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A conservative scheme of drift kinetic electrons for gyrokinetic simulations of kinetic-
magnetohydrodynamic processes in toroidal plasmas has been formulated and verified. Both vector
potential and electron perturbed distribution function are decomposed into adiabatic part with ana-
Iytic solution and non-adiabatic part solved numerically. The adiabatic parallel electric field is
solved directly from the electron adiabatic response, resulting in a high degree of accuracy. The
consistency between electrostatic potential and parallel vector potential is enforced by using the
electron continuity equation. Since particles are only used to calculate the non-adiabatic response,
which is used to calculate the non-adiabatic vector potential through Ohm’s law, the conservative
scheme minimizes the electron particle noise and mitigates the cancellation problem. Linear disper-
sion relations of the kinetic Alfvén wave and the collisionless tearing mode in cylindrical geometry
have been verified in gyrokinetic toroidal code simulations, which show that the perpendicular grid
size can be larger than the electron collisionless skin depth when the mode wavelength is longer
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I. INTRODUCTION

The excitation and evolution of macroscopic electro-
magnetic instabilities in magnetized plasmas often depend
on kinetic effects at microscopic scales and the nonlinear
coupling of multiple physical processes, which span dispa-
rate spatial and temporal scales. For example, the excitation
of the neoclassical tearing mode (NTM), the most likely
instability leading to disruption in tokamak,' depends on the
nonlinear interaction of magnetohydrodynamic (MHD)
instability, microturbulence, collisional (neoclassical) trans-
port, and energetic particle effects. NTM islands flatten the
local pressure profile and modify plasma flow, thus affecting
microturbulence and the neoclassical bootstrap current. On
the other hand, microturbulence can impact island dynamics
by regulating plasma current and electron heat conductivity
along and across the magnetic field and by driving sheared
flows via Reynolds stress and Maxwell stress. Energetic par-
ticles also strongly affect the tearing modes. A fully self-
consistent NTM simulation must incorporate nonlinear inter-
actions between resistive MHD tearing modes, neoclassical
transport, microturbulence, and energetic particle effects. All
these kinetic-MHD processes have characteristic frequencies
below ion cyclotron frequency, which can be most efficiently
studied by the gyrokinetic simulation model.>™

Gyrokinetic particle simulation*™ has emerged as a pow-
erful tool for studying nonlinear physics of low frequency
kinetic-MHD processes thanks to advances in physics models,
numerical algorithms, and computing power. In particular, the
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formulation of a perturbative (9f) simulation method®’ has
drastically reduced particle noises. Nonetheless, electromag-
netic gyrokinetic particle simulation incorporating simulta-
neously ion and electron dynamics is numerically challenging
due to the small electron-to-ion mass ratio, especially for the
long wavelength modes in high f (ratio of kinetic to magnetic
pressure) plasmas.'®'" Thus, a split-weight scheme'*'? has
been developed to analytically calculate the electron adiabatic
responses to the parallel electric field, which further reduces
electron noises.

However, the parallel electric field can be insignificant
for long wavelength shear Alfvén waves with non-tearing
parity (such as kinetic ballooning modes and Alfvén eigenm-
odes), where the electrostatic parallel electric field nearly
cancels out with the inductive parallel electric field when the
mode polarization is close to the ideal MHD in high-f (ratio
of kinetic to magnetic pressure) plasmas. A small error in
calculating the electrostatic and vector potentials could result
in a large error in the parallel electric field, which could
greatly affect the electron dynamics. The problem is worse
for the tearing mode, which is driven by a parallel electric
field in a narrow resonant layer with a width of an electron
collisionless skin depth. The electron responses to this paral-
lel electric field is not adiabatic since k| ~ 0. Outside this
narrow tearing layer, the parallel electric field is small, and
the electron response is close to the ideal MHD response in
the form of massless (adiabatic) electrons, which carry a
non-resonant current that induces the Alfvén waves. A
numerical difficulty is to recover this non-resonant current
from the electron distribution function when the parallel
electric field is very small in the ideal MHD limit.

Another well-known numerical difficulty in electromag-
netic gyrokinetic simulations is that the calculation of the
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inductive parallel electric field requires a time-derivative of
the parallel vector potential, an operation often leading to a
numerical instability. To avoid this explicit time-derivative
operation, a popular practice is to use canonical momentum
as an independent velocity variable (p)-formulation), which
artificially adds two large terms to the original Ampere law.
Analytically, these two terms should cancel exactly with
each other. However, a small error in numerically evaluating
these two terms in Ampere’s law can give rise to a residue
that leads to a large error in the parallel vector potential,'*!3
which is known as the “cancellation problem” in some gyro-
kinetic particle and continuum codes, which requires sophis-
ticated numerical techniques or reduced physics models.'>~®
Furthermore, to mitigate the cancellation problem in the
electromagnetic simulations, the perturbative (Jf) method or
the split-weight scheme needs to use a small perpendicular
grid size of the collisionless electron skin depth even for sim-
ulations of non-tearing modes such as electromagnetic ion
temperature gradient (ITG) instability.?®

To overcome the difficulties of simultaneously treating
the dynamics of ions and electrons in electromagnetic simula-
tions, a reduced fluid-kinetic hybrid electron model?*° was
developed by expanding the electron drift kinetic equation
using the electron-to-ion mass ratio as a small parameter. In
the lowest order, the electron is adiabatic and becomes a
massless fluid. The electron kinetic effects are incorporated in
the higher order kinetic equation. It is important here to cal-
culate the parallel electric field directly from electron parallel
force balance rather than from the cancellation between elec-
trostatic and inductive fields. Another key technique is to cal-
culate the non-resonant current from the adiabatic response
by using the parallel vector potential rather than from the
electron distribution function that suffers from electron parti-
cle noises. This model accurately recovers low frequency
plasma dielectric responses and faithfully preserves linear
and nonlinear wave-particle resonance for non-tearing modes
in the simulations of microturbulence and Alfvén eigenmodes
using the gyrokinetic toroidal code (GTC).?*° The maxi-
mum numerical efficiency is achieved by overcoming the
electron Courant condition and suppressing tearing modes
(and associated electron noises). The fluid-kinetic hybrid
electron model solves the original Ampere law, which is free
from the cancellation problem. Recently, the hybrid model
has been extended to incorporate the tearing modes by adding
the resistivity to the electron momentum equation for the
resistive tearing mode*” and by implementing the finite-mass
electron fluid model*' for the collisionless tearing mode.*

Nonetheless, it is desirable to develop a unified formula-
tion that solves the exact electron drift kinetic equation to
incorporate low frequency electromagnetic fluctuations with
both tearing parity and non-tearing parity on the same foot-
ing in the gyrokinetic simulations of nonlinear interactions
of multiple kinetic-MHD processes in high-f plasmas. This
aim builds on our recent Work,43 where we show that the per-
turbed electron density and current measured from kinetic
markers in conventional gyrokinetic simulations do not sat-
isfy the electron continuity equation in the conventional Jf
scheme due to the electron particle noises. Consequently, the
electrostatic potential calculated from the density and the
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parallel vector potential calculated from the current are not
consistent with each other, which results in an unphysically
large parallel electric field. This inconsistency is the primary
cause of the well-known numerical difficulty of electromag-
netic of simulation of long wavelength MHD modes with
kinetic electrons as shown by our theoretical error analysis.*®
To overcome this inconsistency problem, only the highest
order moment (either electron flow or pressure) required to
close the electron fluid system is calculated by using the dis-
tribution function, and other lower order moments are calcu-
lated from conservative moment equations of the drift
kinetic equation. This new electron scheme, which is referred
to as a “conservative scheme,”43 solves the exact drift kinetic
equation. For example, our scheme in the pj-formulation
uses the continuity equation to time advance the electron
density perturbation, and only the perturbed canonical flow
is calculated from the perturbed distribution function.** In
the v -formulation (using parallel velocity as an independent
velocity variable), we need to use both electron continuity
and momentum equations, and the electron kinetic effects
come into the system through the electron pressure.

In this work, the original fluid-kinetic hybrid electron
model is extended to solving the exact drift kinetic electron
model using the conservative scheme® in the v|-formula-
tion. In this new conservative scheme, the electron density
perturbation is calculated from the continuity equation, the
electron flow is calculated from the vector potential by
inverting Ampere’s law, and the vector potential is calcu-
lated from Ohm’s law. Only the highest order moment, i.e.,
electron pressure, is calculated from the guiding center dis-
tribution function, which is used to close the system. The
electron perturbed distribution function Jf is decomposed
into adiabatic part and non-adiabatic part éf = Jf, + oh. We
further separate the parallel vector potential A into adiabatic
part and non-adiabatic part A = 0A + A)*. The adiabatic
vector potential (3Aﬁ and the adiabatic distribution Jf, are
defined and analytically solved self-consistently with each
other. The non-adiabatic perturbed distribution function 6h
can then be calculated in the simulation. By using the total
Ohm law for A integrated from the drift kinetic equation
and the analytic solution of dA(}, Ohm’s law for solving A}
can be derived and solved in the simulation. In summary,
our conservative scheme solves the adiabatic parallel electric
field directly from the electron adiabatic response. The non-
adiabatic parallel electric field is solved from Ohm’s law
using the electron non-adiabatic distribution function, which
is free from the cancellation problem. The perturbed density
and parallel flow are numerically conserved thanks to the
use of the continuity equation and Ohm’s law, which brings
numerical stability for long time simulation.

The conservative scheme guarantees the conservation
properties of electron perturbed density and parallel flow and
thus the consistency between the electrostatic potential and
parallel vector potential. Since only the non-adiabatic electron
response is calculated by using particles, our conservative
scheme minimizes the electron particle noise like the split-
weight scheme. Furthermore, the field equation for adiabatic
vector potential is free from the cancellation problem, while
the generalized Ohm law is only used to solve the non-
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adiabatic vector potential by using the non-adiabatic electron
response, which mitigates the cancellation problem. We will
show that the perpendicular grid size can be much larger than
the electron skin depth for simulations of long wavelength
modes. The linear dispersion relations of the kinetic Alfvén
wave (KAW) in uniform plasmas and the collisionless tearing
mode in cylindrical geometry have been verified in simula-
tions using GTC. This conservative scheme can faithfully cap-
ture the tearing mode physics and will be utilized for the
gyrokinetic simulation of the nonlinear interaction of multiple
kinetic-MHD processes in toroidal plasmas ranging from the
micro-tearing mode™® to the neoclassical tearing mode.

This paper is organized as follows: The electromagnetic
gyrokinetic model with v formulation and the perturbative Jf
simulation method are described in Sec. II. In Sec. III, we for-
mulate the conservative scheme of the drift kinetic electron
model for nonlinear electromagnetic simulations in toroidal
geometry. The verifications of this scheme for simulations of
the kinetic Alfvén wave and the collisionless tearing mode are
shown in Sec. IV. Conclusions are drawn in Sec. V.

Il. ELECTROMAGNETIC GYROKINETIC SIMULATION
MODEL

A. Nonlinear gyrokinetic equations and field equations

The gyrokinetic model has been widely used to study
low frequency waves and instabilities in tokamak plasmas.
The following gyrokinetic ordering is adopted in this paper:

w 5f e(,b 5B

Q f T kH p;~O(e (& ) <1,
where @ and Q; = eBy/cm; are the physical mode frequency
and ion cyclotron frequency, m; is the ion mass, vy

T/m; is the ion thermal velocity, p; = vy, /€ is the ion
gyroradius, Jf and f are the perturbed and total particle dis-
tributions, ¢ and 0B are the perturbed electrostatic potential
and the perturbed magnetic field, and k| is the parallel wave
vector. This gyrokinetic ordering does not assume short per-
pendicular wavelengths and thus can be used for simulations
of long wavelength modes in the toroidal geometry. This
ordering can be extended to allow the equilibrium gradient
scale length on the order of the perpendicular wavelength.**

The following gyrokinetic Vlasov equation describes
the gyrocenter dynamics by using gyrocenter position R,
magnetic moment p, and parallel velocity v as independent
variables in the five dimensional phase space”

g - .0
<8t+R'V+Vav>fx(R7V|a.u7z) :Oa (1)

OB
R = VHbO + V5 B + VE + Va4 + VNL, )
|
B* Z, 04
)| = Z Z B —_
VH B* ( V(f>+ VlﬂNLJr,HV 0) cm, 6t ) (3)

where Z,, m,, and f, represent the charge, mass, and distribu-
tion of o =i, e particle species, respectively. A is the per-
turbed parallel vector potential, By = Bo+ (Bov)|/Q.)V X by,
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Bj = by - By, 3B =V x (Aby), and B*:B;;+8_B The

m 1

nonlinear potential Z,y, = 55 |8B|* — 2=
Z“BU 1S

VE + V)| 5, B is
given in the drift kinetic limit.> Q, = the cyclotron fre-

quency. The overbar (---) = fdxdf Jo(R+ p, —X)
represents gyroaverage, ¢ is the gyrophase angle, x is the parti-
cle position, and p, = %:i is the gyroradius. For the drift
kinetic electron, the gyro-average can be removed, and R = x
in Egs. (1)~(3). vg and vy, are the perturbed E x B drift due
to the electrostatic potential and nonlinear potential, respec-
tively, and vq is the magnetic drift

*:—b x Vo,
VE BI*I 0 <l'>

bo X VL,
||

VNL =

and
cmavﬁ

Z“B‘*‘ Z, B‘*‘

The appearance of Bﬁ ensures that the gyrocenter equations
of motion preserve the Hamiltonian structure and satisfy
Liouville’s theorem?

o
ot

b() X (bo . Vbo)

Vg = by x VBy.

)
o, (Vw:Bj) = )

Eq. (4) in the conservative form is equivalent to Egs. (1)—(3).
The electrostatic potential ¢ is solved by the gyrokinetic
Poisson equation

2

0 (5~ §) =z, — en. 5)

Ty
where ¢ (x,1) = jdvfo (R,v,u,1)¢(R,1) is the second
gyrophase- averaged potential, fip is the ion equilibrium
distribution, 77;(x, ) = [dvf;(R, v, u,1) and n.(x,1) = [ dvf,
(X, V)|, 4, t) are the gyrophase-averaged ion and electron densi-
ties, and [dv =" [B] dvydp 3 [6(R + py — x)dRdE. The
electrostatic potentlal q5 ion density 7;, and electron density
n, contain both zonal and non-zonal components. We can
solve Eq. (5) for both zonal and non-zonal components
together or we can solve them separately.

The parallel vector potential A is solved by the parallel
Ampere law

Vid) = —g(-’\\fﬂue), (©)
where  J|;(x,1) = Z; [vdvfi(X,v,u,1) and
=de J,VHdee(X» VI|s 1y t)'

Equations (1)—(3), (5), and (6) form a closed system
with the v||-formulation, sometime called “symplectic repre-
sentation,” for electromagnetic gyrokinetic simulations of
low frequency waves and instabilities in magnetized plas-
mas. The perpendicular Ampere law can be added to incor-
porate the compressional magnetic perturbations in the

above model.*

J”L,(X,l)
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B. Perturbative 6f simulation scheme

To reduce particle noises, a perturbative (Jf) simulation
scheme®? has been developed and successfully exercised in
gyrokinetic simulations by splitting the total distribution
function into the equilibrium and perturbed parts
[y =[x + fy. Only the perturbed distribution function Jf; is
dynamically calculated in the simulation, which reduces the
numerical noise by a factor of (3f,/f,)*. The equilibrium dis-
tribution f; is defined as

Lofso =0, (D

where Ly = % + (vbo +va) - V — m#B* By -

equilibrium propagator. The equ111br1um distribution func-
tion f, in the toroidal geometry is a neoclassical solution to
Eq. (7).*” In the Jf simulation method, the neoclassical solu-
tion f,o to Eq. (7) is implicitly built-in but can be solved in
the gyrokinetic simulation using the df method.*** The
equilibrium distribution function f,( then appears as a source
for the perturbed Jf, equation, where f,q can then be approxi-
mated as a shifted Maxwellian as routinely used in the

my )3/2
ZTITqU

VBOQ%H is the

analytic theory and turbulence simulation: f,,) = nxo(

2
oy (v —uj0)"+2uB
exp [~ ——5r——

flow of each species, and the equilibrium Ampere law is satis-
fied: Z,‘I’l,‘()MHiO— eneU||e0 = 4%[)0 -V x By, where n,y is the
equilibrium density and T is the equilibrium temperature of
each species. The effects of neoclassical transport on microtur-
bulence can be incorporated by adding the neoclassical source
term in the Jf;, equation.

Using Eq. (7) to subtract Eq. (1), the equation of Jf, can
be derived as

], where u|,o is the parallel equilibrium

Lof, = —(0Ly + 0La )fo, (8

where L = 3 9 LR-V+ il av is the total propagator and 6L
and JL, are the linear and nonlinear perturbed propagators

B, _- 10A)\| 0
~ | ™ m, (g* W*zw) oy’
Zy = - 0 Z,B, 0
L, = — B - 70, -
0 2= YL v B*6 v¢ GVH maB* v NL@VH

Here, we only keep nonlinear terms up to the second order
in 5L2.

In the simulation, we can rewrite Eq. (8) by defining the
particle weight as wy, = df, /f

dw“—(l—w) va_B—kv_—&—v
pra . HB‘*‘ ERAL R

S—B B Z, 3AH B;;

©)
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In principles, Egs. (1)-(3), (5), (6), and (9) can be used as a
closed system for the perturbative Jf simulations. However,
due to the small electron-ion mass ratio, it is difficult to
apply these equations directly for the electromagnetic simu-
lations, especially for the long wavelength MHD modes. The
time derivative of the parallel vector potential 0A| /0t in the
v|-formulation is also difficult to evaluate by a finite differ-
ence method. To overcome these difficulties, in Sec. III, we
will formulate the conservative scheme of the drift kinetic
electron with the v)| formulation for the gyrokinetic simula-
tions of kinetic-MHD processes in toroidal geometry.

lll. CONSERVATIVE SCHEME FOR DRIFT KINETIC
ELECTRON

La Et)

In this section, the subscript “€” in most of the electron
quantities is omitted for simplicity since our formulation of
the conservative scheme is only for drift kinetic electrons.
To simplify electron equations for our conservative scheme,
we use the following auxiliary ordering, which can be
relaxed if necessary,

Mo op <t
ki kL ’
where k; is the perpendicular wave vector and L is the
plasma equilibrium scale length L~ (L,=Vlnn,Ly =VInT,
Lp=VInBy)(T is the plasma temperature, n is the electron
density, and By is the equilibrium magnetic field). The small
parameter ¢ = a/R is the inverse aspect ratio, where a is the
minor radius and R is the major radius. We keep all linear
terms of the electron drift kinetic equation (i.e., both tearing
parity and non-tearing parity) and nonlinear terms up to the
order O(gg,) in Eq. (8). The term related to the nonlinear
potential ¥/, in Eq. (8) is the order 0(8;8) and thus dropped
for both ion and electron species since |Wy;|/|d] ~ O(e,).
This ordering is valid for long wavelength MHD modes with
a low toroidal mode number.

The electrostatic potential ¢ is separated into the non-
zonal part d¢p and the zonal part (flux-surface averaged part)

(¢) as
b =05+ (4),

Jﬁ(»u)lded(: .
Tt represents the flux surface averaging,
0 and ( are the poloidal and toroidal angles in magnetic coor-
dinates, and J is the Jacobian. The zonal and non-zonal com-
ponents can be solved by Eq. (5) together or solved
separately by using the non-zonal and zonal solvers in prac-
tice due to the large difference of the amplitude between
non-zonal and zonal components in nonlinear simula-
tion."?*3¢ The parallel vector potential Aj| consists of the

adiabatic part 5A/“| and the non-adiabatic part AII\"A

where (- - ) =

A= 5Aﬁ +A1”VA.

The adiabatic part 5AA‘ only contains the non-zonal compo-
nent associated with electron adiabatic responses and the
non-resonant current as in the fluid-kinetic hybrid electron

model.*? The non-adiabatic part A" contains both the zonal
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component (A(") and non-zonal component dA\" due to
electron non-adiabatic responses and nonlinear ponderomo-
tive forces.

The electron distribution function consists of the equi-
librium and perturbed parts as f =fo+ of, which are
described by Eqgs. (7) and (8), respectively. The equilibrium
distribution provides the equilibrium density ny = [ fodv,
which does not evolve in the simulation. The perturbed dis-
tribution produces perturbed density on = [ dfdv, which
evolves in the simulation. We further separate the perturbed
distribution of into the adiabatic response Jf, and non-
adiabatic response o/ as Of = of, + Oh.

The adiabatic vector potential 5Aﬂ is defined as

8(3Aﬂ
7 = Cb() : v5¢fi1d7 (10)
where the non-zonal field d¢;,,, is defined as
e0ing _ On — (9n) ed¢ %% %% a1
T() B no T() 81# no Oa no ’

where perturbed electron density is separated into a zonal
part (on) and a non-zonal part on — (on), Y is the poloidal
flux, and o = ¢()0 — { is the magnetic field line label. dy*
and da are the perturbed quantities. Note that we use elec-
tron non-zonal density perturbation to define the adiabatic
vector potential through Egs. (10) and (11).

The adiabatic magnetic perturbation 8B” is defined as

3B = V x (5Aﬁb0). (12)

Meanwhile, we can write the equilibrium magnetic field
and adiabatic magnetic perturbation using the Clebsch
representation

By = Vi, x Vay (13)
and
B = Vi, x Vo' 4+ Voy' x V. (14)

From Egs. (10), (12)—(14), we obtain the equations for (3sz
and S0

oY ¢

o om (15)
850(’4 85¢ind

TR T (16)

The adiabatic distribution Jf; is defined by the following
equation:

viibo - VOf, = —v E~Vf — | XsB2.vB
1o Vofu =—v) == Vil,— |5 0
)
+gubo- V(8¢ + 5¢,.m,)} T—”Ofo. (17)

Using Egs. (13) and (14), we can solve Eq. (17) and derive
of, as

Syt )

_ o+ 09u) o
vl 8060

A
T 3, Sot. (18)

vl

Ofa
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Integrating Eq. (18) in the velocity space and defining the
adiabatic density response dn, = [ df,dv, we have

ong _ e(0iy + 09) +%51//A dng oo

8lﬁn—0+ Ou ny (19

no Ty

We note that Eq. (19) indicates that (dn,) = 0. From Egs.
(11) and (19), we have

on = don, + (on). (20)

Equation (20) indicates that the adiabatic response Jf, con-
tributes to all non-zonal density perturbation, and the non-
adiabatic response o4 contributes to all zonal density pertur-
bation, i.e., f&hdv = (dn). Note that although 6h does not
contribute to non-zonal density perturbation, it contributes to
higher order non-zonal moments such as perturbed flow and
pressure. We note that Egs. (10) and (18) ensure that the adi-
abatic vector potential 5A‘A and the adiabatic distribution Jf,
are defined and analytically solved self-consistently with
each other, an important consistency absent in the split-
weight scheme where the adiabatic response is defined by
using the total vector potential.

In order to calculate the total perturbed density dn, we
take the moment of Eq. (4) to obtain the electron continuity
equation as

oon

6B
W“r V- [l’lo <5u€b0 + Vg + M|OB—O>

1 ouy|,
+=—(6P Vg +6P| V) +W6B+5nVE} =0, (21)
T() BO

where the equilibrium part is removed by using Eq. (7).
ouj, and ujo are the perturbed and equilibrium parallel
velocities of the electron guiding center, and 6P| and 6P |
are the perturbed parallel and perpendicular pressures of the
electron guiding center. Vg = cbg x V¢/By is the E x B
drift, Ve=obg x (by-Vhy), and Vg = %bo x VB,.

" 4q.Bo

OB = 8B" + 8B is the total magnetic perturbation, and
8B™ =V x (A)"bo) is the non-adiabatic part of the mag-
netic perturbation. The continuity equation [Eq. (21)] together
with Ampere’s law and the quasi-neutrality condition can
recover the MHD vorticity equation in uniform plasmas.’

The values of du|,, P, and 6P are required to evolve
Eq. (21). The Ju), term can be calculated by inverting
Ampere’s law Eq. (6) as

c

" Zi o
Suj, = ViA) + . (22)

dreny
Here, we use the original Ampere law to derive the parallel
electron flow duj.. The adiabatic part of the parallel vector
potential 5Aﬁ is solved analytically by Egs. (10) and (11),
and the non-adiabatic part of the parallel vector potential
AfVA is solved from the non-adiabatic electron response o/,
which will be described later. This method is free from the
cancellation problem and greatly improves the accuracy of
calculating the parallel electric field, especially for the long
wavelength modes.
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The electron parallel and perpendicular pressures consist
of adiabatic and non-adiabatic parts as

oP) = JDKmevﬁ(éfa + oh)dv = 513 + 5PH :
oP, = JDKMBo(éf;I + oh)dv = (3P‘j_ + 5P/J\/_A.

We take the moment of Eq. (18) to get the adiabatic electron
pressures as

a(noTQ) 8(]1()T0)
P} = eno (0 + 0bq) +T%5¢A + W5“A7 (23)
SPA = eng (3 + Sping) + a(gOT") oyt + 20070 s (o4
Vo Dot

The non-adiabatic electron pressures are calculated from the
kinetic electron response as

5P1HVA = Jmevﬁéhdv, (25)

oPA = J uBoShdv. (26)
When removing the non-adiabatic parts of the parallel vector
potential and electron responses, Egs. (10)—(12), (15), (16),
and (21)—(24) form a massless fluid electron model, which is
identical to the lowest order adiabatic electron in the fluid-
kinetic hybrid electron model.*>~>

Next, we formulate the equations for the non-adiabatic
kinetic electron response ¢4 and non-adiabatic parallel vec-
tor potential AN, Using the relation of = df, + oh and Eq.
(8), the equation for the non-adiabatic electron response A
can be written as

LSh = —OLyfy — Lodf, —OLafy — (OLy + 0L,) s,
{n {ar}

27)

where term {I} is linear and term {II} is nonlinear.

Defining the weight function as w, = 6h/f, one can
write the electron weight equation for the electron non-
adiabatic response as

dw, 1—w,

P 5fa/fofo[ OLfo -
28)

By using the relations of Egs. (18)—(20), the equation for the
time derivative of the adiabatic response 9df,/d¢ can be
obtained as

L05fa - 5LQfO - (5L1 + 5L2)5fa]'
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100 _ (5511 3<5n>> 1.0f 0Ty | 95y"
fo Ot ot Jo 0Ty 81/10 vl ot
A
l % % oo , (29)
f() 8T() 8oc0 vl ot

which is required in evolving Eq. (28). The time derivative
of the adiabatic response 0df,/0t can be calculated from
Egs. (15), (16), and (21) easily. In contrast, the time deriva-
tive needs to be solved from a higher order moment equation
in the split-weight scheme.'***°

In order to close the system, we can solve the non-
adiabatic vector potential A{* using Ohm’s law. To obtain
Ohm’s law, we need the electron momentum equation,
which can be integrated from the electron drift kinetic equa-
tion [Eq. (4)] in the conservative form,

8514”
5V - [00u (Vi + 3Ve + Vi) + nouo Ve
Ge oB 18AH
+m€n0{<b0+3 ) v+ c Ot
1 3B B
+—V- [5P||<bo+ >+P||o—]
me By

1 /P oP
+—(Bi°613 VBOJFB—HD0 VB0> =0, (30

e 0

where we only keep the terms up to the second order O(¢ é) and
make a closure and truncation on the parallel energy fluxes:
L|“mé 5fdv = noToéuHe and [ pv|Bodfdv = 3n0T05uH6 The
truncated term is [V - VdB| ofJvdv, which is much smaller
than the leading order term [V - vaoBuéf]v”dV Here, we
note that Eq. (30) with closure and truncation is only used
below to derive Ohm’s law for the non-adiabatic vector poten-
tial. Equation (30) is not used to calculate the electron parallel
flow ouy., which is calculated by using the exact Ampere law
[Eq. 22)].

Substituting the Ampere’s law Eq. (22) into electron
momentum Eq. (30), we can derive the Ohm law equation
for total vector potential A). Subtracting Ohm’s law for A,
by Eq. (10) and using Egs. (23)—(26), we can derive the

equation for the non-adiabatic vector potential Aﬂ’A

w2 8ANA 0)2
| e Vv
VL | o = A Voda),
h} i

3D

where

1) = —%bo V6P —ﬁmm VP —ﬁ&s V6P —BioaB i
{111} {1Iv} {Vv} {VI}
6B - V() — Y - [ngduy, (3Ve + Vg) + noutjoVi] — =V - (nodu, V)
Bo eny eny
{vir} {vi} {Ix}
¢ Pjo—Pio L5PNA_5PNA
e—noi” g OB VBt 736 By - VB,

X}
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We drop the ion contribution 9o, /0t in Eq. (31) due to the
small electron-to-ion mass ratio. In Eq. (31), terms {I} and
{II} represent the electron inertia. Terms {III}, {IV}, and
{V} are the pressure gradient terms associated with either
the kinetic electron response or the non-adiabatic perturbed
magnetic field. Term {VI} is the leading drive of the zonal
current generated by drift Alfvén waves.’® Term { VII} is the
zonal flow effect on non-zonal current. Terms {VIII} and
{IX} are linear and nonlinear convective motions, respec-
tively. We compare the ordering of {IX} with {VI} as
0(%) ~ kidez, and thus, term {IX} is as important as {VI}
for the physics containing the kf_de2 ~ 1 scale such as the col-
lisionless tearing mode. Term {X} represents the mirror
force contribution. When we set (SPZ‘\"A =oP* =0, ie.,
removing the kinetic electron effects, Eq. (31) is equivalent
to Eq. (7) from Liu and Chen,41 and this drift kinetic electron
model reduces to the finite-mass fluid electron model.*'
Equation (31) solves the non-adiabatic vector potential AH
from the non-adiabatic perturbed distribution 64. The per-
pendicular Laplacian on the left-hand-side can be ignored
for long wavelength non-tearing modes. For the collisionless
tearing mode, the wavelength is on the order of the electron
skin depth anyway. Therefore, Eq. (31) is free from the can-
cellation problem.

Equations (1)—(3), (5), (9), (10)—(12), (15), (16), (18),
(21)—(26), (28), (29), and (31) form a closed system for elec-
tromagnetic simulation with kinetic electrons. It can be seen
that all the electron kinetic effects come into our system
from the perturbed kinetic pressures, and the lower order
moments are calculated from the moment equations, and
thus, it guarantees the conservation properties of perturbed
density and parallel flow through Egs. (10), (21), (22), and
(31) and the consistency between the electrostatic potential
and vector potential (ion parallel flow contribution to the
vector potential is much smaller than electron parallel flow).
It will be shown that the perpendicular grid size does not
need to resolve the electron skin depth when the wavelength
is longer than the electron skin depth in the simulation of
KAW in Sec. IV. The difference between the conservative
scheme and fluid-kinetic hybrid electron model** is that
the fluid-kinetic hybrid electron model solves the electron
drift kinetic equation approximately, while the conservative
scheme solves the exact electron drift kinetic equation.

IV. VERIFICATION OF THE CONSERVATIVE SCHEME

To verify the conservative scheme for electromagnetic
simulations with kinetic electrons, we have implemented it
in the gyrokinetic toroidal code (GTC) and carried out sim-
ulations of the KAW in uniform plasmas and the collision-
less tearing mode in the cylindrical geometry with magnetic

shear. In this section, the quantities with subscript “‘e” repre-
sent the electron quantities.

A. Kinetic Alfvén wave in uniform plasmas

Assuming that the ion only provides the polarization
density in uniform plasmas, we first use the conservative
scheme to derive the linear dispersion relation. Equation (27)
can be simplified in linear and uniform plasmas as

Phys. Plasmas 24, 102516 (2017)

0 18A) 0
((%4-\/[)0 >5h— —me<b0 V5¢+C o 8\/”
0
— <5t + VHbO . V) Ofy- (32)

In the long wavelength limit, the gyrokinetic Poisson equa-
tion (5) reduces to

2

prT V2 é¢ = on,. (33)

In uniform plasmas, Egs. (11), (18), (21), (22), and (31)
reduce to

enyo(0¢ + 0¢iq) = 0n.Tep, (34)
e(o¢ + oy,
5fa = Mﬁo’ (35)
e0
on,
Dome 1 1 ooby - Vg, =0, (36)
ot
- 2
5““" dnen VLAH? (37)
> 8A’HVA 2,
< i 3)7 —CV2 (b() V5¢,nd) b() V5PH€
(38)

Applying the Fourier transform to Egs. (10) and (32)—(38)
and considering A = 5AH +A 20 — —iw, by -V — ik,
and V| — ik, the linear dlsperswn relation of KAW based
on this model in the uniform plasmas is

w2
kﬁvz

where ie — w/\/_kﬂvthea Py = C /Q(n Vthe = \/ eO/me’
C = \/ 0/ mi, and Z(f ) is the plasma dispersion function:
_ 1 j+°o e~

o0 I— C
In the s1mu1at10n of KAW in a uniform plasma, the elec-

tron temperature is T, = 5.0keV, the magnetic field is
By = 1.5T, and the ratio between parallel and perpendicular
wave vectors is k| /k; = 0.01. We scan the electron density
and thus the value of f, = 87meoTeo/B%. First, we use n,
= 1.0 x 10®cm™ and the corresponding fi, = 0.9% and
verify the dependence of the frequency on the wavevector
kp, and the perpendicular grid size Ax/d,. The simulation
results agree well with the analytic theory as shown in
Fig. 1, which indicates that the perpendicular grid size can
be much larger than the electron skin depth. Second, we fix
the wavevector kp, = 0.48, change the electron density from
no = 1.0 x 1083 ecm =3 to 1, = 2.0 x 10 cm 3, and verify
the dispersion relations of KAW for different 5, values. As
shown in Fig. 2, both the frequency and damping rate agree
with the analytic theory very well when f, > m,/m;. In a
high B, regime, the damping of KAW is too weak to be mea-
sured accurately since the ion Landau damping is removed
in the simulation.

These agreements between GTC simulations of the ana-
Iytic theory verify that there is no constrain of the electron

) [1+E.Z(E)] = K g5, (39)
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FIG. 1. Dependence of KAW frequency on the wavelength (bottom) and
perpendicular grid size (top) from GTC simulations and from the analytic
theory.

skin depth on the perpendicular grid size in our simulations.
The simulations achieve high accuracy in both long wave-
length and high f, regimes, which demonstrates the numeri-
cal advantages of this model.

B. Collisionless tearing mode in cylindrical geometry

In this subsection, we verify the conservative scheme
for the theory and simulation of the collisionless tearing
mode in cylindrical geometry. For simplicity, we only keep
the equilibrium current that drives the tearing mode and
neglect the density and temperature gradients which could
contribute to the real frequency of the tearing mode.
Therefore, we would have a purely growing collisionless
tearing mode. From Egs. (10), (25), (32), (34), and (38), one
can readily derive the electron response to the tearing mode,

2 cu2 1 2
v wA——< WA| — k@(/))éﬂ(@), (40)

where Z'(&,) is the derivative of the plasma function with
respect to &,.

For the collisionless tearing mode in the plasmas with
uniform density and temperature profiles but with the non-

Phys. Plasmas 24, 102516 (2017)

uniform magnetic field, the continuity equation [Eq. (21)]
reduces to

oon, oB
a + nqbg - V()uHe + neo— vuueo =0, 41
where 1,0 = 4m by - V X By in the ion frame.

Combining Eqs (33), (37), (40), and (41), one will have
the eigenmode equation for the tearing mode,

Viw’A| = Vz{ 2522’(@)A|}
0

{1}

— 2 EZ )0V kDA, @)

{1}

where kﬁ = dzkH/dl’z.

Following the asymptotic matching method of Drake
and Lee®! and also Liu and Chen,41 one can derive the dis-
persion relation for the collisionless tearing mode. By notic-
ing that in the inner region, near the mode rational surface
kj ~ 0, the mode structure is steeper (i. e. k. > kg ~ Lp)
than that of the outer ideal MHD region (k. ~ kg ~ Lg), so
one only needs to keep the leading terms {I} and {II} in Eq.
(42) for the inner region equation

1
— &7 (EDA, (43)

2
ViA= e

(1341}

where the subscript “i” means the inner region.

For the outer ideal MHD region away from the mode
rational surface, term {III} will dominate since the tearing
mode frequency is smaller than the Alfvén wave frequency,
so one can neglect the term {II} for the outer region. Since
the magnetic diffusive time due to the electron inertial term
{I} is much longer than the tearing mode and Alfvén wave
periods, the electron inertia related term {I} can also be
removed. Thus, the outer region equation for A, becomes

(ky V3 = k[)Ay, = 0, (44)

where the subscript “o” means the outer region.

Using the constant A|| approximation and matching the
inner and outer regions by using the boundary condition, we
get

0.12 T T T

0.1+ (a) :;?riﬁlztionf 10°H (b)
0.08

ci

0.06

~
g 0.04

0.021

= Theory
+ Simulation

FIG. 2. Dependence of KAW fre-
quency (a) and damping rate (b) on B,
from GTC simulations and from the
analytic theory.
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FIG. 3. Safety factor q profile in collisionless tearing mode simulation.

A _ A’

= = A/’
Al Ao

(45)
where A" = dA;/dr, A),' = dA),/dr,and A" = dA/dr.

One will have the dispersion relation for the collision-
less tearing mode from our kinetic model as

‘/‘ Vie | A; . (46)

2
e iy
N
The kinetic dispersion relation, Eq. (46), derived from our
conservative scheme is the same as the result from the elec-
tron drift kinetic equation by Drake and Lee.>’

When we set 5PA|’? = 01in Eq. (38), i.e., remove electron
kinetic effects but keep finite electron inertia, we can get the
growth rate of the collisionless tearing mode from the finite-
mass electron fluid model:

Phys. Plasmas 24, 102516 (2017)

d2
—im =y = ;e K| vie| A 47)

This fluid dispersion relation, Eq. (47), is the same with the
result of Liu and Chen’s fluid model.*" The origin for the dif-
ference of /7 between Egs. (46) and (47) comes from the
fact that the finite mass electron fluid model assumes that the
background electrons are two counter propagating cold
beams with the same speed.41 In the kinetic model, we use
the Maxwellian distribution for the background electron.”'
After verifying the analytic dispersion relation of our
formulation, we now verify the GTC simulation of the colli-
sionless tearing mode using the conservative scheme. In
order to compare with the analytic theory, we simulate the
collisionless tearing mode in the cylindrical geometry with
magnetic shear. The equilibrium parameters are uniform
equilibrium electron density 7, = 1.0 x 10! cm 3, temper-
ature T,o = 5.0keV, axial magnetic field By = 1.0T, and
axial length L =2nR, where Ry = 1.0m. It should be
pointed out that the radial grid size in this collisionless tear-
ing mode simulation needs to resolve the electron skin depth
d, near the rational surface since the mode structure of the
collisionless tearing mode has a scale length of d,. This is
different from the KAW simulation in Sec. IV A, where the
radial grid size does not need to resolve the d, scale. In the
cylindrical geometry, we carry out the simulations of the col-
lisionless tearing mode in both fluid and kinetic regimes by
using our model with the q profile as shown in Fig. 3, which
gives rise to an unstable collisionless tearing mode with
m=2 and n= 1. First, we drop the second term on the RHS
of Eq. (38), and our model reduces to the finite mass electron

0.06 A“ 0.06
0.04 . 0.04
0.02 0.02

Z/Ro 0 0

g
N
(b)‘ -

FIG. 4. Upper panels show the mode

structures of (a) A and (b) ¢ from

0 0.05 ) . . .
GTC fluid electron simulations of the

(2, 1) collisionless tearing mode in
cylindrical geometry. Lower panels
show mode structures of (c) A and (d)
¢ from the corresponding GTC kinetic
electron simulations.
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FIG. 5. Radial mode structures of A in the (2, 1) collisionless tearing mode
between GTC kinetic simulation, GTC fluid simulation, and fluid eigenvalue
code in the cylindrical geometry.

fluid model.*'** The fluid simulation with the realistic
electron-ion mass ratio m,/m; = 1/1837 gives the growth
rate y = 0.0014(C,/Ry). The structures of this (2, 1) mode
for the parallel vector potential A and electrostatic potential
¢ on the poloidal plane are shown in Figs. 4(a) and 4(b). The
fluid simulation results are verified by a 1D eigenvalue
code*! solving the same fluid model, which gives the growth
rate of y = 0.0015(C,/Ry), and the mode structure agrees
with the GTC fluid simulations. Second, we apply the exact
equation (38) with the non-adiabatic pressure term in the
kinetic electron simulation.

By using the same equilibrium parameter, the kinetic
simulation gives the growth rate of the collisionless tearing
mode y = 0.0031(C/Ry). The mode structures of the paral-
lel vector potential A and electrostatic potential ¢ on the
poloidal plane are shown in Figs. 4(c) and 4(d). The analytic
growth rate from the electron drift kinetic equation is esti-
mated as y = 0.0027(C,/Ry) by multiplying /7 to the fluid
eigenvalue result according to Egs. (46) and (47). GTC
kinetic simulation results agree reasonably with the analytic
theory. The small difference between the kinetic simulated
and theoretical growth rate comes from the asymptotic
method used in the analytic theory. The inner region is
assumed to be infinitely narrow in the analytic theory but has
a finite width in the simulation. Finally, Fig. 5 shows that
radial mode structures of A; between the fluid eigenvalue
code and GTC fluid simulation agree well and that kinetic
electrons have little effects on the radial mode structure.
Thus, our model can faithfully capture the physics of the col-
lisionless tearing mode in both fluid and kinetic regimes.

V. CONCLUSIONS

In this paper, we present an efficient gyrokinetic ion and
drift kinetic electron model for simulations of kinetic-MHD
processes in the toroidal geometry. A novel conservative
scheme is formulated for solving the electron drift kinetic equa-
tion. Both the vector potential and electron perturbed response
are decomposed into adiabatic and non-adiabatic parts. The adi-
abatic parts of the vector potential and electron response are
calculated analytically, while the non-adiabatic electron
response is calculated by using the distribution function, and

Phys. Plasmas 24, 102516 (2017)

the non-adiabatic vector potential is solved using the non-
adiabatic electron response through Ohm’s law, which helps to
decrease the particle noise and mitigate the cancellation prob-
lem in the simulation. Only the kinetic pressures are calculated
from the electron distribution function, while the lower order
moments are calculated by using the moment equations, which
guarantees the conservation properties of the electron perturbed
density and parallel flow through the electron continuity equa-
tion and generalized Ohm’s law. Thus, the consistency between
the electrostatic potential and vector potential is enforced,
which results in an accurate parallel electric field calculation.

Both the continuity equation and Ohm’s law are derived
by integrating the drift kinetic equation analytically, and the
guiding center dynamics is described by the drift kinetic
equation; thus, this new conservative scheme solves the
exact drift kinetic equation for electrons. The dispersion rela-
tion of kinetic Alfvén waves in high § plasmas is verified in
GTC simulation, which shows that the perpendicular grid
size does not need to resolve the electron skin depth for the
numerical accuracy and stability when the wavelength is lon-
ger than the electron skin depth. Finally, both the growth rate
and mode structure of the collisionless tearing mode in GTC
simulations are verified by the analytic theory and eigen-
value calculation. The applications of the conservative
scheme for gyrokinetic simulations of kinetic-MHD pro-
cesses ranging from the micro tearing mode to the neoclassi-
cal tearing mode in toroidal plasmas will be reported in the
future.

We note that a mixed-variable algorithm proposed by
Mishchenko er al?' splits the vector potential into ideal
MHD part and higher order perturbed part, where only the
ideal MHD part is free from the cancellation problem. In
contrast, our conservative scheme is generally free from the
cancellation problem since the adiabatic vector potential
(including the ideal MHD and adiabatic response associated
with the parallel electric field and pressure gradients) is cal-
culated from the adiabatic parallel electric field. Our scheme
also enforces the consistency between the electrostatic
potential and parallel vector potential by using the electron
continuity equation, which leads to the accuracy of total par-
allel electric field calculation, and thus solves the numerical
difficulty of electromagnetic simulation.*?
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