [11] (see equation (4)).
The ETG mode structures can be represented in the ballooning space as [12, 13]

S = e " AL(r, 1) Y " Di(ng —m),
+oom‘ n

& (ng —m) = / el=m9 o, (9)d6, 4)
—00

. 1 [
&0 =5 [ e g — mdng),
27 J_o

where the radial envelope Ay (7, t) accounts for slow radial dependences on the scale ~ n -2r,,
while the parallel mode structure o, (0) describes fast radial variations on the & (ng’)~! scale,
due to k| changes in a sheared magnetic field. As stated in section 1, our analysis stems
from the evidence of numerical simulation results [1, 2] suggesting that ETG saturation is
due to nonlinear toroidal mode coupling with a negligible effect on the radial wave envelope,
consistent with the weak ZF generation rate via modulational instability [3,4,9] (see section 3).
For this reason, we can neglect the Ay (r, t) variation on the ~ n~12L, scale and, similarly,
we can assume

+00
8¢Z — efim){'ﬂmgﬁAK(t)/‘ ei(noqug)ec’lsz(e)de’ (5)
—0o0
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having neglected variations on the ~ (n,q’)~! scale. Note that, with equation (5), we have
emphasized the fast radial dependences of 8¢, on scales &~ (n9g’)~' and shorter, which
can be shown to dominate the nonlinear coupling, consistent with the nonlinear generation
mechanism of the quasi-modes [1, 2, 14]. Such fine radial structures justify the adiabatic
treatment of the ion response to low toroidal mode numbers, n,, and make it possible to use
the representation of equation (5), which is based only on the radial scale separation between
local fluctuations and their envelope. Meanwhile, they demonstrate that quasi-modes are
characterized by filamentary (non-ballooning) structures along the magnetic field lines, with
|g Rky| = O(n~'/?), i.e. with an extremely long parallel wavelength.

The ny quasi-mode can be thought of as the incoherent superposition of the nonlinear
toroidal coupling of (mg+ jmy, ng+ jng) x (mo+ jme —myg, ng+ jn, —ng)* ETG mode pairs,
with j =0, £1, &2, .. ., or, in short, (mg;, no;) x (my;, ny;)*. Thus, introducing the notation
ap(He i = (eAy /T.) and Qe = Qe|wee| pg , the nonlinear equation for the n, quasi-mode,
obtained from equation (1), becomes [1,2,9]

(—iwy +)ar (LoD (0) = 28es0 Y > " koojkorjao; (af; ()80 — 271)
i

x / (1 + 50 (kg ; o () DF; () — kg Po; (NPT ())d, (6)

o0

with L, the ballooning space representation of the linear ETG wave-operator [1,2], s = rog(/qo
the magnetic shear, 1, = n — 27/ and the ETG parallel mode structures considered by us as
characterized by a given parity for up—down symmetric equilibria. Furthermore, we have
neglected variations on the &~ (neq’)_1 scale, consistent with previous discussions, and have
used the fact that the ETG frequency has an approximately linear dependence on the mode
number. Note that the /-summation in equation (6) accounts for the rapidly changing radial
structure of the quasi-modes on scales shorter than &~ (nog’)~'. In equation (6), we have
assumed the following representation,

(e/ Te)dpo; = e =most+imoi? o (1) N ™ &7 @y s (no;q — moj — h),
h

) ) . . (7)

(e/ To)8¢py; = e ! =imisHimyv g, (1) Zelhﬁq)lj(nqu —myj —h),
h

for the (mg;,no;) and (m;,n;;) ETG modes, consistent with equation (4), with w, =
wo; —w ;. Givenequation (6), the quasi-mode structure in ballooning space can be conveniently
represented as superposition of partial quasi-modes,

ar®e(0) =Y a;;®;(0) ®)
J
with

Ledy;(0) = T — 1/2 Zznm(e 27rl)/ (1+s%y
kz?Oj 191/

x (K3, jcl>0j(nz>d>’rj(n> - k§0j<1>o,~<n>d>’r,-(m>) dn ©)

and [1,2]

Qe
dyayj (t) = 2s?k%2jkmjk,;gaoj (a;; (1) (10)
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since |a)[18,| >> 1 within the frequency ordering adopted here. Considering L, ~ 7, each of
the partial quasi-modes feeds back on the primary ETG modes as follows:
K22

. - 2 N 90, %91

(—ien; + 8 Loao; (1) bo; (0) = —sméean; (g () == J4n’P?
0e
!
x D10 — 27) [k5,; + 5°ky (0 — 2m]) — 4P IPs7k5 |

+00
x/ (1+5°n%) (k§1j¢o,»<nz><1>7j<n) —k30jd>0j<n)d>Tj(nz>) dn

o0
1/2 ,1/2
A 9090 +1 2
+§TT 8o jo1 (1)a (t)% > AnP P D, (0 + 2ml)
9l
1

+00
X [koje1 +57k50,41 (0 +271)* — 472157k | / (1+s%n%)
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Projecting on o, ;(0), we easily obtain
172,12

STA /T 90,5901 272
aoj_l(t)ag.,-(t)—k E 4=l
0L
!

S22 [@0; () 7d6
2 2712 212 2 2

X (kﬂoj—ngj,l —4nl’s kzsoj' Egj.l) (kﬂo_/—1C0j,l - kzsoj' DOJ'J)

172 ,1/2

907 905+1
aoje (af;,, (z)’k—z-’+ > an?r

a4
1

(0 — voj)a0;(t) = —

N ST )T
2o 1®0;(6)12d6
X (k12?0j+1D0j+1J — 47T212S2kl290jE0j+1,1)
* 2 *

X (kl%OjCOj+l,[ - k§0j+lD0j+l,l) ) (12)
where y; is the linear growth rate of the (mg + jmg, ng + jng) ETG mode, with j =
0,+1,+2,...,

00 A A~
Coj :/ (1+ 570 D; (0) D, (0)d6,
—0oQ
[o¢]
Do; =/ (1+5%6%)D;(0)Dgy;_, (6))d), (13)

Eojy = / Bo; 0BG, (6)d6,
—00

are structure constants, and we have used the fact that wy 9y,; D(wo;) > T, with

00 -1 poo
D(wyj) = (/ |®oj(9)|2d9> / CDEk)j(Q)Lod)oj(G)dG. (14)

Equations (10) and (12) govern the nonlinear spectral transfer for ETG, due to nonlinear toroidal
mode coupling. They are already in a fairly simple form and could be taken as a nonlinear
ordinary differential equation system to solve for ETG and quasi-mode amplitudes, at least
numerically. We can, however, further simplify the structure of these equations using the fact
that, typically, n, < |y /w|ny, i.e. by taking the continuum limit, and neglecting the weak
variability of the parallel mode structure, dA>0 ;(0), with the mode number. Furthermore we
assume that ;(0) is nearly real, consistent with |y /w| <« 1. Note that the latter assumption
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is equivalent to neglecting the nonlinear frequency shift, which is instead accounted for in
equation (12). In this way, equation (12) becomes [1, 2]

(0 — 2v0; +2ynLj) loj + Oy, (Uny; Loj) = 0, (15)
where lo; = dg;/2, ao; = €% ay;, ag; = €% ag;, g = Po; — Poj—1» ksoj = 10;qo/ro and

4msae /T _
= ————kyo;ne y_4n (4 s> Eojy — Coj)Coj iy,
@l 7
45/t

[P0, 112

oj
(16)
YNLj = kgojkﬁ@ Z 47T212(471212S2E0j,1 + COJ',[)COJ"[L_Z(J'

!
with [|®g;[|1> = [ |®o,()[?dd. Note that, here, we have considered Cy;; > Do;; and
Ey;, as being real, consistent with the present assumptions. Meanwhile, equation (10) can be
rewritten as

(0 + yej)ae; = 4s(@e/Tkyg ko lo; - a7

Here, with respect to equation (10), we have considered a finite quasi-mode damping yy;.
Equations (15) and (17) can be combined into the energy conservation,

(0 +2y¢5) Lej + (3, — 2v0;)doj + Ony; (Vny; doj) = 0 (18)
with

Iy = 27 || Do, 72 (@7;/2) Z 4P (415 Egjy + Coj.1)Cojt- (19)
!

In contrast to equations (10) and (12), (15) and (17) are not characterized by a cut-off at
large quasi-mode toroidal numbers, and the nonlinear coupling coefficients increase linearly
with ny. This is a by-product of the continuum limit, based on n, < |y/w|ng, and must
be kept in mind when using these simplified equations. In the early nonlinear phase, the
dominant effect of nonlinear toroidal mode coupling is to produce an inverse cascade of
the ETG spectrum, with the quasi-modes acting as mediators but scarcely contributing to the
energy balance [1,2]. The reason is that the typical width of the ETG spectrum in this phase
is An/no; S ly/ol, ie. 0y, ~ An~! > O(n&ﬁ“), and the nonlinear damping term can
be neglected in equation (15) for sufficiently short times, as assumed in [1,2]. On longer
time scales, the energy content of quasi-modes is important for ensuring energy conservation,
as clearly expressed in equation (18). Note, also, that equations (15) to (19) consider the
incoherent effect of all partial quasi-modes with one single n, value (see equation (8)), due to
the random phase approximation. However, scattering off a given partial quasi-mode generates
secondary ETG modes, as shown in equation (12). Thus, the ETG component of the fluctuation
spectrum is composed of both spontaneous and stimulated plasmons: the former are due to
the usual linear excitation and the latter correspond to secondary ETG mode generation via
scattering off quasi modes, as in the coherent process in laser light emission. For this reason,
we must account for an effective number of coherent states, N, = veeAn/ng, in the partial
quasi-mode decomposition of equation (8), where (n.,./An) < v < 1, the lower/upper
bounds corresponding, respectively, to the fully incoherent/coherent cases. Furthermore,
we must consider the simultaneous effect of all possible n, quasi-modes, whose density
of states is oy = (An/ny) (An < ngy, see discussion following equation (3)). Rather
than rewriting equations (15) to (19) to account for these facts, we will simply assume an
implicit )~ =~ (1/2) an" Negogny 'dng = (v /2) An? an" ny>dn, on the right-hand side in
equation (16) and consider ZW (0; + 2yy;)1¢; rather than (0, + 2y¢;)1¢; in equation (18).
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An important implication of equations (15) and (17), with the expression of nonlinear
coupling coefficients given in equation (16) in terms of the structure constants of equation (13),
is that nonlinear toroidal coupling crucially depends on the toroidal nature of the plasma
equilibrium via the parallel mode structure. A fundamental result is that nonlinear interactions
are maximized for moderately ballooning mode structures: for strongly ballooning modes,
nonlinear couplings become weaker due to the decreasing overlap of mode structures
in ballooning space; conversely, for weakly ballooning modes, it is the inverse cascade
characteristic rate which is reduced. The inverse cascade process is also regulated by the
magnetic shear. In fact, equation (16) shows that cascading towards a longer wavelength
is possible for finite s> only. For vanishing magnetic shear, the nonlinear toroidal coupling
vanishes as well, and the present paradigm for ETG nonlinear dynamics is not applicable.
All these considerations can be put on a more quantitative basis by estimating the normalized
nonlinear coupling constant, defined as k¢; = || dADOj —* > 47r212s2(471212s2E0.,-,1 —Co;.)Coj 1,
for / = 1 and using equation (13), with a trial mode structure &Joj = exp(—6?%/A6?%). We find

ke = d?s?[An%s? — (1 + w252 (1 + A@? /4m?))]
x(1+ 72521 + AO? /4 ?)) exp(—4n? | A6>). (20)

3. Generation of ZFs

In this section, we demonstrate that spontaneous excitation of ZFs by modulational
instability [3, 4] of ETG turbulence occurs on a typically longer time scale than does the
inverse cascade due to nonlinear toroidal mode couplings, described in section 4, and, thus,
that it is a process consistently neglected therein. We strictly follow [4] and assume that one
coherent toroidal ETG mode &¢q, with toroidal mode number ), interacts with a zonal scalar
potential 8¢p;, generating sideband modes ¢, < ¢, x S and §¢p_ < ¢, x S¢p;. Due
to the large ion Larmor radius, the ion adiabatic response is a good assumption for both ZFs
and sidebands, which are, thus, described by equation (1). In the ballooning space, sideband
excitation by ZFs is described by

A . ay®o (0
O Li®i(0)as = Facksok, [K3o(1+5%6%) — k2] a, [ A‘;( . 1)
LHE)

with the same notation as in section 2 and k, = k,Vr/|Vr| the ZF wave-vector. After
projecting on ®((0), one finally obtains [9]

de kpok (((k1y)) — kf)a ap

. T.+ysFiA)  “\a5/)’
Here, ((k30)) = k2o [ o (1 + 5202)|®o[2d0/ [ |Do|?d0, (—iwD)s = wod, D(—iw, +
va F1A) =~ ([, + yq F1A), yq is the sideband damping, vy = o, & wy, ['; = —iw,
is the ZF modulational instability growth rate and A = (k? /2)(8°D/3k*) (0D /dwy) ! =~

wo(k?/27)(0*D/0k?) [4]. Meanwhile, the evolution equation for the ZF amplitude is
straightforwardly obtained from equation (1) in the following form:

ay =

(22)

oo
(0, +y:)Ta, = —2mekgo Y € (k. + 2ming’)’ / D0 () D5 (61)
1 —00
x[(k; +27lng’ + 2nq'6))aja, — (k; + 2wlng’ — 2nq'6)apa_1do. (23)
Here, t on the left-hand side is the approximate value of the ETG-induced ZF polarizability and
y. is the ZF collisional damping [15, 16], whereas the right-hand side includes both meso-scale
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(O(k; 1Y) variations of the zonal scalar potential, e8¢,/ T, = aze‘i“’z’ , and fine radial scales
that trace back to the O[(ng’) '] structures of ETG and sidebands. Such fine radial structures
are inefficient in spontaneously exciting ZFs [4] (see also equations (22) and (25)); thus, we
may consider the spatial average of equation (23) and describe the meso-scale excitation of
ZF via [4,9]

(3 +y)Ta, = —2mekgok? Dol (agar — aoa_) . (24)

Equations (22) and (24) readily describe spontaneous ZF excitation by ETG turbulence and
clearly illustrate the crucial differences of this case with respect to the analogue of ZF excitation
by ITG [9]. More precisely, equation (22) shows that the sideband amplitude is weaker in the
ETG case than in the ITG case by a factor O(k? p?) since the ETG sideband excitation by
ZFs is due to Hasegawa—Mima [17] nonlinear interactions (see equation (1)) rather than by
the E x B nonlinearity as in the ITG case [4]. Meanwhile, equation (24) indicates that the
ETG-induced ZF polarizability, 2~ 7, is higher than in the ITG case by a factor O(klz,oe‘ 2). As
aresult, the spontaneous ZF generation rate by ETG turbulence is reduced by at least O(kf_ 02)
with respect to the ITG case [9]. In both equations (22) and (24), the reason for different
sideband/ZF behaviours in the ETG and ITG cases is that ions respond adiabatically to ZF
modulations in ETG turbulence because of their large orbits, whereas electrons do not respond
at all to ZFs in ITG turbulence. Combining equation (22) and (24), the ZF modulational
instability growth rate, I",, is obtained as [4]
~2
%[m # o)+ A2 = 4 SRR — k) Y 19l ol 25)

no

where )~ on the right-hand side accounts for the incoherent effect of all toroidal mode
numbers when computing the ZF growth rate and, by the same arguments as those following
equation (19) in section 2, can be estimated as Znn ~ An/nc,.. Thus, the fastest growing ZF
is characterized by kz2 = %((kio)). For strong ZF excitation, I', > y,, 4, A, equation (25)
yields a linear I', scaling with the ETG amplitude, i.e.

1/2
[ 2272 (e /7) kool (((kTo)) — kg)w(Z ||q)0||2|a<)|2) , (26)

no

confirming the reduction by a factor O(kf_ ,03) with respect to the ITG case [4], as anticipated
above. However, this condition of strong ZF excitation is unlikely to occur, since the validity of
equation (26) would require, ceteris paribus, an ETG amplitude larger than the corresponding
ITG level by a factor O(kizpe_ 2). That T, > y.,yq, A is inconsistent with the present
ordering is readily verified. In fact A /wy = kz2 / kl%o(wd /wo) X yp/wp, With wg the magnetic
drift frequency, and yq/wy = k;/kso(Yo/®wo) = yo/wo. The applicability condition of
equation (26) is then (Zno |e$<}§0/Te|2)1/2 > |yvo/wol |k,9(),oe|’4|wo/a)ce|, i.e. an unrealistically
high fluctuation level, not only in contrast with numerical simulations [1, 2] but conflicting
with the nonlinear gyrokinetic equation ordering itself [10]; thus, a more realistic regime to
consider in the ETG case is yq4 & A > I'; > vy,, for which equation (25) yields

I, = an 2 T k) - ) > I dolPlaol’ 27)

72 v dz + A2 20"z 10 z

no

Therefore, the characteristic condition of ETG modulational instability is much weaker
than that of ITG turbulence and similar in nature to that of drift wave plasmons, with the
growth rate o< (ed¢py/T.)> [4]. Meanwhile, the fastest growing ZF is characterized by
(k30D S K2 S 30tk

~ Yz ~ 5§



ETG saturation via nonlinear toroidal coupling B79

In order to derive the typical relative ordering of the ETG inverse cascade and
spontaneous ZF excitation, we must estimate the inverse cascade characteristic rate, ‘EI\?L]’C
from equation (15). In the early nonlinear phase, when Iy; o e/, equation (17) gives
ag =~ 2s8./(tyo j)k??o ].kwlo j- Substituting into equation (15) and summing on all quasi-

modes, with density of states o, = An/n, and an effective number of coherent states
Nee = veeAn/ny (see discussion following equation (19)), we have
_1 47'[s2&§ | 8 I ||Ci> E /‘A” An? d (28)
T ~ — #epily; v nel,
NL,c )/Ojtz aan 90;4j£0) 0j cl nes M0jT 4

where the nonlinear coupling constant, ky;, is given in equation (20) and above. Estimating
Ong; ~ An~!, a comparison of equation (27) with equation (28) gives

T Lot 2 veekyj (neo.An/ng;) In(An/ne.). (29)

~

For typical conditions, n., < An = O®'/?)and v, = O(1), equation (29) suggests that there
should be a very weak residual dependence of II\?LI,,CF; !"on n (or system size). Meanwhile, as
suggested by equation (20), we have, typically, k; > 1 and, hence, T~ [I'; < 107! with the
present ordering. Thus, we expect to observe ZF effects on ETG nonlinear dynamics on time
scales longer than those typical of the inverse spectral cascade, which dominates the saturation
process; consistent with numerical simulations that show a moderate radial modulation of the
ETG elongated eddies—the streamers—at the end of the longest simulation runs [2]. This
estimate may change for the fully incoherent case, v, ~ (1., /An) < 1, i.e. for moderate
n¢.o., Which implies ¢g¢ to be a very low order rational number, and/or for small shear, i.e. for
small k¢;, as shown in equation (20). Under such conditions, the role of ZF could be crucial
in the nonlinear ETG evolution on the inverse spectral cascade time scale.

4. ETG nonlinear saturation

In the discussion following equation (3), we emphasized that ETG fluctuations are composed
of two plasmon distributions: the high-# linearly driven ETG mode which becomes marginally

stableatn < nys, withnys = O(ng/ 4) [1,2], and the low-n, forced quasi-modes, characterized

by an upper cutoff at nyy, ~ (y /w)n = O(n3/4), i.e.nvs ~ ngy. Here, ng is the typical toroidal
mode number of the most unstable linear ETG. In the following, we argue that this point has
important consequences for the shape of the saturated ETG spectrum.

Given the proof (see section 3) that the ZF generation rate is much smaller than the
spectral transfer rate due to nonlinear toroidal couplings, the ETG saturation proceeds via
cascading of linearly unstable modes to longer wavelength and more weakly growing ETG
modes by scattering off the quasi-modes. Equation (15) predicts that the saturated ETG
spectrum peaks where the net nonlinear growth rate vanishes. Thus, the spectral maximum
must be located near nys = O(n8/4), i.e. Ky maxPe = nal/z = 0(107"), with a slight shift
towards shorter wavelengths due to the effect of nonlinear damping. Since ky maxpe ~ 1, 172
for the high-n ETG plasmon distribution and the upper cutoff of the quasi-mode spectrum is
at nyy, =~ (y/w)ng = O(n3/4), i.e. ky impe ~ n(;l/z A kp max Pe, the two plasmon distributions
constituting the ETG fluctuation spectrum have significant overlap, and only one spectral peak
may be expected, corresponding to the high-n ETG plasmon distribution maximum.

Besides estimating the location of the ETG saturated spectrum peak, as predicted by
equation (15), we can also estimate its width. In fact, according to equation (17), when
the quasi-mode damping is very small, the quasi-mode amplitude can continue growing
even after the inverse cascade spectral transfer rate locally (in n-space) balances the linear
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growth rate. When this happens, the ETG spectrum is depleted because the inverse cascade
process pumps energy out faster than linear excitation pumps energy in a given ky. The
necessary condition for this is the (exponentially) weak quasi-mode damping, ie. y =~
(y/o)(n/no)wo 2 (v /@) Hkjelve 2 (v /)~  (ng/n)|ky|ve. Thus, we expect that the large ky
linear ETG spectrum, with k2 /K3, 2 (v /@) ~2(n¢/no) (lky|ve/lwol) ~ (Ikylve/lwol) ~ ng ',
is significantly depleted.

The dynamics of nonlinear ETG saturation and the qualitative features of the ETG saturated
spectrum, as outlined in this section, are consistent with the picture of [2] and is summarized
in figure 1 therein. Numerical solutions of equations (15) to (17), in principle, would allow us
to exactly compute the ETG spectrum at saturation and its dynamic formation. However, this
is out of the scope of the present work. In future studies, we will also examine the potentially
important role of the nonlinearly generated (n, m) = (0, 1) quasi-mode, which may modify
the ETG growth/damping rate by altering the potential well structure parallel to the magnetic
field line.

5. Discussion and Conclusions

The different nonlinear dynamics of ETG and ITG turbulence are essentially due to the
different responses of, respectively, ions and electrons to ZF fluctuations. Drift wave—ZF
interactions regulate the ITG nonlinear dynamics, whereas the nonlocal inverse spectral cascade
via scattering off driven quasi-modes determines the ETG saturation [1,2]. However, both ZF
spontaneous generation and inverse cascading due to nonlinear toroidal coupling are dynamic
phenomena of ETG, ITG and, more generally, drift wave turbulence, which may take place
on different nonlinear time scales. In fact, on long time scales the ITG saturated spectrum is
characterized by a peak downshift towards longer wavelengths, and the ETG modes show a
radial modulation of the extended streamer structures by the ZF [2]. The theoretical framework
developed in this work, under fairly general assumptions, is consistent with these observations
based on numerical simulation results [1,2]. The detailed nature of the nonlinear toroidal
mode-coupling process is shown to depend critically on the ballooning-mode structures in
toroidal geometries and, as such, represents a new paradigm for the spectral cascade of plasma
turbulence in toroidal systems.
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