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Abstract. The present work addresses the issue of identifying the major non-linear physics processes
which may regulate drift and drift-Alfvén turbulence using a weak turbulence approach. Within this
framework, on the basis of the non-linear gyrokinetic equation for both electrons and ions, an analytic
theory is presented for non-linear zonal dynamics described in terms of two axisymmetric potentials,
d¢- and 0 A, which spatially depend only on a (magnetic) flux co-ordinate. Spontaneous excitation of
zonal flows by electrostatic drift microinstabilities is demonstrated both analytically and by direct 3-D
gyrokinetic simulations. Direct comparisons indicate good agreement between analytic expressions of
the zonal flow growth rate and numerical simulation results for ion temperature gradient driven modes.
Analogously, it is shown that zonal flows may be spontaneously excited by drift-Alfvén turbulence, in
the form of modulational instability of the radial envelope of the mode as well, whereas in general,

excitations of zonal currents are possible but have little feedback on the turbulence itself.

1. Introduction

In recent years, there has been increasing atten-
tion devoted to exploring the non-linear dynamics
of zonal flow [1] associated with electrostatic drift
type turbulence [2-4]. On the other hand, despite it
being well known how electrostatic drift modes cou-
ple to the electromagnetic shear Alfvén wave as the
plasma 3 (or Ryf’) increases [5-7], little effort has
been devoted so far to investigating the non-linear
zonal dynamics of drift-Alfvén turbulence.

The present work addresses the issue of identi-
fying the major non-linear physics processes which
may regulate drift and drift-Alfvén turbulence using
a weak turbulence approach. Within this framework,
on the basis of the non-linear gyrokinetic equation [§]
for both electrons and ions, we present an analytic
theory for non-linear zonal dynamics described in
terms of two axisymmetric potentials, d¢, and 64|,
which spatially depend only on a (magnetic) flux co-
ordinate. Physically d¢, is associated with zonal flow
formation, while A, corresponds to zonal currents
0j|l- = —(c/47r)Vﬁ_5AHZ. The introduction of a zonal
vector potential, §A, is one of the characteristic
differences of the electromagnetic with respect to the
electrostatic case.
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Zonal potentials are characterized by time varia-
tions on typical scales which are long compared with
those characteristic of the drift-Alfvén instabilities.
This specific ordering of timescales, which formally
requires proximity to the marginal stability such that
the linear growth rate is smaller than the mode fre-
quency, will be exploited for explicitly manipulat-
ing formal expressions in the theoretical analysis. In
contrast to other approaches, however, which also
assume slow radial variations of the zonal fields (k1)
with respect to the typical spatial scale of the back-
ground turbulence (k, 1), we generally take k. ~ k.,
although we still assume |0k, /k?| < 1 for consis-
tency of our eikonal approach. In this respect our
work is the generalization of Ref. [9], which demon-
strated that zonal flows can be spontaneously excited
by electrostatic drift turbulence and that these are
characterized by k., ~ k, (Fig. 1). In the present
work, we show that zonal flows in toroidal equilib-
ria can be spontaneously excited via modulations of
the radial structure (envelope) of a single-n coher-
ent drift wave, with n the toroidal mode number.
In this framework, the turbulent state and the non-
linear couplings among different n’s will be mani-
fest only via zonal dynamics. Similarly to Ref. [9],
the present theory is strictly applicable to toroidal

©2001, IAEA, Vienna 747



L. Chen et al.

15 T T T T

(@)

Yo IYo

05

edo/T

00 L L L L
0.000 0.005 0.010 0.015 0.020  0.025

1.5 T T T T

(b) | ‘

Y /Yo

05 | .

8o
0.0 1 1 1 1
0.00 0.29 0.58 0.87 1.16 1.45

Figure 1. (a) Analytic prediction of zonal flow growth
rate (normalized to the linear growth rate ~o) versus
mode amplitude (solid line) compared with gyrokinetic
simulation results. (b) Zonal flow growth rate versus
6o = k- /ng’, for fixed mode amplitude. From Ref. [9].

plasma equilibria, where poloidal asymmetry forces
each mode to be (at least in the linear limit) the
superposition of many poloidal harmonics m, char-
acterized by the same n. In this respect, the present
theoretical analysis is a systematic treatment of the
radial mode structure (envelope) of zonal fields and
drift turbulence in the general electromagnetic case,
including slow time evolutions and accounting for lin-
ear (toroidal) and non-linear mode couplings on the
same footing. More specifically, we demonstrate that
zonal flows (d¢) are due to charge separation effects
associated with both finite ion Larmor radius and
finite ion orbit width effects (magnetic curvature),
whereas zonal currents (6A,) are due to parallel
electron pressure imbalance (cf. Ref. [10]).
Spontaneous excitation of zonal flows by electro-
static drift microinstabilities is demonstrated both
analytically and by direct 3-D gyrokinetic simula-
tions [9]. Direct comparisons indicate good agree-
ment between analytic expressions of the zonal flow
growth rate and numerical simulation results for ion
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temperature gradient (ITG) modes. Analogously, we
show that zonal flows may be spontaneously excited
by drift-Alfvén turbulence, in the form of modula-
tional instability of the radial envelope of the mode
as well. From the analytic expression for the growth
rate of the spontaneously excited zonal flows (d¢.)
we show how no flow generation is expected for a
pure shear Alfvén wave, owing to the peculiar nature
of the Alfvénic state. Meanwhile we also demonstrate
that, in general, zonal currents are also excited but
they have negligible effect on the turbulence itself.
The general results obtained within this theoretical
model are also applied to Alfvénic oscillations, such
as the kinetic Alfvén waves and the more recently

discussed Alfvén ITG (AITG) [6] mode.

2. Theoretical model

Here we strictly follow Ref. [9] and assume a
low 3 (3 = 87p/B?) toroidal equilibrium with major
radius Ry and minor radius a, with typically Ry/a =
1/e > 1. For simplicity we also take the case of
shifted circular magnetic flux surfaces. In this case
we can describe drift wave dynamics in terms of two
scalar fields: the scalar potential §¢ and the parallel
vector potential §A4) fluctuations. For both fluctu-
ating fields, as stated in Section 1, we describe the
non-linear dynamic evolution in terms of a four mode
coupling scheme, i.e. each electromagnetic fluctua-
tion is taken to be coherent and composed of a single
n # 0 drift wave (d¢q,dA)q) and a zonal perturba-
tion (0¢.,04.). For example, for scalar potential
fluctuations we take

Sa = 060 + 061 + 36— (1a)

R . )
S =€ nrdgting Z e’zmﬁqﬁo(nq —m) +c.c. (1b)

iRndeq R
Sy = ( ;iRne;;dq ) etineti kadr
x Z et (ng —m) + c.c. (1c)
,Rm
8¢, =e' FIp. 4 cc. (1d)

where (r,¢,9¥) are toroidal co-ordinates, and an
analogue decomposition is assumed for fluctuating
parallel vector potentials. Here 6 is the eikonal
describing the radial structure of the drift wave radial
envelope and ¢ is the safety factor. Thus Eqgs (1) sug-
gest that zonal fields may actually be considered as
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radial modulations of the drift wave envelope, while
the (+) modes are simply upper and lower sidebands
due to zonal field modulations of the drift wave [9].
Furthermore, we have adopted the convention that,
in the expressions involving the + sidebands, the first
row in a two component array will refer to the +
while the second row will refer to the — sideband.
The same notation will be used throughout.

We first derive non-linear equations for zonal
fields from the quasi-neutrality condition and parallel
Ampere’s law. Here we only report the final results
of such derivations in the small ion Larmor radius
(pri) limit; details will be given elsewhere. Contrary
to the electrostatic limit, where the electron response
to an n # 0 perturbation is adiabatic, and thus only
ions contribute to the non-linear dynamics, electron
non-linearities are important in the general electro-
magnetic case. Assuming k? p%, < 1, the non-linear
coupling coefficients are formally of the Hasegawa—
Mima type and the quasi-neutrality condition reads

2
) (1wof*)

(AgAL—AA). (2)

c kjva
atX125¢z = Ekﬁkzkgpiz [(ao - ”—

Wo

+2ag Re{((Po—¥o)" ¥o))

+ ag (| o —¥o[*)

Here we have assumed d¢g =~ exp(—iwot), ky = m/r,
p3. = (T;/m;) /w2, wei is the ion cyclotron frequency
and v4 = B/v/4mnm; is the Alfvén speed. We also
have assumed one ion species only, with unit electric
charge e and density n, and introduced the notations
Xiz =~ 1.6¢%€ " 1/2k2p3  [11], ap = 1+ 6P1i0/(nedy),
b-Vép = —(1/c)0:0A), ®¢ indicates the symmet-
ric Fourier transform into ballooning space of ¢¢ in
Eq. (1) and similar notations are used for the other
scalar fields. Furthermore, we have omitted for sim-
plicity collisional damping of §¢, [12], (...)) stands
for integration over ballooning space, |k;j|?{(|¥o|?)) =
{|0a¥o/qRo|?), 0 is the ‘angle-like’ co-ordinate in
ballooning space, and Ag and A4 indicate the ampli-
tude of radial envelopes of the drift wave and side-
bands at the current radial position. Similarly, from
the parallel Ampere’s law we obtain

ke
00 A, = %kgkzkféﬁ <<Re( J'O (@0 — o)* ‘I’o)>>

x (AjAy — AgAL). (3)

Here the presence of 62 = c? /wfJe is a consequence
of the strong shielding effect of parallel electron cur-
rent on the electron collisionless skin depth. Further-
more, the forced response in 0 A, has been neglected
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since it is of order (w,/wo)(k262)~1 (k% p2,)~! with
respect to the spontaneously excited component of
Eq. (3). A direct comparison of Eqs (2) and (3) indi-
cates that both zonal fields may be spontaneously
excited except for a pure shear Alfvén wave, for
which w% = kﬁvi, ap = 1 and &9 = Uy, In gen-
eral, however, zonal flows can be efficiently excited
via d¢,, whereas zonal currents (or poloidal mag-
netic fields) are strongly reduced because of electron
shielding on scale lengths larger that §.. We also note
that, typically,
:—05,4”2 ~ k2625¢, < 8¢,
¢

which will make it possible to neglect the effect of
dA). below.

The drift wave non-linear equations are the quasi-
neutrality condition

(1 3 ) 00 = (hOIFFL), ~ (T, (4

and the vorticity equation

212 4
Bo, (kL 8@5¢k> + W_Qk_J_ |: (1 _ W*nz) [1 . Fo(bz)]

B VA b; w
WxTi
- LT )~ T (00)] o0
_Ar
- 62 <€wde05H>
b- (k'i X kl) 9
+ 78t(6A\|,k’vL5AHk”)k
cB
47 c g ,
+C_28t GEI)(IQL XkL)
x [Jo(7)Jo(7') — Jo('y”)](SLk,(S_Hik,,> , 5)
k

In Egs (4) and (5), the subscript & stands for 0 or
+ depending on whether the drift wave or its side-
bands are considered, simple angular brackets (...)
denote velocity space integration, v = kv /wei, Jo
is the Bessel function of zero order, 9, = b - V,
b, = kipii, To,1(bi) = Io1(b;) exp(—b;), win; and
ws; are the ion diamagnetic frequencies associated
with density and temperature gradients, respectively,
wq is the magnetic drift frequency, k = k' + k”,
0Lr = d¢r — (v)/c)d Ay, and the fluctuating par-
ticle distribution functions have been decomposed in
adiabatic and non-adiabatic responses as

0

6F——6¢a 7

F —I—Zexp —iky v X bjw.)dHy.

4

(6)
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The non-adiabatic response of the particle distribu-
tion function, dH, is obtained from the non-linear
gyrokinetic equation [8]:

. — e
(@ + U||8€ + de)k OH ) = ZEQFOJO('Y)(SLk

— b (k] < KL) Jo(y' )3 Lk H (7a)
OF, bxV
Fy = : Fp.
QFo = wg 5022 +k o, fo (7b)

In Egs (7), the linear response o QFp and the ‘gen-
eralized’ E X B non-linearity (in the guiding cen-
tre moving frame d¢ — ¢ — (v)/c)0A|) are readily
recognized.

Equations (4) and (5) are further simplified when
we decompose the linear particle response to the fluc-
tuating fields as [13]

SN —iJO( )QFO
m

0+ 0K (8)
where the linearized gyrokinetic equation for K is
readily derived from Eq. (7a) and may be found in
Ref. [13]. Tt is then readily shown that the quasi-
neutrality condition, Eq. (4), can be cast into the
form

n€2
1
T; {(

+ %) (60 — 0v)i+ [(1—‘”;”") [1=To(bi)]

_ “’;Ti bi[To(b;) — rl(bi)]]}wk
—Z {edo( wlk<%b(kl><kl)

% [Jo(n)Io(v') — Jo <v">16Lkmk~>
k

1 c - —~—=NL
— = (ezb (WL XKL )06 S o) — (0T
Wk<B (L L)st ekk < e>k
(9)
~=NL . .. . . .
where §H,_  indicates the non-linear non-adiabatic
electron response only, which vanishes in the electro-
static limit, as stated above. In Eq. (9), the non-
linear ion response has been computed assuming
|k vinil, |wai| < |wol, vine = /Ti/m; being the ion
thermal speed.
Assuming now k?% p?, < 1, consistently with
Egs (2) and (3), and introducing the notation

0K = 0K (8¢ — 1) + 0K 40 (10)
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Egs (5) and (9) for the sidebands in the ballooning
space can be rewritten as

(1 + %—Z(eJo(V)fsff\%)i)Ai(gg - ig)

€ .
e,

w*pi gyl \I/
+[(1— - )bii—Z@JO(v)&Kw) }AjE(\P*)

w*mg AOLI/O

wo Ti )\ A5ws

—(ﬁsiisiiz%ﬂ a

k w? k2 Wi
{o (o) + S 0-)
3 Wapi  WaTi
— b (1—7‘7)]
47’ R3 o Py
_ 2 Z<€WWdJ05Kw> iAi v
e,i
N 2k2 (-w*’”)—gb( _w*pi_M>
k2 w 47" w w
47Tq2R0 e (I)o - \I/()
- ;<ewde06K¢>}iAi ( o5 — U

_ Amiwg ¢ ne? , AgDg
= B B T *R2kgk.6¢. z( 0)' (12)

ch

Equations (2), (11) and (12), together with Eq. (7a),
are the basis for our analytic investigations described
in the next section.

3. Some applications

In the electrostatic limit [9], ¥y — 0, we obtain
from Eq. (11)

e Tz A
DgsiAy = w—ogfkﬁszscﬁz <A2> (13)
e 0

where

b= (142 - Sk

(ot ) ) (56%2>>>1 (14)

and [9] Dgy ~ i(0Dsor/0wp)(—iA £ T, £v4), A =
(k2/2)(8%Dso,/0k2)/(0Dsor/Owo) is the frequency
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mismatch, k., = ng'0g, ', = —iw, and 74 is the side-
band damping [9]. Substituting Eq. (13) into Eq. (2),
we readily obtain a non-linear dispersion relation for
T, which, in the |A| < vg, v limit, reads

1/2
L. = —va/2+ (33 +93/9)" (15)

where 73, = (2a9e'/?/1.6¢2)(T; /T..) (woO Do,/ Owo) ™
xk2p3 . k3vd (|eAo®o/T;|?). Including finite zonal
flow collisional damping into Eq. (2), v, =~
(1.5e7;;)~1 [12], would have produced a threshold
condition 3, > v,74 on the modulational instability
growth rate I', of Eq. (15). In Fig. 1, ", as obtained
from Eq. (15) is shown to be in good agreement with
the results obtained by direct 3-D gyrokinetic sim-
ulations [9] of ITG modes, in which 4 ~ 1.5v9, 7o
being the linear growth rate of the mode. Non-linear
equations for mode amplitudes have been recently
derived [9] and they demonstrate saturation of the
linearly unstable modes via coupling to the stable
envelope sidebands and oscillatory behaviours in the
drift wave intensity and zonal flows [9].

For electromagnetic modes, and more specifically
for Alfvénic type waves, we typically have |®g —
V| < |Pp| in Egs (11) and (12). In fact, assuming

”q2RO < 1 [6], we have from Eq. (11)

Do—To\ , (kfjva/w?)bi W,
(I)S - \1/8 =T T%/Te + w*nz/w 4 \1/8
C kﬁk AO\I/()
XAi—zB o 0, (AS\I’;S) (16)

where we recall that kﬁ, in the present treatment,
stands for an operator in the ballooning space.
Substituting back into Eq. (12), this yields [6]

A wo €
ACMi(\I/*)Ai—Z 3 Bkﬁk 5¢z

k202 AT

| ~A o¥o
X <1+ 2 ) (AS‘I’6> (17)

+
B k% w” 2% Wipi
Lyt = {30 (g%) 772 {( - )
o (1 (kﬁvi/uﬂ)bi —§b4(1—w*pi—w*Ti)
T/ Te+wWini/w 47" w w

(kfjvh /w)bi
T%/Te +W*m/w

4 2R2 _
7;%02 0 (Z<€wdeo5Kw> —
9

e,

X Z(ewdeoéff\(d,))} . (18)
+

e,
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Equation (17) can be cast into the form

K?2v? A
.Wo C |7A 0
DyaAs =i Shok.d6. (1
M+ At zw%Bkgk e (—i— 7 )i (AS)

Gy -

From Eqs (19) and Eq. (2), it is possible to derive the
non-linear dispersion relation for I',, similar to the
electrostatic case. Specifically, using Dy — = D3,

we obtain
2 >>

o k202, Wi /2
1-\ —Qk thi O
9P L’L wo 1 6q2

Im {DW (1+K o /w?) }

|Dary|? )

(Kjvi/w?) K pi,
— 20y Re( /T T+ oot )j (20a)

GAO \I/()
T;

X

KK = vk o wo ) ((woP) . (20b)

It is straightforward to further specialize Eqs (20) to
the case of the kinetic Alfvén wave (KAW), for which
Dar = ~@ R +(w?/wA)(1- K3 2, (3/44 T/ T;)).
In this case ap = 1, and defining

2 (3 T,
- QkﬁpszQ’Uthz 1. 6 2 (_ E) KJQ_p%'L
eA()\I/O
21
A 3 T
A=(= pe 21
we obtain

T.oxaw = Auy/1—A2/32, . (22)

From Eqgs (21) and (22) we see that zonal flows can
be spontaneously excited by KAWs and that, as in
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the electrostatic case, the growth rate I', above the
threshold scales linearly with the wave amplitude.
However, the most important feature of KAWs is
that they spontaneously generate zonal flows in their
propagating region for T, < (3/4)T; and in their cut-
off region for T, > (3/4)T;.

Another application of Egs (20) is to AITG modes
[6]. In this case, sufficiently close to the unstable
Alfvén continuum accumulation point, Dy; = A? +
iAWy, where dWy is the MHD potential energy
associated with the mode and A? is a generalized
inertia given by

Az (BEE N
w w

)F(w/wn)

w? w?
_ w;ﬁg(w/w”) — %] (23)

and the functions F(z), G(z), N(zx) and D(x),
with ¢ = w/wy, wy = \/ﬁvthi/(qRo), and using
the plasma dispersion function Z(x), are defined as
(6, 14]

F(z) = x(x®+3/2) + (a* + 22+ 1/2) Z(x) (24a)

G(z) = z(z*+ 22+ 2) + (2% + 2¥/2+ 2® + 3/4) Z(2)
(24b)

N@) = (1-22) [o+ (1/2+2%) 2 ()]

- % [ac (1/2—1—1102) + (1/4—!—304)2(26)}

(24c)
D(z) = (é) (1 + %) +(1- =) 2()
- “’;Ti [z + (22— 1/2)2(x)]. (24d)

With the new definitions

k202 (/2
52 2](32 2 z “thi
a1 oPLi wi0ReA2/0wd ) 1.6¢>

. 2 2
X (1— i L w—‘;‘ReA2> (1+w—‘;‘ReA2)

» << >> (250)

k2 825WJ? P
A=-=2 —— Re A? 25b
> o2 By ° (25)

GAO \I/O
T;

the zonal flow growth rate induced by the AITG
mode is

Lo arre =9my/1 — A2/33,. (26)

As in the case of the KAW, we find a condition for
effective excitation of zonal flow by the AITG mode,
i.e. Wy > wsps, which is the typical case for a slightly
unstable AITG mode [14]. Above the threshold,
the AITG driven zonal flow growth rate also scales
linearly with the mode amplitude.

4. Conclusions

In the present work, we have demonstrated that
zonal flows may be spontaneously generated by a
variety of drift and drift-Alfvén turbulences and that
above their spontaneous excitation threshold their
growth rate typically scales linearly with the mode
amplitudes. In the electrostatic limit, good agree-
ment is shown between numerical results from 3-D
gyrokinetic simulations of the ITG and the obtained
analytic expression [9]. In the same limit, non-linear
equations for mode amplitudes have recently been
derived [9], and they demonstrate saturation of the
linearly unstable modes via coupling to the stable
envelope sidebands and, as a consequence, oscilla-
tory behaviours in the drift wave intensity and zonal
flows [9]. Similar behaviours can also be expected
in the general electromagnetic case, which will be
analysed in the near future.
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